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❤❛✈❡ ❤❛❞ t❤❡ ❤♦♥♦r t♦ ❧❡❛r♥ ❛ ❧♦t✳
■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② ❝♦✲❛❞✈✐s♦r ❆♥❞r❡❛ ❚✐t✐✳ ❍✐s ❝♦♥✲
st❛♥t s✉♣♣♦rt ❛♥❞ ❞❡❞✐❝❛t✐♦♥ ❤❛✈❡ ❣✐✈❡♥ ♠❡ t❤❡ str❡♥❣t❤ t♦ ❦❡❡♣ ❣♦✐♥❣ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t
♦❢ t❤✐s t❤❡s✐s✳ ❍❡ ✐s ♦♥❡ ♦❢ t❤❡ ♣❡rs♦♥s ✇❤♦ ❤❛✈❡ ♠❛❞❡ ♣♦ss✐❜❧❡ t❤✐s t❤❡s✐s✳
❆❧s♦✱ ■ t❤❛♥❦ ❆❧❜❡rt ❞❡ ❧❛ ❋✉❡♥t❡✱ ♠② ❛❞✈✐s♦r ❢r♦♠ ❇❛r❝❡❧♦♥❛✱ ❢♦r ❤❡❧♣✐♥❣ ♠❡✳ ❇❡s✐❞❡s
t❤❡ ❞✐st❛♥❝❡✱ ❤❡ ❤❛s ❜❡❡♥ ❛❜❧❡ t♦ tr❛♥s♠✐t ♠❡ ❤✐s ❞❡❞✐❝❛t✐♦♥ ❛♥❞ str❡♥❣t❤ ❛♥❞ ❛❧s♦ ❤❛s
❤❡❧♣❡❞ ♠❡ ✐♥ s♦♠❡ ❞✐✣❝✉❧t ♠♦♠❡♥ts✱ ❡♠♣❛t❤✐③✐♥❣ ✇✐t❤ ♠❡ ❛♥❞ ♣r♦✈✐❞✐♥❣ ♠❡ ✇✐t❤ ❤✐s
❛❞✈✐❝❡✳
■ ❛♠ ❛❧s♦ ❣r❛t❡❢✉❧ t♦ ▼❛♥✉❡❧ ◗✉❛❣❧✐❛r♦❧✐ ❢r♦♠ P♦❧✐t❡❝♥✐❝♦ ❞✐ ▼✐❧❛♥♦ ❢♦r ♣r♦✈✐❞✐♥❣ ♠❡
✇✐t❤ ♠❛♥② ❢r✉✐t❢✉❧ ❛❞✈✐❝❡s ❛♥❞ s✉❣❣❡st✐♦♥s✳
❆❧s♦✱ ❛ s♣❡❝✐❛❧ t❤❛♥❦s ❣♦❡s t♦ ❯❧r✐❝ ❈❡❧❛❞❛ ❢r♦♠ ❯♥✐✈❡rs✐t❛t P♦❧✐tè❝♥✐❝❛ ❞❡ ❈❛t❛❧✉♥②❛
❢♦r ❤✐s ❢r✐❡♥❞s❤✐♣✳ ❖✉r ❝♦♥st❛♥t ❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ ❝♦♥✈❡rs❛t✐♦♥s ❛❜♦✉t ♠❛♥② t♦♣✐❝s ❤❛✈❡
❝❡rt❛✐♥❧② ✐♥❝r❡❛s❡❞ t❤❡ ✈❛❧✉❡ ♦❢ t❤✐s ✇♦r❦ ❛♥❞ t❤❡② ❡♥❝♦✉r❛❣❡ ♠❡ t♦ ❣✐✈❡ ♠② ❜❡st✳
■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❞❡❞✐❝❛t❡ t❤✐s ✇♦r❦ t♦ ♠② ♠♦t❤❡r ❊r♥❡s ❢♦r ❤❡❧♣✐♥❣ ♠❡ s✐♥❝❡ ■ ✇❛s
❜♦r♥ ❛♥❞ ❜❡✐♥❣ ❛❧✇❛②s t❤❡r❡ t♦ ♣r♦t❡❝t ♠❡✳ ❍❡r ❞❡❞✐❝❛t✐♦♥ ❛♥❞ ❧♦✈❡ t♦ ❤✐s s♦♦♥s ✐s ❛♥
✐♥s♣✐r❛t✐♦♥ ❢♦r ♠❡✳ ❆❧s♦✱ ■ ❞❡❞✐❝❛t❡ t❤✐s ✇♦r❦ t♦ ♠② ❜r♦t❤❡r ❱í❝t♦r✱ ♦♥❡ ♦❢ t❤❡ ♣❡rs♦♥s ■
❧♦✈❡ ♠♦st ✐♥ t❤✐s ✇♦r❧❞✳
✶✵
▼❛♥② ♣❡♦♣❧❡ ❞❡s❡r✈❡ t♦ r❡❝❡✐✈❡ ❛ s♣❡❝✐❛❧ t❤❛♥❦✳ ❲✐t❤♦✉t ❤✐s ❢r✐❡♥❞s❤✐♣ ❛♥❞ s✉♣♣♦rt
■ ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❣❡t ❛s ❢❛r ❛s ■ ❤❛✈❡✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ s♣❡❝✐❛❧❧② t❤❛♥❦ ●✐✉❧✐❛
▼❛r❡❧❧✐✱ ❙✐❧✈✐❛ ❇✐❛♥❝❤✐✱ ▼❛tt✐❛ P❡❧✉❝❝❤✐✱ ❈✐❝❝✐♦ ❚❡❧❡s❛ ❛♥❞ ▼❛r③✐❛ ❘✉ss♦ ❢♦r s❤❛r✐♥❣ ✇✐t❤
♠❡ t❤❡✐r ❢r✐❡♥❞s❤✐♣ ❛♥❞ ❡♥❞❧❡ss ❤♦✉rs ♦❢ st✉❞②✳ ❆❧s♦ ■ ❛♠ ❣r❛t❡❢✉❧❧ t♦ ❘♦❜❡rt♦ ❙✐❣♦♥✱
❈❛r❧♦tt❛ ●❛❣❣✐♥✐✱ ❙✐♠♦♥❡ ❋❛❜❜✐❛♥♦✱ ■❧❛r✐❛ ■❛❝♦♥❡t❛ ❛♥❞ ❚❡r❡s❛ ❚❡r③✐♥✐✳ ❚❤❡✐r s✉♣♣♦rt
❛♥❞ ❢r✐❡♥❞s❤✐♣ ❤❛s ❤❡❧♣❡❞ ♠❡ t♦ ♦✈❡r❝♦♠❡ ♠❛♥② ♦❜st❛❝❧❡s ❛♥❞ ❝❡rt❛✐♥❧② ❤❛✈❡ ♠❛❞❡ ♠❡
❡♥❥♦② ♠② st❛② ✐♥ ▼✐❧❛♥✳
■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ ❞❡❞✐❝❛t❡ t❤✐s t❤❡s✐s t♦ ❛❧❧ ♠② ❢r✐❡♥❞s ❢r♦♠ ❇❛r❝❡❧♦♥❛✳ ■ ❞❡❞✐❝❛t❡ ❛♥
s♣❡❝✐❛❧ t❤♦✉❣❤ t♦ ▼❛r❝ Pr❛❞❡s✱ ❏♦❡❧ ❈❛❧❛❢í✱ ❙❡r❣✐♦ ❙♦rr♦❝❤❡✱ ❈❧❛✐r❡ ❱✐❞❛❧✱ ❯❧r✐❝ ❈❡❧❛❞❛✱
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❋✳✼✶ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❊q✉✐❧✐❜r✐✉♠ ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
r♦t❛t✐♦♥ ❛r♦✉♥❞ z ❛①✐s ♦❢ t❤❡ ❢r❡❡ ❡❞❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵✻
❋✳✼✷ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ✐♥ t❤❡ x′ ❛①❡s ❛t λ = 0.4 ✸✵✻
❋✳✼✸ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❙❤❡❛r ❢♦r❝❡ ❛❝t✐♥❣ ✐♥ t❤❡ y′ ❛①❡s ❛t λ = 0.4 ✸✵✼
❋✳✼✹ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❙❤❡❛r ❢♦r❝❡ ❛❝t✐♥❣ ✐♥ t❤❡ z′ ❛①❡s ❛t λ = 0.4 ✸✵✼
❋✳✼✺ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❚✇✐st✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ✐♥ t❤❡ x′ ❛①❡s ❛t
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❋✳✼✻ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ✐♥ t❤❡ y′ ❛①❡s ❛t
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❋✳✼✼ ❇❡❛♠ ✇✐t❤ s❧♦♣❡ ❞✐s❝♦♥t✐♥✉✐t② ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ✐♥ t❤❡ z′ ❛①❡s ❛t
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❋✳✼✾ ▲❡❡✬s ❢r❛♠❡ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ✐♥ s❡✈❡r❛❧ ❧♦❛❞ st❡♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶✶
❋✳✽✵ ▲❡❡✬s ❢r❛♠❡ ✲ ❊q✉✐❧✐❜r✐✉♠ ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡✲
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❋✳✽✶ ▲❡❡✬s ❢r❛♠❡ ✲ ❊q✉✐❧✐❜r✐✉♠ ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡✲
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❋✳✽✷ ▲❡❡✬s ❢r❛♠❡ ✲ ❊q✉✐❧✐❜r✐✉♠ ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r♦t❛t✐♦♥ ❛r♦✉♥❞ z ❛①✐s
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❋✳✽✼ ❲✐❧❧✐❛♠s t♦❣❣❧❡ ❢r❛♠❡ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ✐♥ s❡✈❡r❛❧ ❧♦❛❞ st❡♣s ✳ ✳ ✸✶✻
❋✳✽✽ ❲✐❧❧✐❛♠s t♦❣❣❧❡ ❢r❛♠❡ ✲ ❊q✉✐❧✐❜r✐✉♠ ♣❛t❤ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤♦r✐③♦♥t❛❧
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❋✳✽✾ ❲✐❧❧✐❛♠s t♦❣❣❧❡ ❢r❛♠❡ ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ✐♥ t❤❡ x′ ❛①❡s ❛t λ = 0.045 ✳ ✳ ✳ ✸✶✼
❋✳✾✵ ❲✐❧❧✐❛♠s t♦❣❣❧❡ ❢r❛♠❡ ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ✐♥ t❤❡ x′ ❛①❡s ❛t λ = 1.041 ✳ ✳ ✳ ✸✶✽
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❋✳✶✵✵❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✉♥❞❡r ✐t✬s
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✷✹ ▲■❙❚ ❖❋ ❋■●❯❘❊❙
❋✳✶✵✶❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✇❤❡♥ t❤❡
❡①t❡r♥❛❧ t✇✐st✐♥❣ ♠♦♠❡♥t ✐s ❡q✉❛❧ t♦ M = 25.5748 [kN ·m] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✺
❋✳✶✵✷❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✇❤❡♥ t❤❡
❡①t❡r♥❛❧ t✇✐st✐♥❣ ♠♦♠❡♥t ✐s ❡q✉❛❧ t♦ M = 0 [kN ·m] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✻
❋✳✶✵✸❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✼
❋✳✶✵✹❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✐♥ t❤❡
♠✐❞❞❧❡ ✲ ▼❛①✐♠✉♠ ♣❡♥❡tr❛t✐♦♥ ✐♥ t❤❡ ✢✉✐❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ❜r✐❞❣❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜r✐❞❣❡ r✐❣✐❞ ❛♥❞ ✢❡①✐❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✽
❋✳✶✵✺❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✐♥ t❤❡
♠✐❞❞❧❡ ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t ❛t t❤❡ ❛❝t✐♥❣ ❧♦❛❞ ♣♦✐♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❜r✐❞❣❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜r✐❞❣❡ r✐❣✐❞ ❛♥❞ ✢❡①✐❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✽
●✳✶ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ r❡❢❡rr❡❞ t♦ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛ ✳ ✳ ✸✷✾
●✳✷ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ r❡❢❡rr❡❞ t♦ t❤❡ ❲❛s❤✐♥❣t♦♥ st❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✵
●✳✸ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✐♥ ❙❡❛tt❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✵
●✳✹ ❈✉rr❡♥t s✐t✉❛t✐♦♥ ♦❢ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭r✐❣❤t✮ ❛♥❞ t❤❡
♥❡✇ ❍♦♠❡r ▼✳ ❍❛❞❧❡② ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭❧❡❢t✮✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆
✭▲❛t✿ ✹✼✳✺✽✻✵✾✷✱ ▲♦♥❣✿ ✲✶✷✷✳✷✾✵✵✷✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✹
●✳✺ ❈✉rr❡♥t s✐t✉❛t✐♦♥ ♦❢ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭r✐❣❤t✮ ❛♥❞ t❤❡
♥❡✇ ❍♦♠❡r ▼✳ ❍❛❞❧❡② ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭❧❡❢t✮✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆
✭▲❛t✿ ✹✼✳✺✾✾✷✽✹✱ ▲♦♥❣✿ ✲✶✷✷✳✷✾✵✻✼✹✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✹
●✳✻ ❖♥❧② t❤❡ ❝❡♥tr❛❧ ♣❛rts ♦❢ ❜♦t❤ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ❛♥❞ ❍♦♠❡r ▼✳ ❍❛❞❧❡②
♠❡♠♦r✐❛❧ ❜r✐❞❣❡s ❛r❡ ✢♦❛t✐♥❣✳ ❚❤❡ ♣❛rts t❤❛t ❝♦♥♥❡❝t t❤❡ ❜r✐❞❣❡s ✇✐t❤ t❤❡
❝♦❛st r❡st ♦♥ s♦❧✐❞ ❝♦❧✉♠♥s ❛♥❝❤♦r❡❞ t♦ t❤❡ ✢♦♦r✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆
✭▲❛t✿ ✹✼✳✻✵✵✷✸✽✱ ▲♦♥❣✿ ✲✶✷✷✳✷✽✺✾✶✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✺
●✳✼ ❚❤❡ ■✲✾✵ r❛✐❧✇❛② ❣♦❡s ❢r♦♠ ❙❡❛tt❧❡ ✭t♦♣ ♦❢ t❤❡ ♣✐❝t✉r❡✮ t♦ ❇❡❧❧❡✈✉❡ ✭❜♦tt♦♠
♦❢ t❤❡ ♣✐❝t✉r❡✮ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ▼❡r❝❡r ✐s❧❛♥❞ ✭✐s❧❛♥❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢
t❤❡ ♣✐❝t✉r❡✮✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆ ✭▲❛t✿ ✹✼✳✺✻✽✻✺✹✱ ▲♦♥❣✿ ✲✶✷✷✳✶✻✷✵✸✺✮ ✸✸✺
●✳✽ ■♥ t❤❡ ✜st st❛❣❡ ♦❢ ❝♦♥str✉❝t✐♦♥✱ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡s ✇❡r❡ ❜✉✐❧t ♦♥ ❡❛❝❤
s✐❞❡ ♦❢ t❤❡ ❜r✐❞❣❡ ❛♥❞ t❤❡ ✜rst ✢♦❛t✐♥❣ ♣♦♥t♦♦♥ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡
♦❢ t❤❡ ❧❛❦❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✻
●✳✾ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ t❤❡ ♥❡✇ ♣♦♥t♦♦♥ ✇❛s ❛tt❛❝❤❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞
t❤❡ ❜❧♦❝❦ ♦❢ ❝♦♥❝r❡t❡ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ❧❛❦❡✬s ❜❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✼
●✳✶✵ ❚❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ♦❢ ❲❛s❤✐♥❣t♦♥ ✇❛s ♦♣❡♥♥❡❞ ✐♥ t❤❡ ✷♥❞ ❏✉❧② ♦❢ ✶✾✻✵ ✳ ✳ ✸✸✼
●✳✶✶ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡s ✳ ✳ ✸✸✽
●✳✶✷ ❈r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✽
●✳✶✸ ❚❤❡ ❝❛❜❧❡s ♣r♦✈✐❞❡ ❛♥ ❤♦r✐③♦♥t❛❧ st✐✛♥❡ss t♦ t❤❡ str✉❝t✉r❡ ❛tt❛❝❤✐♥❣ t❤❡
♣♦♥t♦♦♥s ✇✐t❤ t❤❡ ❧❛❦❡✬s ❜❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸✾
●✳✶✹ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❝❛❜❧❡s N ❡①♣r❡ss❡❞
✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✹
●✳✶✺ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❜r✐❞❣❡ N ❡①♣r❡ss❡❞
✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✺
●✳✶✻ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ ❙❤❡❛r ❢♦r❝❡ Ty ❡①♣r❡ss❡❞ ✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✻
●✳✶✼ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ ❙❤❡❛r ❢♦r❝❡ Tz ❡①♣r❡ss❡❞ ✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✼
●✳✶✽ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t My ❡①♣r❡ss❡❞ ✐♥ [kN ·m] ✳ ✳ ✸✹✽
●✳✶✾ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t Mz ❡①♣r❡ss❡❞ ✐♥ [kN ·m] ✳ ✳ ✸✹✾
▲■❙❚ ❖❋ ❋■●❯❘❊❙ ✷✺
●✳✷✵ ❚❤❡ ❜r✐❞❣❡ ✐s s✉❜♠✐tt❡❞ t♦ ❛ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ❡q✉❛❧ t♦ 30
kN
m
✇✐t❤ ❛♥
❡❝❝❡♥tr✐❝✐t② ♦❢ 6.75m t♦ s✐♠✉❧❛t❡ ✺✺ tr✉❝❦s✱ ✇❤✐❝❤ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ✇❡✐❣❤ts
✸✵ t♦♥❡s✱ ♣♦s✐t✐♦♥❡❞ ❛❧♦♥❣ 550 m ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✶
●✳✷✶ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣
♦♥ t❤❡ ❝❛❜❧❡s N ❡①♣r❡ss❡❞ ✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✷
●✳✷✷ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❆①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣
♦♥ t❤❡ ❜r✐❞❣❡ N ❡①♣r❡ss❡❞ ✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✸
●✳✷✸ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❙❤❡❛r ❢♦r❝❡ Ty
❡①♣r❡ss❡❞ ✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✹
●✳✷✹ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❙❤❡❛r ❢♦r❝❡ Tz
❡①♣r❡ss❡❞ ✐♥ [kN ] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✺
●✳✷✺ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t
Mx ❡①♣r❡ss❡❞ ✐♥ [kN ·m] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✻
●✳✷✻ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t
My ❡①♣r❡ss❡❞ ✐♥ [kN ·m] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✼
●✳✷✼ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t
Mz ❡①♣r❡ss❡❞ ✐♥ [kN ·m] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✽
●✳✷✽ ❚❤❡ ❜r✐❞❣❡ ✐s s✉❜♠✐tt❡❞ t♦ ❛ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ❡q✉❛❧ t♦ p = γcAs = 223.46
kN
m
t♦ s✐♠✉❧❛t❡ t❤❡ t❤r✉st ❝r❡❛t❡❞ ❜② t❤❡ str❡❛♠ ♦❢ ✇❛t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻✵
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❋✳✶✾ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧✲
②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷✸
❋✳✷✵ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✲ P❛r❛♠✲
❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✸✷✼
●✳✶ ●❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹✵
●✳✷ ●❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛❜❧❡s ✭❝♦♥t✐♥✉❡❞ ❢r♦♠ ♣r❡✈✐♦✉s ♣❛❣❡✮ ✳ ✳ ✳ ✳ ✳ ✸✹✶
●✳✸ ●❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛❜❧❡s ✭❝♦♥t✐♥✉❡❞ ❢r♦♠ ♣r❡✈✐♦✉s ♣❛❣❡✮ ✳ ✳ ✳ ✳ ✳ ✸✹✷
●✳✹ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥
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●✳✺ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡
♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺✶
●✳✻ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ❛♥❞ st♦r♠ ❝♦♥❞✐t✐♦♥s ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥✲
❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻✵
1 ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥
✶✳✶ ■♥tr♦❞✉❝t✐♦♥
❘❡❣❛r❞✐♥❣ t❤❡ ❞❡s✐❣♥ ♦❢ ✢♦❛t✐♥❣ ❜❡❛♠ str✉❝t✉r❡s s✉❝❤ ❛s ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❛♥❞ ✢♦❛t✐♥❣
❜r✐❞❣❡s✱ ♦♥❡ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥tr✐♥s✐❝ ❣❡♦♠❡tr✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ❧♦❛❞ ♣r♦❞✉❝❡❞
❜② t❤❡ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ t❤❡ str✉❝t✉r❡✳ ❇♦t❤ str✉❝t✉r❡s ♠❛② ❜❡ s✉❜♠✐tt❡❞ t♦ ❧❛r❣❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts✱ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ r♦t❛t✐♦♥✱ ❞✉r✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ st❛❣❡ ♦r ✐t✬s
s❡r✈✐❝❡ ❧✐❢❡✱ ♣r♦❞✉❝✐♥❣ s♦❧✐❝✐t❛t✐♦♥s t♦ t❤❡ str✉❝t✉r❡s t❤❛t ♠❛② ♥♦t ❤❛❞ ❜❡❡♥ t❛❦❡♥ ✐♥t♦
❛❝❝♦✉t ❞✉r✐♥❣ t❤❡ ♣r♦❥❡❝t ♣❤❛s❡✳
■♥ t❤✐s t❤❡s✐s✱ t❤❡ st✉❞② ♦❢ ❜❡❛♠ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t✱ ✇✐t❤ s♣❡❝✐❛❧
❛tt❡♥t✐♦♥ t♦ ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❛♥❞ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs✳ ❇♦t❤ str✉❝t✉r❡s ❛r❡ s✉✐t❛❜❧❡ t♦ ❜❡
❛♥❛❧②③❡❞ ✉s✐♥❣ ❜❡❛♠ ♠♦❞❡❧s✳
❆s ✐t ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ s❡❝t✐♦♥ ✷✳✸✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢
✢♦❛t✐♥❣ str✉❝t✉r❡s✳ ❙❡✈❡r❛❧ ❛✉t❤♦r ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ✉s❡ ♦❢ ❋❊▼ t❡❝❤♥✐q✉❡s t♦ st✉❞②
t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ str✉❝t✉r❡✳ ❆❧t❤♦✉❣❤ t❤❡s❡ t❡❝❤♥✐q✉❡s ❛r❡ ✈❡r②
♣r❡❝✐s❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥✱ t❤❡② ❞♦ ♥♦t ♣r♦♣❡r❧② ❝❛t❝❤ t❤❡
♣❤②s✐❝ ❜❡❤✐♥❞ t❤❡ ♣r♦❜❧❡♠ ✇❤❡♥ ❜❡❛♠ str✉❝t✉r❡s ♠❛❦❡ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞✳
❋♦r t❤✐s r❡❛s♦♥✱ t❤✐s t❤❡s✐s ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ♥❡✇ ✜♥✐t❡ ❜❡❛♠ ❡❧❡♠❡♥t ♠♦❞❡❧ t♦ st✉❞② t❤❡
st❛t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❜❡❛♠ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥ st❛t✐❝ ✢✉✐❞✳
■♥ ❛❞❞✐t✐♦♥✱ ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❜❡❛♠ ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ♠♦❞❡❧ t♦
st✉❞② t❤❡ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❜❡❛♠ str✉❝t✉r❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ✢✉✐❞ ✐♥ ✈❡r②
s✐♠♣❧❡ s✐t✉❛t✐♦♥s✳ ❚❤✐s ♠♦❞❡❧ ✐s ♦♥❧② ✈❛❧✐❞ ✐❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ r♦t❛t✐♦♥s ♦❢ t❤❡
str✉❝t✉r❡ ❛r❡ s♠❛❧❧ ❛♥❞ ❢❛✐❧ t♦ ♣r♦♣❡r❧② ❞❡s❝r✐❜❡ t❤❡ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ✇❤❡♥ t❤❡
❞❡❢♦r♠❡❞ ❝♦♥♥✜❣✉r❛t✐♦♥ ✐s ♥♦t ❝❧♦s❡ t♦ t❤❡ ✐♥✐t✐❛❧ ♦♥❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ t❤❡ ♠♦❞❡❧ ♣r♦✲
♣♦s❡❞ ❤❡r❡ ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ✇✐t❤ ♥♦ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳
✸✵ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥
✶✳✷ ●♦❛❧s ♦❢ t❤❡ t❤❡s✐s
▼❛♥② ♦✛s❤♦r❡ str✉❝t✉r❡s ❛r❡ ❜✉✐❧t ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts t❤❛t
❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s ❜❡❛♠✱ tr✉ss ♦r ❝❛❜❧❡ ❡❧❡♠❡♥ts✳ ❋❧♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs✱ ❢♦r ❡①❛♠♣❧❡✱
❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s ♠♦♥♦❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡ s②st❡♠ ❛♥❞ ✐ts ❛♥❝❤♦r❛❣❡ s②st❡♠ ❝♦♥s✐❞❡r❡❞
❛s t❡♥s✐❧❡✴❝❛❜❧❡ str✉❝t✉r❡ ✭✐♥ ❝❛s❡ ✐t ✐s ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛✢♦♦r ❜② ❝❛❜❧❡s✮ ♦r ❛s ❛♥♦t❤❡r
❢r❛♠❡ s②st❡♠ ✭✐♥ ❝❛s❡ ✐t ✐s ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛❜❡❞ ✇✐t❤ r✐❣✐❞ ❜❛rs✮✳ ❚❤❡ s❛♠❡ ❤❛♣♣❡♥s
✇✐t❤ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡s✱ ✇❤❡r❡ ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s ♠❛❞❡ ✇✐t❤ t❤❡ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs
✐♥ t❡r♠s ♦❢ str✉❝t✉r❛❧ ♠♦❞❡❧❧✐③❛t✐♦♥ ❝❛♥ ❜❡ ❛ss✉♠❡❞ ❢♦r t❤✐s t②♣❡ ♦❢ str✉❝t✉r❡s✳
❉✉❡ t♦ t❤❡ ✇✐❞❡ r❛♥❣❡ ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛✈❛✐❧❛❜❧❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❜❡✇❛r❡ ✐♥
♦r❞❡r t♦ ❞❡✈❡❧♦♣ ❛ r✐❣♦r♦✉s st✉❞②✳ ❋r♦♠ t❤❡ ❡♥❣✐♥❡❡r✐st✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛❧❧ t❤❡ ✢♦❛t✐♥❣
str✉❝t✉r❡s ❛✈❛✐❧❛❜❧❡ ❛r❡ ❞❡s✐❣♥❡❞ t♦ ♦♣❡r❛t❡ ✐♥ ❞✐✛❡r❡♥t ③♦♥❡s ❛♥❞ s✐t✉❛t✐♦♥s ❛♥❞✱ ❛s ❛
❝♦♥s❡q✉❡♥❝❡✱ t❤❡ t♦♦❧s t❤❛t ❤❛✈❡ t♦ ❜❡ ✉s❡❞ t♦ ❛♥❛❧②s❡ t❤❡♠ ✈❛r② ❢r♦♠ ♦♥❡ t♦ ♦t❤❡r✳ ❋♦r
t❤✐s r❡❛s♦♥✱ t❤✐s t❤❡s✐s ✇✐❧❧ ❜❡ ♠❛✐♥❧② ❢♦❝✉s❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t✇♦ s♣❡❝✐✜❝ ✢♦❛t✐♥❣ str✉❝✲
t✉r❡s✿ t❤❡ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❛♥❞ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡s✳
❚❤❡ r❡❛s♦♥ ✐s ❜❡❝❛✉s❡ t❤❡✐r s✐♠✐❧❛r✐t② ✐♥ t❡r♠s ♦❢ str✉❝t✉r❛❧ t✐♣♦❧♦❣②✱ ❛r❡❛s ✇❤❡r❡ t❤❡②
♦♣❡r❛t❡✱ ❧♦❛❞s ✇❤✐❝❤ ❛r❡ s✉❜❥❡❝t❡❞✱✳✳✳❡t❝✳ ❋♦❝✉s✐♥❣ ♦♥ t❤❡s❡ t✇♦ ❦✐♥❞ ♦❢ str✉❝t✉r❡s ✇❡ ✇✐❧❧
❜❡ ❛❜❧❡ t♦ ♦✛❡r ❛ ❜❡tt❡r ❛♥❞ ♠♦r❡ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡♠ ❛♥❞ t❤❡✐r ❜❡❤❛✈✐♦✉r ❛♥❞
t♦ ❞❡✈❡❧♦♣ ❜❡tt❡r t♦♦❧s ❢♦r t❤❡✐r ❛♥❛❧②s✐s✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❣♦❛❧s ♦❢ t❤✐s t❤❡s✐s ❛r❡✿
• ❙t❛t✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✿ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ st❛t✐❝
❜❡❤❛✈✐♦✉r ♦❢ ♦✛s❤♦r❡ str✉❝t✉r❡ ♣❛rt✐❛❧❧② ♦r t♦t❛❧❧② ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞
✢✉✐❞✳ ▼❛♥② ❛✉t❤♦rs ❤❛✈❡ ❢♦❝✉s❡❞ t❤❡✐r ❛tt❡♥t✐♦♥ ✐♥ ❛♥❛❧②s✐s ✇❤❡r❡ t❤❡ str✉❝t✉r❛❧
♠♦❞❡❧ ❛♥❞ t❤❡ ❛❝t✐♦♥s ❞✉❡ t♦ t❤❡ ✢✉✐❞ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✉♥❝♦✉♣❧❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t✳
❆❝t✉❛❧❧②✱ ♦✛s❤♦r❡ str✉❝t✉r❡s ❤❛✈❡ ❛ ❣r❡❛t ♥♦♥❧✐♥❡❛r✐t② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♥t❛❝t ✇✐t❤
t❤❡ ✢✉✐❞✳ ❋r♦♠ ❛♥ ✐♥t✉✐t✐✈❡ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♦♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❧♦❛❞s ♣r♦❞✉❝❡❞ ❜②
t❤❡ ✢✉✐❞ ✐♥t♦ t❤❡ str✉❝t✉r❡s ❛r❡ str♦♥❣❧② ❞❡♣❡♥❞❛♥t ♦♥ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ✜❡❧❞✳ ❚❤✐s
✐s ❛♥ ❛ss✉♠♣t✐♦♥ t❤❛t ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ♥❡❣❧✐❣✐❜❧❡ ♣❡r❢♦r♠✐♥❣ ❛♥❛❧②s✐s
✐♥ t❤❡ ✜❡❧❞ ♦❢ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❛✐♥s ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ✉♥❝♦✉♣❧❡ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ✢✉✐❞ ❝♦♥st❛♥t ❞✉r✐♥❣
t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤✳
• ◆❡✇ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥✿ ❚❤❡ s❡❝♦♥❞❛r② ❣♦❛❧ ✐s t♦ ❢♦r♠✉❧❛t❡ ❛♥❞
♣r❡s❡♥t ❛♥ ✐♥♥♦✈❛t✐✈❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ t❤❛t ✉♥✐✜❡s t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❜❡❛♠
str✉❝t✉r❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥ st❛t✐❝ ✢✉✐❞✳ ❚❤❡ ♥♦✇❛❞❛②s ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s ❤❛✈❡
❜❡❡♥ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ♠♦❞❡❧ ✭❡ss❡♥✲
t✐❛❧❧② ✉s❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❡❧❛st✐❝ s♦✐❧✮✳ ❚❤✐s ♠♦❞❡❧✱
✇❤✐❝❤ ❤❛s ♣r♦✈✐❞❡❞ ❣r❡❛t r❡s✉❧ts ✐♥ ❛❧❧ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s♣❧❛❝❡✲
♠❡♥ts✱ ❤❛s ✐♠♣♦rt❛♥t ❧✐♠✐t❛t✐♦♥s ✇❤❡♥ t❤❡ ❡♥❣✐♥❡❡r ✐s r❡q✉✐r❡❞ t♦ ❢✉rt❤❡r ❛♥❛❧②s❡
t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♦✛s❤♦r❡ str✉❝t✉r❡s ❛t ✉❧t✐♠❛t❡ ❧✐♠✐t st❛t❡ ♦r ✇❤❡♥ ❧❛r❣❡ ❞✐s♣❧❛❝❡✲
♠❡♥ts ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ■♥ t❤❡s❡ ❝❛s❡s✱ ❜❡tt❡r ❛♥❞ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ t♦♦❧s ❛r❡
r❡q✉✐r❡❞ t♦ ❝♦♠♣❧❡t❡❧② ❛♥❛❧②s❡ ❛♥❞ ✉♥❞❡rst❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ♦❢ t❤❡ str✉❝t✉r❡
❛♥❞ t♦ ♣r❡❞✐❝t t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤ ✐♥ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥s t❤❡ str✉❝t✉r❡ ✇✐❧❧
✶✳✸ ▼❡t❤♦❞♦❧♦❣② ✸✶
❤❛✈❡ t♦ ❢❛❝❡ ❞✉r✐♥❣ ✐t✬s s❡r✈✐❝❡ ❧✐❢❡✳
✶✳✸ ▼❡t❤♦❞♦❧♦❣②
❚❤❡s❡ ❛✐♠s r❡q✉✐r❡ t❤❡ st✉❞② ♦❢ t❤❡ ♠♦st ❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ ❡❛❝❤ ♣❛rt ♦❢ t❤❡ str✉❝✲
t✉r❡✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts✱ ❛ ❞❡❡♣ st✉❞② ❛❜♦✉t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥t
❛♥❞ t❤❡ ✢✉✐❞ ❛t t❤❡ s❡❝t✐♦♥❛❧ ❧❡✈❡❧ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞✳ ❆ t❤♦r♦✉❣❤ st✉❞② ✇✐❧❧ ❜❡ ❝❛rr✐❡❞
♦✉t t♦ ✉♥❞❡rst❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✷❉ ❜♦❞✐❡s ✭s❡❝t✐♦♥s ✐♥ ♦✉r ❝❛s❡✮ ❛♥❞ ❛ ❣❡♥❡r✐❝
✢✉✐❞✳ ❚❤✐s ✇✐❧❧ ❜❡ st✉❞✐❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❧♦❛❞s ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ t♦ t❤❡ s❡❝t✐♦♥ ❛♥❞
✇✐❧❧ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ r❡s✉❧t❛♥t ❢♦r❝❡s ✐♥ t❤❡ ♠❛✐♥ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ ✐ts
♣❡r♣❡♥❞✐❝✉❧❛r ❛①✐s✳
❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ✧❙❡❝t✐♦♥✲❋❧✉✐❞ ✐♥t❡r❛❝t✐♦♥✧ ❧❡t ✉s ❝♦♥s✐❞❡r ❛
s❡❝t✐♦♥❛❧ ❡❧❡♠❡♥t ❛s t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ✶✳✶✳ ■❢ t❤❡ s❡❝t✐♦♥ ✐s ♦r✐❡♥t❡❞ s♦♠❡❤♦✇ ✐♥ t❤❡ s♣❛❝❡
❛♥❞ ✐s ♣❛rt✐❛❧❧② ♦r t♦t❛❧❧② ✉♥❞❡r t❤❡ ✢✉✐❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r❝❡s ❛♥❞
♠♦♠❡♥ts✿
F =

Fx
Fy
Fz
 =

∫
Ω
PΩ
Tx′dΩ∫
Γ
PΓ
Ty′dΓ∫
Γ
PΓ
Tz′dΓ

; M =

Mx
My
Mz
 =

∫
Γ
(vΓ × PΓ)T x′dΓ∫
Ω
(vΩ × PΩ)T y′dΩ∫
Ω
(vΩ × PΩ)T z′dΩ

PΓ = −γfhn PΩ = γfhx′
✇❤❡r❡ t❤❡ ✈❡❝t♦rs vΓ ❛♥❞ vΩ ❛r❡ t❤❡ ✈❡❝t♦rs t❤❛t ❞❡✜♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧♦❛❞ ♣♦✐♥t
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t② ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥ t❤❡ ❜♦✉♥❞❛r② ✭Γ✮ ❛♥❞ ❛r❡❛ ✭Ω✮✳ ❙❡❡
✜❣✉r❡ ✶✳✶ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
❋✐❣✉r❡ ✶✳✶✿ ❚❤❡ ✻ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛❝t✐♥❣ ♦♥ ❛ s❡❝t✐♦♥ ❡❧❡♠❡♥t ❞✉❡ t♦ t❤❡ ❤②❞r♦st❛t✐❝
♣r❡ss✉r❡✳
✸✷ ●❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥
❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡
✢✉✐❞ ✇✐❧❧ ❜❡ ♠❛❞❡ ❜② t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ t❤❡ st✉❞② ♦❢ t❤❡s❡ s✐① ❝♦♠♣♦♥❡♥ts✳ ■♥❞❡❡❞✱
t❤❡s❡ s✐① ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡ t❤❡ str❡ss st❛t❡ ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥s✐❞❡ t❤❡
✢✉✐❞ ❛♥❞ t❤❡✐r st✉❞② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ❛r❡ t❤❡
♠❛✐♥ ❦❡② ♦❢ t❤✐s t❤❡s✐s✳ ❚❤❡ ✧❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✧ ❢♦r ❛ s♣❡❝✐✜❝ s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤
❛ ✢✉✐❞ ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ ❢✉rt❤❡r ❝❤❛♣t❡rs✳
❚❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r ❛ s♣❡❝✐✜❝ s❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥
❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ ♠❡❝❤❛♥✐❝ ♦❢ ♠❛t❡r✐❛❧s✱ ✇❤❡r❡ str❡ss❡s ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ str❛✐♥s
❜② ♠❛t❤❡♠❛t✐❝❛❧ ❡q✉❛t✐♦♥s ✭❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♠❛t❡r✐❛❧✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ st✉❞②
♦❢ ❛ s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞✱ t❤❡ r♦❧❡ ♦❢ str❡ss❡s ✇✐❧❧ ❜❡ ♣❧❛②❡❞ ❜② t❤❡ r❡s✉❧t❛♥t
❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts t❤❛t t❤❡ ✢✉✐❞ ♣r♦❞✉❝❡s t♦ t❤❡ s❡❝t✐♦♥ ✇❤✐❧❡ t❤❡ ♣♦s✐t✐♦♥ ✭♣♦s✐t✐♦♥
♦❢ t❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t② ♦❢ t❤❡ s❡❝t✐♦♥ vG✮ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ✭❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ r♦t❛t✐♦♥
♠❛tr✐① t❤❛t ❞❡✜♥❡s t❤❡ ❧♦❝❛❧ ❛①✐s ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥ ❛ ✸❉ s♣❛❝❡ MR✮ ✇✐❧❧ ♣❧❛② t❤❡ r♦❧❡ ♦❢
str❛✐♥s✳ ❚❛❜❧❡ ✶✳✶ s❤♦✇s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝♦♥❝❡♣ts✳
❙tr❡ss❡s ❙tr❛✐♥s ❘❡s✉❧t❛♥t ❡✛♦rts P♦s✐t✐♦♥ ❛♥❞ ❖r✐❡♥t❛t✐♦♥
σ ε F , M vG, MR
❈♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r ♠❛t❡r✐❛❧s ❈♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r s❡❝t✐♦♥s
σ (ε) F (vG,MR) M (vG,MR)
❚❛❜❧❡ ✶✳✶✿ ❈♦rr❡s♣♦♥❞❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r
♠❛t❡r✐❛❧s ❛♥❞ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ❢♦r ❛ s❡❝t✐♦♥✳
❖♥❝❡ t❤❡ st✉❞② ❛♥❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r ❛♥② s❡❝t✐♦♥ ✐s ❞♦♥❡✱
t❤❡ ♥❡①t st❡♣ ✇✐❧❧ ❜❡ t❤❡ ✉s❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥s ✐♥ ❛ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❡❛♠ ♠♦❞❡❧ t♦ st✉❞②
✢♦❛t✐♥❣ str✉❝t✉r❡s✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡♥✱ ❜❡❛♠ ❡❧❡♠❡♥ts ❛r❡ t❤❡ ❜♦❞✐❡s t❤❛t r❡s✉❧t ❢r♦♠ t❤❡
♠♦✈❡♠❡♥t ♦❢ ❛ ❝r♦ss✲s❡❝t✐♦♥ ✭✈❛r②✐♥❣ ❝r♦ss✲s❡❝t✐♦♥ ✐♥ ❣❡♥❡r❛❧✮ ❛❧♦♥❣ ❛♥ ❛①✐s ❞❡✜♥✐♥❣ t❤❡
❜❡❛♠✳ ❚❤❡ ✐♥♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ❛♥❞ ❡q✉❛t✐♦♥s t❤❛t ❞❡s❝r✐❜❡
t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ✢✉✐❞ ❝❛♥✱ s♦♠❡❤♦✇✱ ❜❡
tr❛♥s❧❛t❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❜❡❛♠ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ✢✉✐❞✳ ❚❤❡
♣r♦❝❡❞✉r❡ ❛♥❞ ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s t❤❛t ❣♦✈❡r♥ t❤✐s ❝♦♠♣❧❡① ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ♦❢ t❤❡ t❤❡s✐s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t♦♦❧s ♠✉st ❜❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜ ❣♦❛❧s ♠✉st ❜❡ ❛❝❤✐❡✈❡❞✳
• ❙t✉❞② ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✷❉ ❜♦❞✐❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞✳
• ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ s❡❝t✐♦♥✿ ✐♥ t❡r♠s ♦❢ ✐ts ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s
❛♥❞ ✐t✬s ✢✉✐❞✲s❡❝t✐♦♥ ❝♦♥st✐t✉✈❡ ❡q✉❛t✐♦♥s✳
• ▼♦❞✐❢② t❤❡ ✷❉ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ ❲✐♥❦❧❡r✬s ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❞❡✲
s❝r✐♣t✐♦♥ ♦❢ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥s✳ ❚❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❡❧❛st✐❝ s♦✐❧ ✇✐❧❧ ❜❡ s✉❜st✐t✉t❡❞
❜② ❛♥ ❡q✉✐✈❛❧❡♥t st✐✛♥❡ss ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ ❛♥❞ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥t✬s ❝r♦ss✲s❡❝t✐♦♥✳
✶✳✸ ▼❡t❤♦❞♦❧♦❣② ✸✸
• ❋♦r♠✉❧❛t❡ ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ ✷❉ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ t♦ st✉❞② ❜❡❛♠ str✉❝t✉r❡s
♣❛rt✐❛❧❧② ♦r t♦t❛❧❧② s✉rr♦✉♥❞❡❞ ❜② ❛ ✢✉✐❞ ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ s♠❛❧❧
str❛✐♥s✳ ❚❤✐s ♠♦❞❡❧ ✇✐❧❧ ❜❡ t❡st❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳
• ❉❡✈❡❧♦♣ ❛ ✷❉ tr✉ss✴❝❛❜❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ t♦ st✉❞② ❝❛❜❧❡ str✉❝t✉r❡s ♣❛rt✐❛❧❧② ♦r
t♦t❛❧❧② s✉rr♦✉♥❞❡❞ ❜② ❛ ✢✉✐❞ ❝♦♥s✐❞❡r✐♥❣ ❜✐❣ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ s♠❛❧❧ str❛✐♥s✳
• ❋♦r♠✉❧❛t❡ ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ ✸❉ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t t♦ st✉❞② ✢♦❛t✐♥❣ str✉❝t✉r❡s
s✉rr♦✉♥❞❡❞ ❜② ❛ ✢✉✐❞ ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ s♠❛❧❧ str❛✐♥s✳
• ❋♦r♠✉❧❛t❡ ❛ ❝♦♠♣❧❡t❡❧② ♥❡✇ ✸❉ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t t♦ st✉❞② ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛♥❞
t❤❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ s✉rr♦✉♥❞✐♥❣ ✢✉✐❞ ❝♦♥s✐❞❡r✐♥❣ ❜✐❣ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ s♠❛❧❧
str❛✐♥s✳
• ❉❡✈❡❧♦♣ ❛ ❝♦♥t❛❝t ❡❧❡♠❡♥t t♦ st✉❞② t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❝❛❜❧❡ str✉❝t✉r❡s ✉s❡❞
✐♥ t❤❡ ❛♥❝❤♦r❛❣❡ s②st❡♠ ♦❢ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛♥❞ t❤❡ s❡❛❜❡❞✳

2 ❙t❛t❡ ♦❢ t❤❡ ❛rt
◆♦✇❛❞❛②s✱ ✇❤❡r❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛♥❞ ✉r❜❛♥ ❞❡✈❡❧♦♣♠❡♥t ✐♥❝r❡❛s❡ ❛♥❞ t❤❡ ❧❛♥❞✲s❝❛r❝❡ ❜❡✲
❝♦♠❡ ❡✈❡r② ②❡❛r ❛ ♠♦r❡ ❛❧❛r♠✐♥❣ ♣r♦❜❧❡♠✱ ❝✐t② ♣❧❛♥♥❡rs ❛♥❞ ❡♥❣✐♥❡❡rs ❤❛✈❡ ❢♦✉♥❞ t♦ ❧❛♥❞
r❡❝❧❛♠❛t✐♦♥ ❛ s♦❧✉t✐♦♥ t♦ ❡❛s❡ t❤❡ ♣r❡ss✉r❡ ♦♥ ❡①✐st✐♥❣ ❤❡❛✈✐❧②✲✉s❡❞ ❧❛♥❞ ❛♥❞ ✉♥❞❡r❣r♦✉♥❞
s♣❛❝❡s✳ ❯s✐♥❣ ✜❧❧ ♠❛t❡r✐❛❧s ❢r♦♠ s❡❛❜❡❞✱ ❞❡❡♣ ✉♥❞❡r❣r♦✉♥❞ ❡①❝❛✈❛t✐♦♥s✱ ❛♥❞ ❡✈❡♥ ❝♦♥✲
str✉❝t✐♦♥ ❞❡❜r✐s✱ ❡♥❣✐♥❡❡rs ❛r❡ ❛❜❧❡ t♦ ❝r❡❛t❡ r❡❧❛t✐✈❡❧② ✈❛st ❛♥❞ ✈❛❧✉❛❜❧❡ ❧❛♥❞ ❢r♦♠ t❤❡ s❡❛✳
❙✉❝❤ ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ ❝❧❡✈❡r❧② s♦❧✈❡❞ ✐♥ ❝♦✉♥tr✐❡s ❧✐❦❡ ◆❡t❤❡r❧❛♥❞s✱ ❙✐♥❣❛♣♦r❡ ❛♥❞
❏❛♣❛♥✱ t❤❛t ❤❛✈❡ ❡①♣❛♥❞❡❞ t❤❡✐r ❧❛♥❞ ❛r❡❛s s✐❣♥✐✜❝❛♥t❧② t❤r♦✉❣❤ ❧❛♥❞ r❡❝❧❛♠❛t✐♦♥✳ ■♥
s♣✐t❡ ♦❢ t❤❡ ❡✛♦rts ♠❛❞❡ ✐♥ t❤✐s ✜❡❧❞✱ t❤❡ tr❛❞✐t✐♦♥❛❧ ❧❛♥❞ r❡❝❧❛♠❛t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❝♦st
❡✛❡❝t✐✈❡ ❛♥❞ ♥❡✇ t❡❝❤♥✐q✉❡s ❛♥❞ ✐♥♥♦✈❛t✐✈❡ str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ❞❡❛❧ ✇✐t❤
t❤❡s❡ ♣r♦❜❧❡♠s✱ ❧❡❛❞✐♥❣ t♦ ♠❛♥② ♥❡✇ ❛♥❞ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❥❡❝ts ✇❤❡r❡ t❤❡ ✢♦❛t✐♥❣
str✉❝t✉r❡s ✭❋❙✮ ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦✉♥❞❡❞✳
❆s ❛ ❣✉✐❞❡❧✐♥❡✱ ❧❛♥❞ r❡❝❧❛♠❛t✐♦♥ ✐s ❛♣♣r♦♣✐❛t❡ ✇❤❡♥ t❤❡ ✇❛t❡r ❞❡♣t❤ ✐s s❤❛❧❧♦✇ ✭❧❡ss
t❤❛♥ ✷✵ ♠✮✳ ❲❤❡♥ t❤❡ ✇❛t❡r ❞❡♣t❤ ✐s ❧❛r❣❡ ❛♥❞ t❤❡ s❡❛❜❡❞ ✐s ❡①tr❡♠❡❧② s♦❢t✱ ❧❛♥❞ r❡❝❧❛✲
♠❛t✐♦♥ ✐s ♥♦ ❧♦♥❣❡r ❝♦st ❡✛❡❝t✐✈❡ ♦r s♦♠❡t✐♠❡s ✐♠♣♦ss✐❜❧❡ ❢r♦♠ t❤❡ ❡♥❣✐♥❡❡r✐st✐❝ ♣♦✐♥t ♦❢
✈✐❡✇✳ ❋r♦♠ ❛♥♦t❤❡r ♣❡rs♣❡❝t✐✈❡✱ ❧❛♥❞ r❡❝❧❛♠❛t✐♦♥ ❞❡str♦②s t❤❡ ♠❛r✐♥❡ ❤❛❜✐t❛t ❛♥❞ ♠❛②
❡✈❡♥ ❧❡❛❞ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t♦①✐❝ s❡❞✐♠❡♥ts ❞✉❡ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ✉s❡❞✳
❲❤❡♥ ❢❛❝❡❞ ✇✐t❤ t❤❡s❡ ♥❛t✉r❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥s❡q✉❡♥❝❡s✱ t❤❡ s♦ ❝❛❧❧❡❞
✢♦❛t✐♥❣ str✉❝t✉r❡s ♠❛② ♦✛❡r ❛♥ ❛ttr❛❝t✐✈❡ ❛❧t❡r♥❛t✐✈❡ s♦❧✉t✐♦♥ ❢♦r r❡❝❧❛♠❡ ❧❛♥❞ t♦ t❤❡ s❡❛✳
■♥ s♦♠❡ ❊✉r♦♣❡❛♥ ❝♦❛st❛❧ ❝✐t✐❡s✱ t❤❡ ❞❡♠❛♥❞✐♥❣ ♦❢ r❡❝r❡❛t✐♦♥❛❧ ❢❛❝✐❧✐t✐❡s ❤❛s ✐♥❝r❡❛s❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❛ttr❛❝t✐✈❡♥❡ss ❢♦r t❤❡ t♦✉r✐s♠ ❛♥❞ ❡❝♦♥♦♠✐❝❛❧ ❣r♦✇t❤✳ ❚❤❡ ✐♥❝r❡❛s❡❞
❞❡♠❛♥❞ ❞✉❡ t♦ ❜♦❛t✐♥❣ ♣✉❜❧✐❝ ❛♥❞ ✐♥❞✉str② ❢♦r ♠♦r❡ ♠♦♦r❛❣❡ ❢❛❝✐❧✐t✐❡s ❝❤❛❧❧❡♥❣❡s t❤❡
♣❧❛♥♥❡rs ❛♥❞ ❞❡s✐❣♥❡rs ♦❢ s♠❛❧❧✲❝r❛❢t ❤❛r❜♦rs t♦ ❡①♣❧♦r❡ ❛❧❧ ❛❧t❡r♥❛t✐✈❡s ✐♥ ❞❡✈❡❧♦♣✐♥❣
❤❛r❜♦rs t❤❛t ❤❛✈❡ ❛❞❡q✉❛t❡ ♣r♦t❡❝t✐♦♥ ❢r♦♠ ✇✐♥❞ ✇❛✈❡s ❛♥❞ ❜♦❛t ✇❛❦❡s✳ ▼♦st ♦❢ t❤❡
♥❛t✉r❛❧ ❤❛r❜♦rs ❞❡✈❡❧♦♣❡❞ ♥❡❛r ♣♦♣✉❧❛t✐♦♥ ❝❡♥t❡rs✱ ✇❤❡r❡ ❜♦❛t✐♥❣ ❞❡♠❛♥❞s ❛r❡ ❣r❡❛t❡st✱
❛r❡ ♦✈❡r❝r♦✇❞❡❞✳
❙♦♠❡ ♦❢ t❤❡ ♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✇❤✐❝❤ ❋❙s ❤❛✈❡ ❢♦✉♥❞ t❤❡✐r ✉s❛❣❡ ✐s ✐♥ t❤❡ st♦r❛❣❡
♣❧❛t❢♦r♠s✳ ❖♥❡ ♦❢ t❤❡ ❣r❡❛t❡st ❡♥❣✐♥❡❡r✐♥❣ ❝❤❛❧❧❡♥❣❡s t♦❞❛② ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♦✛✲
s❤♦r❡ ♣❧❛t❢♦r♠s ❢♦r ✇❛t❡r ❞❡♣t❤s ❧❛r❣❡r t❤❛♥ ✸✵✵ ♠✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ✇❛② t♦ ❜✉✐❧❞ ✢♦❛t✐♥❣
✸✻ ❙t❛t❡ ♦❢ t❤❡ ❛rt
st♦r❛❣❡ ❢❛❝✐❧✐t✐❡s ✐♥ t❤❡ s❡❛ ✐s t♦ ❛❞❛♣t st❡❡❧ ❥❛❝❦❡t str✉❝t✉r❡s ♦r ❝♦♥❝r❡t❡ ❣r❛✈✐t② ♣❧❛t✲
❢♦r♠s✱ ✇❤✐❝❤ ❛r❡ ✐♠♣♦ss✐❜❧❡ t♦ ✐♥st❛❧❧ ✭♦r ❝♦st❧② ♣r♦❤✐❜✐t✐✈❡✮ ✇❤❡♥ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ s❡❛ ✐s
❧❛r❣❡r t❤❛♥ ✸✵✵ ♠✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❛❧t❡r♥❛t✐✈❡s✱ ❧✐❣❤t✇❡✐❣❤t ♦✛s❤♦r❡
♣❧❛t❢♦r♠s t❤❛t ✉t✐❧✐③❡ ✇❛t❡r ❜✉♦②❛♥❝② ❛♥❞ ❝❛❜❧❡ s②st❡♠s✱ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✱ s✉❝❤ ❛s✿
❣✉②❡❞ t♦✇❡rs❀ t❡♥s✐♦♥ ❧❡❣ ♣❧❛t❢♦r♠s❀ ♠♦♦r❡❞ s❡♠✐✲s✉❜♠❡rs✐❜❧❡s❀ ♠♦♦r❡❞ t❛♥❦❡rs✱ ❡t❝✳
❯s✉❛❧❧②✱ ❋❙s ❛r❡ ♠❛❞❡ ♦❢ st❡❡❧✱ ❝♦♥❝r❡t❡ ♦r st❡❡❧✲❝♦♥❝r❡t❡ ❝♦♠♣♦s✐t❡✳ ❙✐♥❝❡ ✇❛t❡r✲
t✐❣❤t♥❡ss ♦❢ ❝♦♥❝r❡t❡ ✐s ✐♠♣♦rt❛♥t t♦ ❛✈♦✐❞ ♦r ❧✐♠✐t ❝♦rr♦s✐♦♥ ♦❢ t❤❡ r❡✐♥❢♦r❝❡♠❡♥t✱ ❡✐t❤❡r
✇❛t❡rt✐❣❤t ❝♦♥❝r❡t❡ ♦r ♦✛s❤♦r❡ ❝♦♥❝r❡t❡ s❤♦✉❧❞ ❜❡ ✉s❡❞✳ ❍✐❣❤✲♣❡r❢♦r♠❛♥❝❡ ❝♦♥❝r❡t❡ ❝♦♥✲
t❛✐♥✐♥❣ ✢② ❛s❤ ❛♥❞ s✐❧✐❝❛ ❢✉♠❡ ✐s ♠♦st s✉✐t❛❜❧❡ ❢♦r ❋❙s✳ ❋r♦♠ t❤❡ str✉❝t✉r❛❧ ♠♦❞❡❧❧✐♥❣
♣❡rs♣❡❝t✐✈❡✱ t❤❡ ❡✛❡❝ts ♦❢ ❝r❡❡♣ ❛♥❞ s❤r✐♥❦❛❣❡ ❤❛✈❡ ❛ ❧♦✇ ✇❡✐❣❤t ✐♥ t❤❡ str❡ss❡s ❛♥❞ str❛✐♥s
♣r♦❞✉❝❡❞ ♦♥ t❤♦s❡ str✉❝t✉r❡s✱ s✐♥❝❡ t❤❡s❡ t✇♦ ❡✛❡❝ts ❞❡✈❡❧♦♣ ♦♥❝❡ t❤❡ ❝♦♥❝r❡t❡ ✐s ❞r② ❛♥❞✱
❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡✐r ❡✛❡❝ts ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✇❤❡♥ ❋❙s ❛r❡ ❧♦✇❡r❡❞ ✐♥ t❤❡ s❡❛✳
▼♦st ♦❢ t❤❡ str✉❝t✉r❡s ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡ ❤❛s t♦ ❜❡ s♦♠❡❤♦✇ ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛❜❡❞✳
❚❤❡ ❛♥❝❤♦r❛❣❡ s②st❡♠ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ ❡♥❣✐♥❡❡r✐♥❣ r❡q✉✐r❡♠❡♥ts s✐♥❝❡ ✐t ❤❛s t♦ ❡♥s✉r❡
t❤❛t t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✐s ❦❡♣t ✐♥ ♣♦s✐t✐♦♥ s♦ t❤❛t t❤❡ ❢❛❝✐❧✐t✐❡s ✐♥st❛❧❧❡❞ ♦♥ t❤❡ ✢♦❛t✐♥❣
str✉❝t✉r❡ ❝❛♥ ❜❡ r❡❧✐❛❜❧② ♦♣❡r❛t❡❞ ❛♥❞ t♦ ♣r❡✈❡♥t t❤❡ str✉❝t✉r❡ ❢r♦♠ ❞r✐❢t✐♥❣ ❛✇❛② ✉♥❞❡r
❝r✐t✐❝❛❧ s❡❛ ❝♦♥❞✐t✐♦♥s ❛♥❞ st♦r♠s✳ ❆ ❢r❡❡❧② ❞r✐❢t✐♥❣ ✢♦❛t✐♥❣ str✉❝t✉r❡ ♠❛② ❧❡❛❞ t♦ ♥♦t
♦♥❧② ❞❛♠❛❣❡ t♦ t❤❡ s✉rr♦✉♥❞✐♥❣ ❢❛❝✐❧✐t✐❡s ❜✉t ❛❧s♦ t❤❡ ❧♦ss ♦❢ ❤✉♠❛♥ ❧✐❢❡ ✐❢ ❛ ❝♦❧❧✐s✐♦♥ ✇✐t❤
s❤✐♣s ♦❝❝✉rs✳
❚❤❡ ❞❡s✐❣♥ ♣r♦❝❡❞✉r❡ ❢♦r ❛ ♠♦♦r✐♥❣ s②st❡♠ ✉s✉❛❧❧② ❢♦❧❧♦✇s t❤❡s❡ st❡♣s✿ ✜rst s❡❧❡❝t
t❤❡ ♠♦♦r✐♥❣ ♠❡t❤♦❞✱ t❤❡ s❤♦❝❦ ❛❜s♦r❜✐♥❣ ♠❛t❡r✐❛❧✱ t❤❡ q✉❛♥t✐t② ❛♥❞ ❧❛②♦✉t ♦❢ ❞❡✈✐❝❡s t♦
♠❡❡t t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ♦♣❡r❛t✐♥❣ ❝♦♥❞✐t✐♦♥s ❛♥❞ r❡q✉✐r❡♠❡♥ts✳ ❚❤❡
❧❛②♦✉t ♦❢ t❤❡ ♠♦♦r✐♥❣ ❞♦❧♣❤✐♥s ❢♦r ❡①❛♠♣❧❡ ✐s s✉❝❤ t❤❛t t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡
✢♦❛t✐♥❣ str✉❝t✉r❡ ✐s ❛❞❡q✉❛t❡❧② ❝♦♥tr♦❧❧❡❞ ❛♥❞ t❤❡ ♠♦♦r✐♥❣ ❢♦r❝❡s ❛r❡ ❛♣♣r♦♣r✐❛t❡❧② ❞✐s✲
tr✐❜✉t❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✉♥❞❡r ✈❛r✐♦✉s ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s
✐s ❡①❛♠✐♥❡❞✳ ❚❤❡ ❧❛②♦✉t ❛♥❞ q✉❛♥t✐t② ♦❢ t❤❡ ❞❡✈✐❝❡s ❛r❡ ❛❞❥✉st❡❞ s♦ t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❛♥❞ t❤❡ ♠♦♦r✐♥❣ ❢♦r❝❡s ❞♦ ♥♦t ❡①❝❡❡❞ t❤❡ ❛❧❧♦✇❛❜❧❡ ✈❛❧✉❡s✳ ❋✐♥❛❧❧②✱
❞❡✈✐❝❡s s✉❝❤ ❛s ❞♦❧♣❤✐♥s ❛♥❞ ❣✉✐❞❡ ❢r❛♠❡s ❛r❡ ❞❡s✐❣♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❞❡s✐❣♥ ❧♦❛❞ ❜❛s❡❞
♦♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♠♦♦r✐♥❣ ❢♦r❝❡s✳
❚❤✐s t❤❡s✐s ✇✐❧❧ ❝♦♥s✐❞❡r s❡✈❡r❛❧ t②♣❡s ♦❢ ❋❙s✳ ❙♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ t❤❡
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥❞ st✉❞② ♦❢ t❤❡ ❋❙s t❤❛t ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ ✸ ❣r♦✉♣s✿
• ❋❙s r❡❧❛t❡❞ t♦ t❤❡ ✇❛t❡r✲❝r♦ss✐♥❣ ♣r♦❜❧❡♠✱ s✉❝❤ ❛s ❋❧♦❛t✐♥❣ ❇r✐❞❣❡s ✭❋❇✮✱ ■♠♠❡rs❡❞
❚✉♥♥❡❧s ✭■❚✮ ❛♥❞ ❙✉❜♠❡r❣❡❞ ❋❧♦❛t✐♥❣ ❚✉♥♥❡❧s ✭❙❋❚✮✳
• ❋✐①❡❞ ♦✛s❤♦r❡ str✉❝t✉r❡s ✭❋❖❙✮ s✉❝❤ ❛s ❢❛❝✐❧✐t✐❡s ❢♦r t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ♦✐❧ ❛♥❞ ❣❛s ❛♥❞
❱❡r② ▲❛r❣❡ ❋❧♦❛t✐♥❣ ❙tr✉❝t✉r❡s ✭❱▲❋❙✮ s✉❝❤ ❛s ✢♦❛t✐♥❣ ❛✐r♣♦rt ♦r st♦r❛❣❡ ❢❛❝✐❧✐t✐❡s✳
• ❋❙s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ✇❛✈❡✲♣r♦t❡❝t✐♦♥ ♣r♦❜❧❡♠s✱ ✇❤✐❝❤ ❛r❡ s♦❧✈❡❞ ❜② ♠❡❛♥s ♦❢
❋❧♦❛t✐♥❣ ❇r❡❛❦❲❛t❡rs ✭❋❇❲✮✳
✷✳✶ ❋❧♦❛t✐♥❣ ❇r❡❛❦✇❛t❡rs ✸✼
✷✳✶ ❋❧♦❛t✐♥❣ ❇r❡❛❦✇❛t❡rs
❋❧♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❤❛✈❡ ❜❡❝♦♠❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇✐t❤ ❛♥ ❛❝t✐✈❡ ♣♦t❡♥t✐❛❧ ✐♥ ❢✉t✉r❡ ❤❛r❜♦r✲
♠❛r✐♥❛ ❞❡s✐❣♥✳ ❚❤❡ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ❛t ❛ ♥✉♠❜❡r ♦❢ s✐t❡s ✇❤❡r❡ ✇❛t❡r
❞❡♣t❤ ♦r ♦t❤❡r ❝♦♥str❛✐♥ts ♠❛❦❡ ❛ ✜①❡❞ str✉❝t✉r❡ t♦♦ ❝♦st❧②✱ ❛♥❞ ✐s ♣r♦♣♦s❡❞ ❢♦r ❝♦✉♥t✲
❧❡ss ♦t❤❡rs✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ❛r❡ ♦t❤❡r ✉s❡s ❢♦r ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs✱ s✉❝❤ ❛s ✐♥ ✇❛t❡r❢r♦♥t
❝♦♥str✉❝t✐♦♥ ❛♥❞ ♦♣❡r❛t✐♦♥✱ ❜❡❛❝❤ ❡r♦s✐♦♥ ❝♦♥tr♦❧ ❛♥❞ s♦ ♦♥✱ t❤❡ ♠♦st ♣r♦♠✐♥❡♥t ❛♣♣❧✐✲
❝❛t✐♦♥s r❡❧❛t❡ t♦ t❤❡ s♠❛❧❧✲❝r❛❢t ❤❛r❜♦r ♦r ♠❛r✐♥❛✳ ■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡
✐♠♣❛❝t✐♥❣ t❤❡ ♠❛r✐♥❛ ✐♥❢r❛❡str✉❝t✉r❡s✱ ❜r❡❛❦✇❛t❡rs ❛r❡ ❝♦♥str✉❝t❡❞ ♥❡❛r❜②✳ ❆ ❣❡♥❡r❛❧
r✉❧❡ ♦❢ t❤✉♠❜ ✐s t♦ ❤❛✈❡ ❛ ❜r❡❛❦✇❛t❡r ✐❢ t❤❡ s✐❣♥✐✜❝❛♥t ✇❛✈❡ ❤❡✐❣❤t ✐s ❣r❡❛t❡r t❤❛♥ ✹ ♠✳
❋❇❲s r❡♣r❡s❡♥t ❛ ❝♦st✲♣♦ss✐❜✐❧✐t✐❡s ❛❧t❡r♥❛t✐✈❡ t♦ ♣r♦t❡❝t s♠❛❧❧ ♠❛r✐♥❛s ❛❣❛✐♥st s❡❛
✇❛✈❡s ❛♥❞ ❜♦❛t ✇❛❦❡s ✉♥❞❡r s♦♠❡ ❝✐r❝✉♠st❛♥❝❡s✱ ❛s ✇❡❧❧ ❛s ✐♥ ✜❡❧❞s ❧✐❦❡ ❛q✉❛❝✉❧t✉r❡✱ ❛
❣r♦✇✐♥❣ ❞❡♠❛♥❞✳ ■♥ ❢❛❝t✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♥❡✇ ♠❛r✐♥❛s ❛♥❞ r❡❝r❡✲
❛t✐♦♥❛❧ ❤❛r❜♦✉rs ❛❧❧ ❛r♦✉♥❞ t❤❡ ✇♦r❧❞ ❤❛s ❧❡❞ t♦ ❛ ❣r♦✇✐♥❣ ✐♥t❡r❡st ✐♥ t❤❡ st✉❞② ♦❢ ❋❇❲s✳
◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ♦♣❡r❛t✐♦♥❛❧ ❧✐♠✐ts ♦❢ t❤❡ ❞❡s✐❣♥ ❝✉rr❡♥t❧② ✐♥ ✉s❡ ❛r❡ ♥♦t ♣r❡❝✐s❡❧② ❦♥♦✇♥✳
❖✈❡r t❤❡ ♣❛st t✇♦ ❞❡❝❛❞❡s✱ ✐♥t❡r❡st ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✲
✇❛t❡rs✱ ❤❛s ✐♥❝r❡❛s❡❞ ♦✇✐♥❣ t♦ t❤❡ r❡q✉✐r❡♠❡♥t ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❧❛r❣❡ ♥✉♠❜❡r ♦❢
s♠❛❧❧ ♠❛r✐♥❛s ❛♥❞ r❡❝r❡❛t✐♦♥❛❧ ❤❛r❜♦✉rs ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s
✐♥ ❝♦❛st❛❧ ③♦♥❡s ❤❛✈❡ s❤♦✇♥ ❛ r❡♠❛r❦❛❜❧❡ ✐♥❝r❡❛s❡✳ ❖♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ❧♦✇❡r ✐♥✐t✐❛❧ ✐♥✈❡st✲
♠❡♥t ❛♥❞ t❤❡ ♠♦❜✐❧✐t② ♦❢ t❤❡ str✉❝t✉r❡ ❛r❡ ❛ttr❛❝t✐✈❡ t♦ t❤❡ ❞❡s✐❣♥❡r ❛♥❞ ❛r❡ ❡✈❛❧✉❛t❡❞
❛s r❡❧✐❛❜❧❡ ❛❧t❡r♥❛t✐✈❡ ✇❤❡♥ t❤❡ ❝♦st ♦❢ ❛ ✜①❡❞ str✉❝t✉r❡ ❡①❝❡❡❞s t❤❡ ❡❝♦♥♦♠✐❝ r❡t✉r♥ t♦
❜❡ ❣❛✐♥❡❞ ❛t t❤❛t ❧♦❝❛t✐♦♥ ❛♥❞ ❛❧s♦ ♣❡r❢♦r♠ ✇❛✈❡ ❛tt❡♥✉❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❜❡✐♥❣ ✉s❡❢✉❧ ❢♦r
❜♦❛t ❞♦❝❦s✱ ♠♦♦r✐♥❣s ♦r ✇❛❧❦✇❛②s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❋❇❲s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥
❡♥✈✐r♦♥♠❡♥t❛❧ ♣r❡s❡r✈❛t✐♦♥ ❞✉❡ t♦ t❤❡✐r ❧♦✇ ✐♠♣❛❝t ✐♥ t❡r♠s ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ❛♥❞ ✈✐s✉❛❧
✐♠♣❛❝t✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❋❇❲s ❤❛✈❡ ❛ ✈❡r② ❧♦✇ ✐♠♣❛❝t ✐♥ t❤❡ s✉rr♦✉♥❞✐♥❣
❡♥✈✐r♦♥t♠❡♥t✳
❋❇❲s ❤❛✈❡ ❣❡♥❡r❛t❡❞ ❛ ❣r❡❛t ✐♥t❡r❡st ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦❛st❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❛s t❤❡② ❛r❡
❧❡ss ❡①♣❡♥s✐✈❡ ❝♦♠♣❛r❡❞ t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ❜r❡❛❦✇❛t❡rs✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡② ❤❛✈❡ s❡✈❡r❛❧ ❞❡✲
s✐r❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ s✉❝❤ ❛s s♠❛❧❧ ❝❛♣✐t❛❧ ❝♦st✱ ❛❞❛♣t❛t✐♦♥ t♦ ✈❛r②✐♥❣ ❤❛r❜♦✉r s❤❛♣❡s
❛♥❞ s✐③❡s ❛♥❞ s❤♦rt ❝♦♥str✉❝t✐♦♥ t✐♠❡ ❛♥❞ t❤❡② ❝❛♥ ❜❡ ❛❧s♦ ✉s❡❞ t♦ ♠❡❡t ❧♦❝❛t✐♦♥ ❝❤❛♥❣❡s✱
❡①t❡♥t ♦❢ ♣r♦t❡❝t✐♦♥ r❡q✉✐r❡❞ ♦r s❡❛s♦♥❛❧ ❞❡♠❛♥❞✳ ❚❤❡② ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ t❡♠♣♦r❛r② ♣r♦✲
t❡❝t✐♦♥ ❢♦r ♦✛s❤♦r❡ ❛❝t✐✈✐t✐❡s ✐♥ ❤♦st✐❧❡ ❡♥✈✐r♦♥♠❡♥t ❞✉r✐♥❣ ❝♦♥str✉❝t✐♦♥✱ ❞r✐❧❧✐♥❣ ✇♦r❦s✱
s❛❧✈❛❣❡ ♦♣❡r❛t✐♦♥✱ ✳✳✳ ❡t❝✳ ■♥ r❡❝❡♥t ②❡❛rs t❤❡r❡ ❤❛s ❜❡❡♥ ❛♥ ✐♥❝r❡❛s❡❞ ✐♥t❡r❡st ✐♥ t❤❡ ✉s❡
♦❢ ❋❇❲s ❛s ❛ ♠❡❛♥s ♦❢ ♣r♦✈✐❞✐♥❣ ♣r♦t❡❝t✐♦♥ ❢r♦♠ ✇❛✈❡ ❛tt❛❝❦ ✐♥ s❡♠✐♣r♦t❡❝t❡❞ r❡❣✐♦♥s✳
❙✉❝❤ str✉❝t✉r❡s ♣r♦✈✐❞❡ ❛♥ ❛ttr❛❝t✐✈❡ ❛❧t❡r♥❛t✐✈❡ t♦ ♠♦r❡ ❝♦♥✈❡♥t✐♦♥❛❧ ✜①❡❞ ❜r❡❛❦✇❛t❡rs
✐♥ ❞❡❡♣❡r ✇❛t❡rs✱ ✐♥ ❛r❡❛s ✇❤❡r❡ ♣♦♦r ❢♦✉♥❞❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ♦r ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥str❛✐♥ts
❡①✐st✱ ♦r ✇❤❡r❡ ♣r♦t❡❝t✐♦♥ ✐s r❡q✉✐r❡❞ ♦♥❧② t❡♠♣♦r❛r❧②✳ ❋❧♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❜❡❤❛✈❡ ❡✐t❤❡r
❛s r❡✢❡❝t♦rs ♦r ❛s ❞✐ss✐♣❛t♦rs ♦❢ ✇❛✈❡ ❡♥❡r❣②✳
❋❇❲s ❝❛♥ ❜❡ ❜✉✐❧t ❢♦❧❧♦✇✐♥❣ ♠❛♥② s❤❛♣❡s✱ ✜❣✉r❡ ✷✳✶ s❤♦✇s t❤❡ t②♣✐❝❛❧ s❡❝t✐♦♥✳
❆s ❛♥ ❡①❛♠♣❧❡ ♦❢ r❡❛❧ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r✱ t❤❡ ❋❇❲ s✐t✉❛t❡❞ ✐♥ ❍♦❧② ▲♦❝❤ ♦♥ t❤❡
✇❡st ❝♦❛st ♦❢ ❙❝♦t❧❛♥❞ ❛❧❧♦✇s t♦ ✉♥❞❡rst❛♥❞ ❜❡tt❡r ❤♦✇ t❤❡ ❋❇❲s ❛r❡ ❝♦♥str✉❝t❡❞ ❛♥❞
✸✽ ❙t❛t❡ ♦❢ t❤❡ ❛rt
✭❛✮ ❙❡❝t✐♦♥s ✉s❡❞ ❢♦r ❇♦① ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs
✭❜✮ ❙❡❝t✐♦♥s ✉s❡❞ ❢♦r P♦♥t♦♦♥ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs
❋✐❣✉r❡ ✷✳✶✿ ❚②♣✐❝❛❧ s❡❝t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs✳ ■♠❛❣❡ t❛❦❡♥
❢r♦♠ ❬❚s✐♥❦❡r✱ ✶✾✾✹❪
✷✳✶ ❋❧♦❛t✐♥❣ ❇r❡❛❦✇❛t❡rs ✸✾
❤♦✇ t❤❡② ♦♣❡r❛t❡✳ ❚❤❡ ❜r❡❛❦✇❛t❡r ✐s ✷✹✵ ♠ ❧♦♥❣ ❜② ✸✳✽ ♠ ✇✐❞❡ ✇✐t❤ ❛ t♦t❛❧ ✇❡✐❣❤t ♦❢
✺✵✵ t♦♥s✳ ■t ✐s ♠❛❞❡ ❜② ♦❢ ✶✷ ❧❛r❣❡ ♣r❡✲❝❛st ❝♦♥❝r❡t❡ ♣♦♥t♦♦♥s✱ ❡❛❝❤ ✷✵ ♠ ❧♦♥❣ ❛♥❞ ✹✷
t♦♥s ✇❡✐❣❤t②✳ ❚❤❡ ❜r❡❛❦✇❛t❡r ✐s ❤❡❧❞ ✐♥ ♣♦s✐t✐♦♥ ♦♥ ❛ ♠♦♦r✐♥❣ s②st❡♠ ✶✶✵ ♠ ❧♦♥❣ ❤❡❛✈②
♠♦♦r✐♥❣ ❝❤❛✐♥s ❤❡❧❞ ♦♥ t❤✐rt② ✺✵✵ ❦❣ ❤✐❣❤ ❤♦❧❞✐♥❣ ♣♦✇❡r ❛♥❝❤♦rs✳ ❋✐❣✉r❡ ✷✳✷ s❤♦✇s ❛
s❤♦✇♥✳
❋✐❣✉r❡ ✷✳✷✿ ❋❧♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ✐♥st❛❧❧❡❞ ✐♥ ❍♦❧② ▲♦❝❤ ♦♥ t❤❡ ✇❡st ❝♦❛st ♦❢ ❙❝♦t❧❛♥❞✳
❋✐♥♥✐s❤❡❞ ✐♥ ✶ ❖❝t ✷✵✵✺✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❍♦❧② ▲♦❝❤ ✭▲❛t✿ ✺✺✳✾✽✺✾✹✶✱ ▲♦♥❣✿ ✲✹✳✾✺✷✵✹✽✮
❯s✉❛❧❧②✱ ❋❇❲s ❛r❡ ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛❜❡❞ ✉s✐♥❣ ❝❛❜❧❡s s②st❡♠s✱ ❛s t❤❡ ♦♥❡ ✐♥st❛❧❧❡❞
✐♥ ❍♦❧② ▲♦❝❤ ♦♥ t❤❡ ✇❡st ❝♦❛st ♦❢ ❙❝♦t❧❛♥t ✭❋✐❣✉r❡ ✷✳✷✮✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s t♦ ❛♥❝❤♦r
❛ ❋❇❲ t♦ t❤❡ s❡❛✢♦♦r ❛♥❞ ✐♥ ✜❣✉r❡ ✷✳✸ t✇♦ ❛♥❝❤♦r❛❣❡ s②st❡♠s ❛r❡ s❦❡t❝❤❡❞✳
❋✐❣✉r❡ ✷✳✸✿ ❚②♣✐❝❛❧ ❝❛❜❧❡ s②st❡♠s ✉s❡❞ t♦ ❛♥❝❤♦r t❤❡ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs t♦ t❤❡ s❡❛❜❡❞
▼✐❧✐t❛r② ♣r♦❜❧❡♠s ❤❛✈❡ ❢♦✉♥❞ t❤❡✐r s♦❧✉t✐♦♥ ✐♥ t❤❡ ✉s❡ ♦❢ ❋❇❲s✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡
♦❢ t❤❡ ♠♦st ❢❛♠♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✇❛s ❞♦♥❡ ❞✉r✐♥❣ t❤❡ ❉✲❉❛② ✐♥ ❏✉♥❡ ♦❢ ✶✾✹✹✳ ❚❤❡ ❛❧❧✐❡s
♣♦s✐t✐♦♥❡❞✱ ❞✉r✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❞❛②s ♦❢ t❤❡ ♦♣❡r❛t✐♦♥✱ t❤❡ s♦ ❝❛❧❧❡❞ ✧❇♦♠❜❛r❞♦♥✧ ❋❇❲s
❛❧♦♥❣ t❤❡ ❝♦❛st ♦❢ ❋r❛♥❝❡ ✭❋✐❣✉r❡ ✷✳✹✮✳ ❚❤❡ ❋❇❲s ✇❡r❡ ❝♦♥str✉❝t❡❞ ✐♥ ✷ s❡♣❛r❛t❡❞ ❧✐♥❡s
✭♦❢ ❛❜♦✉t ✷✺✵ ♠❡t❡rs ♦❢ s❡♣❛r❛t✐♦♥✮ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❝♦❛st t♦ ♣r♦✈✐❞❡ ❛ r❡❞✉❝t✐♦♥ ♦❢
t❤❡ ✇❛✈❡ ❧❡♥❣t❤ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ✇❛✈❡s✳ ■♥ ❛ r❡♠❛r❦❛❜❧❡ ❡♥❣✐♥❡❡r✐♥❣
❛❝❤✐❡✈❡♠❡♥t✱ t❤❡ ❞❡❝✐s✐♦♥ t♦ ✉s❡ t❤❡ ✧❇♦♠❜❛r❞♦♥✧ ❋❇❲ ✇❛s ♠❛❞❡ ✐♥ ❡❛r❧② ✶✾✹✸ ❛♥❞
✹✵ ❙t❛t❡ ♦❢ t❤❡ ❛rt
t❤❡♦r❡t✐❝❛❧✱ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❛❧②s✐s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❜❡❢♦r❡ t❤❡ ❉✲❉❛② ✇❤❡♥
t❤❡ ✧❇♦♠❜❛r❞♦♥✧ ❋❇❲ ♣r♦✈✐❞❡❞ s❤❡❧t❡r ❢♦r ✐♥✈❛s✐♦♥ tr♦♦♣s ❢♦r t❤❡ ✜rst ✶✷ ❞❛②s ♦❢ t❤❡
♦♣❡r❛t✐♦♥✳ ▲❛t❡r✱ t❤❡ ❋❇❲ ✇❡r❡ ❞❡str♦②❡❞ ❜② ❛ st♦r♠✳
✭❛✮ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❈❛♣ ▼❛♥✈✐❡✉① ✭▲❛t✿ ✹✾✳✸✹✺✶✼✺✱ ▲♦♥❣✿
✲✵✳✻✸✾✽✸✻✮
✭❜✮ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❋r❛♥❝❡ ✭▲❛t✿ ✹✾✳✸✹✻✵✵✾✱ ▲♦♥❣✿ ✲✵✳✻✸✾✼✹✵✮
❋✐❣✉r❡ ✷✳✹✿ ❘❡♠❛✐♥✐♥❣ ❇♦♠❜❛r❞♦♥ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ✐♥ t❤❡ ❝♦❛st ♦❢ ❈❛♣ ▼❛♥✈✐❡✉①✱
✇❤❡r❡ ♦♥❡ ♦❢ t❤❡ s❡✈❡r❛❧ ❧❛♥❞✐♥❣ ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ ❉✲❉❛② ✇❛s ❝❛rr✐❡❞ ♦✉t
✷✳✷ ❋❧♦❛t✐♥❣ ❇r✐❞❣❡s ✹✶
✷✳✷ ❋❧♦❛t✐♥❣ ❇r✐❞❣❡s
❊❛r❧② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✈❡r② ❧❛r❣❡ ❋❙s t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ✢♦❛t✐♥❣ ❜♦❛t ❜r✐❞❣❡s ♦✈❡r r✐✈❡rs✳
❆r♦✉♥❞ ✹✽✵ ❇❈✱ ❑✐♥❣ ❳❡r①❡s ♦❢ P❡rs✐❛ ❧❡❞ ❤✐s ❛r♠② ❛❝r♦ss t❤❡ ❍❡❧❧❡s♣♦♥t✱ ♥♦✇ ❝❛❧❧❡❞ t❤❡
❉❛r❞❛♥❡❧❧❡s✱ ✉s✐♥❣ t✇♦ r♦✇s ♦❢ ✢♦❛t✐♥❣ ❜r✐❞❣❡s✱ ❡❛❝❤ ❝♦♥s✐st✐♥❣ ♦❢ ❛❜♦✉t ✸✵✵ ❜♦❛ts ❧❛✐❞
s✐❞❡ ❜② s✐❞❡✳ ❋✐❣✉r❡ ✷✳✺ s❤♦✇s ❛ s❦❡t❝❤ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥✳
❋✐❣✉r❡ ✷✳✺✿ ❙❦❡t❝❤ ♦❢ t❤❡ ♠❛♥❡✉✈❡r ♦❢ t❤❡ P❡rs✐❛♥ ❛r♠② ❛❝r♦ss t❤❡ ❍❡❧❧❡s♣♦♥t ❞✉r✐♥❣ ✐t✬s
✇❛r ✇✐t❤ ●r❡❡❝❡✳
■♥ ✶✽✼✹✱ ❛ ✶✷✹✲♠ ❧♦♥❣ ✢♦❛t✐♥❣ ✇♦♦❞❡♥ r❛✐❧r♦❛❞ ❜r✐❞❣❡ ✇❛s ❝♦♥str✉❝t❡❞ ♦✈❡r t❤❡ ▼✐ss✐s✲
s✐♣♣✐ ❘✐✈❡r ✐♥ ❲✐s❝♦♥s✐♥ ❛♥❞ ✐t ✇❛s r❡♣❡❛t❡❞❧② r❡❜✉✐❧t ❛♥❞ ✜♥❛❧❧② ❛❜❛♥❞♦♥❡❞✳ ❇r♦♦❦✜❡❧❞
❋❧♦❛t✐♥❣ ❇r✐❞❣❡ ✐s st✐❧❧ ✐♥ s❡r✈✐❝❡ ❛♥❞ ✐t ✐s t❤❡ s❡✈❡♥t❤ r❡♣❧❛❝❡♠❡♥t str✉❝t✉r❡ ♦❢ ❛ ✾✽✲♠ ❧♦♥❣
✇♦♦❞❡♥ ✢♦❛t✐♥❣ ❜r✐❞❣❡✳ ■♥ ✶✾✶✷✱ t❤❡ ●❛❧❛t❛ st❡❡❧ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✭✜❣✉r❡ ✷✳✻✮ ✇❛s ❜✉✐❧t
❛❝r♦ss ■st❛♥❜✉❧✬s ●♦❧❞❡♥ ❍♦r♥ ✇❤❡r❡ t❤❡ ✇❛t❡r ❞❡♣t❤ ✐s ✹✶ ♠✳ ❚❤❡ ✹✺✼✲♠ ❧♦♥❣ ❜r✐❞❣❡
❝♦♥s✐sts ♦❢ ✺✵ st❡❡❧ ♣♦♥t♦♦♥s ❝♦♥♥❡❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ❤✐♥❣❡s✳ ❈♦♥tr❛r② t♦ ❡♥❣✐♥❡❡rs✬
♣❡r❝❡♣t✐♦♥ t❤❛t ❝♦rr♦s✐♦♥ ✇♦✉❧❞ ♣♦s❡ ❛ s❡r✐♦✉s ♣r♦❜❧❡♠ t♦ s✉❝❤ ✢♦❛t✐♥❣ st❡❡❧ str✉❝t✉r❡s✱ ✐t
❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ st❡❡❧ ♠❛❞❡ ❋❇s ❛r❡ ❛ r❡❧✐❛❜❧❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♥♦✇❛❞❛②s ✇❛t❡r✲❈r♦ss
♣r♦❜❧❡♠s✳
▼❛♥② ❝✐✈✐❧ ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥str✉❝t❡❞ ✐♥ ❝♦✉♥tr✐❡s s✉❝❤ ❛s ❯❙❆✱ ◆♦r✇❛②✱
❯❑✱ ❏❛♣❛♥ ❛♥❞ ❈❛♥❛❞❛✳ ❯♥t✐❧ ♥♦✇✱ t❤❡r❡ ❛r❡ ❜❛s✐❝❛❧❧② t✇♦ ❞✐✛❡r❡♥t str✉❝t✉r❛❧ ❢♦r♠s ❢♦r
✢♦❛t✐♥❣ ❜r✐❞❣❡s✿ ❝♦♥t✐♥✉♦✉s ❝♦♥❝r❡t❡ ♣♦♥t♦♦♥✲t②♣❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❤❛✈❡ ❜❡❡♥ ✉t✐❧✐③❡❞ ✐♥
t❤❡ ❯❙❆ ❢♦r ♠❛♥② ②❡❛rs✱ ✇❤✐❧❡ st❡❡❧ tr✉ss ❞❡❝❦s s✉♣♣♦rt❡❞ ❜② ❞✐s❝r❡t❡ ♣♦♥t♦♦♥s ❤❛✈❡ ❜❡❡♥
❝♦♥str✉❝t❡❞ ✐♥ ◆♦r✇❛②✳
▼♦r❡ r❡❝❡♥t ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❜✉✐❧t ❢r♦♠ ✶✾✾✵s ✐♥❝❧✉❞❡ t❤❡ t✇♦ ❢❛♠♦✉s ◆♦r✇❡❣✐❛♥ ✢♦❛t✲
✐♥❣ ❜r✐❞❣❡s✿ ✽✹✺✲♠ ❧♦♥❣ ❇❡r❣s♦②s✉♥❞ ❋❧♦❛t✐♥❣ ❇r✐❞❣❡ ✭✜❣✉r❡ ✷✳✼✮ ❜✉✐❧t ✐♥ ✶✾✾✷ ♥❡❛r
❑r✐st✐❛♥s✉♥❞ ♦✈❡r ❛ ❢❥♦r❞ ❞❡♣t❤ ♦❢ ✸✷✵ ♠ ❛♥❞ t❤❡ ✶✷✹✻✲♠ ❧♦♥❣ ◆♦r❞❤♦r❞❧❛♥❞ ❋❧♦❛t✐♥❣
❇r✐❞❣❡ ✭✜❣✉r❡✿ ✷✳✽✮ ❜✉✐❧t ✐♥ ✶✾✾✹ ❛t ❙❛❧❤✉s ♦✈❡r ❛ ❢❥♦r❞ ❞❡♣t❤ ♦❢ ✺✵✵ ♠✳ ❇♦t❤ ❜r✐❞❣❡s ❛r❡
❤♦r✐③♦♥t❛❧❧② ❝✉r✈❡❞ ✭✐♥ t❤❡ ❢♦r♠ ♦❢ ❢✉♥✐❝✉❧❛r ❝✉r✈❡s✮ t♦ ❜❡tt❡r r❡s✐st t❤❡ ✇❛✈❡✱ t❤❡ ✇❛t❡r
❝✉rr❡♥t ❛♥❞ ✇✐♥❞ ❢♦r❝❡s✳ ❆♥ ✐♥t❡r❡st✐♥❣ ♣❡❞❡str✐❛♥ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✐s t❤❡ ✾✹✲♠ ❧♦♥❣ ❲❡st
■♥❞✐❛ ◗✉❛② ❋♦♦t❜r✐❞❣❡ ✇❤✐❝❤ ✇❛s ❝♦♥str✉❝t❡❞ ✐♥ ✶✾✾✼✳ ❚❤✐s ❜r✐❞❣❡ r❡s❡♠❜❧❡s ❛ ❣✐❛♥t
✹✷ ❙t❛t❡ ♦❢ t❤❡ ❛rt
♣♦♥❞ s❦❛t❡r✳
❋✐❣✉r❡ ✷✳✻✿ ●❛❧❛t❛ st❡❡❧ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✐♥ ■st❛♥❜✉❧✳ ❋✐♥♥✐s❤❡❞ ✐♥ ✶✾✶✷✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿
❋❛t✐❤✴■st❛♥❜✉❧✱ ❚✉r❦❡② ✭▲❛t✿ ✹✶✳✵✶✽✶✽✷✱ ▲♦♥❣✿ ✷✽✳✾✼✸✷✸✶✮
❋✐❣✉r❡ ✷✳✼✿ ❇❡r❣s♦②s✉♥❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡ s✐t✉❛t❡❞ ✐♥ ◆♦r✇❛②✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❘✐❦s✈❡✐
✼✵✱ ✻✻✼✵✱ ◆♦r✇❛② ✭▲❛t✿ ✻✷✳✾✽✾✺✸✼✱ ▲♦♥❣✿ ✼✳✽✽✷✷✻✵✮
✷✳✷ ❋❧♦❛t✐♥❣ ❇r✐❞❣❡s ✹✸
❋✐❣✉r❡ ✷✳✽✿ ◆♦r❞❤♦r❞❧❛♥❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡ s✐t✉❛t❡❞ ✐♥ ◆♦r✇❛②✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❑r♦ss✲
♥❡s❡t ✶✵✱ ✺✾✶✽✱ ❋r❡❦❤❛✉❣✱ ◆♦r✇❛② ✭▲❛t✿ ✻✵✳✺✸✵✷✼✷✱ ▲♦♥❣✿ ✺✳✷✺✼✶✻✷✮
❆♥ ♦✉tst❛♥❞✐♥❣ ✢♦❛t✐♥❣ ❜r✐❞❣❡ t❤❛t ✇❛s ❜✉✐❧t ❛t t❤❡ t✉r♥ ♦❢ t❤❡ ♠✐❧❧❡♥♥✐✉♠ ✐s t❤❡ ✹✶✵✲
♠ ❧♦♥❣ ❨✉♠❡♠❛✐ ❇r✐❞❣❡ ✭✜❣✉r❡ ✷✳✾✮✳ ❚❤❡ ❜r✐❞❣❡ ✐s ❝♦♥str✉❝t❡❞ ❛❝r♦ss ❛ ✇❛t❡r ❝❤❛♥♥❡❧✱
❛♥❞ ✐t ✢♦❛ts ♦♥ t✇♦ ❤♦❧❧♦✇ st❡❡❧ ♣♦♥t♦♦♥s✳ ❚❤❡ ❜r✐❞❣❡ ❝❛♥ ❜❡ ♠♦✈❡❞ ❛r♦✉♥❞ ❛ ♣✐✈♦t ❛①✐s
❧♦❝❛t❡❞ ❛t t❤❡ s✉♣♣♦rts ❢♦r t❤❡ ❝r♦ss✐♥❣ ♦❢ ✈❡r② ❧❛r❣❡ s❤✐♣s✳
❋✐❣✉r❡ ✷✳✾✿ ❨✉♠❡♠❛✐ ✢♦❛t✐♥❣ ❜r✐❞❣❡ s✐t✉❛t❡❞ ✐♥ ❏❛♣❛♥✱ ❝♦♥♥❡❝t✐♥❣ t❤❡ ▼❛✐s❤✐♠❛ ❛♥❞
t❤❡ ❨✉♠❡s❤✐♠❛❤✐❣❛s❤✐ ✐s❧❛♥❞s✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ✷ ❈❤♦♠❡✲✸✲✶✷✺ ❍♦❦✉❦♦r②♦❦✉❝❤✐
❑♦♥♦❤❛♥❛✲❦✉✱ ❖s❛❦❛✲s❤✐✱ ❖s❛❦❛✲❢✉✱ ❏❛♣❛♥ ✭▲❛t✿ ✸✹✳✻✻✶✸✻✵✱ ▲♦♥❣✿ ✶✸✺✳✸✾✻✹✷✶✮
❆ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ ✐♥ ❢✉rt❤❡r s❡❝t✐♦♥ t♦ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ♠❡♠♦r✐❛❧
❜r✐❞❣❡ ✭s❡❡ ✜❣✉r❡ ✷✳✶✵✮✳ ❖♥❡ ♦❢ t❤❡ ❧♦♥❣❡st ❜r✐❞❣❡s ✐♥ t❤❡ ✇♦r❧❞ ❛♥❞ ❛❧s♦ ♦♥❡ ♦❢ t❤❡ ♦❧❞❡st
✭✐t ✇❛s ✜♥♥✐s❤❡❞ ✐♥ ✶✾✹✵✮✳ ■t ✐s ❧♦❝❛t❡❞ ✐♥ t❤❡ st❛t❡ ♦❢ ❲❛s❤✐♥❣t♦♥ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s
♦❢ ❆♠❡r✐❝❛✳
✹✹ ❙t❛t❡ ♦❢ t❤❡ ❛rt
❋✐❣✉r❡ ✷✳✶✵✿ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ♠❡♠♦r✐❛❧ ✢♦❛t✐♥❣ ❜r✐❞❣❡✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ▼❡r❝❡r
■s❧❛♥❞✱ ❲❛s❤✐♥❣t♦♥✱ ❯❙❆ ✭▲❛t✿ ✹✼✳✺✽✼✸✷✾✱ ▲♦♥❣✿✲✶✷✷✳✷✺✸✵✽✼✮
■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ♠❛♥② ❛r♠✐❡s ❤❛✈❡ ✐♥ t❤❡✐r ♦✇♥ ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❛♥❞ ✢♦❛t✐♥❣
❝❛✉s❡✇❛②s✳ ❆r♠② ❡♥❣✐♥❡❡rs ❛ss❡♠❜❧❡ t❤❡ ✢♦❛t✐♥❣ ♠♦❞✉❧❡s r❛♣✐❞❧② t♦ ❢♦r♠ ✢♦❛t✐♥❣ ❜r✐❞❣❡s
❢♦r s♦❧❞✐❡rs ❛♥❞ ✈❡❤✐❝❧❡s t♦ ❝r♦ss r✐✈❡rs ❛♥❞ ❧❛❦❡s✳ ▲♦♥❣ ✢♦❛t✐♥❣ ❝❛✉s❡✇❛②s ❛r❡ ✉s❡❞ ❜②
t❤❡ ♥❛✈② t♦ tr❛♥s♣♦rt s♦❧❞✐❡rs ❛♥❞ ❡q✉✐♣♠❡♥t ❢r♦♠ s❤✐♣s t♦ s❤♦r❡✳
❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♠♦st ❝♦♠♠♦♥ ♦✛s❤♦r❡ str✉❝t✉r❡s ❤❛s ❜❡❡♥ st✉❞✐❡❞ s✐♥❝❡ t✇♦ ❞❡❝❛❞❡s
❞✉❡ t♦ ✐ts ♣♦t❡♥t✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ♥♦✇❛❞❛②s s♦❝✐❡t② ❛♥❞ ❝✐✈✐❧ ❡♥❣✐♥❡❡r✐♥❣✳ ▼❛♥② st✉❞✲
✐❡s ❤❛✈❡ ♣r♦♣♦s❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧s ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ♣r♦♣❡r❧② ❞❡s❝r✐❜❡
s♣❡❝✐✜❝ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞ ♣r♦❜❧❡♠s t❤❛t ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛r❡ ✐♥✈♦❧✈❡❞ ✇✐t❤✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ❛ ❜r❡❛❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣❛st ✇♦r❦ ✐s ❞♦♥❡✳ ❆❢t❡r t❤❛t✱ ❛❧❧ t❤❡ st✉❞✐❡s ❞❡✈❡❧✲
♦♣❡❞ ❛r❡ ❛rr❛♥❣❡❞ ✐♥ t❤r❡❡ ❜✐❣ ❣r♦✉♣s✳ ❋✐♥❛❧❧②✱ t❤❡ ♥❡❡❞s t❤❛t t❤✐s t❤❡s✐s tr✐❡s t♦ ❢✉❧❧✜❧❧
❛r❡ ❤✐❣❤❧✐❣❤t❡❞✳
✷✳✸ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇
❚❤❡ ❛♥❛❧②s✐s ♦❢ s❡✈❡r❛❧ ✢♦❛t✐♥❣ ♦r s✉❜♠❡r❣❡❞ ♣♦♥t♦♦♥s ♦❢ ✈❛r✐♦✉s ❝r♦ss✲s❡❝t✐♦♥s ✇❡r❡
st✉❞✐❡❞ ❜② ❲✐❧❧✐❛♠s ❬✶✾✽✺❪✱ ❘❛t♥❛②❛❦❡ ❛♥❞ ❈❤r✐st❡♥s❡♥ ❬✶✾✽✻❪ ❛♥❞ ❲✐❧❧✐❛♠s ❛♥❞ ❉❛r✲
✇✐❝❤❡ ❬✶✾✽✽❪✳ ❆❧♠♦st ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ st✉❞② ♦❢ ✢♦❛t✐♥❣ t✐r❡ ❛♥❞ t❡t❤❡r❡❞ ✢♦❛t ❛rr❛②s
✇❛s ❝❛rr✐❡❞ ♦✉t ❜② ❍❛r♠s ❬✶✾✼✾❪ ❛♥❞ ❙❡②♠♦✉r ❛♥❞ ❍❛♥❡s ❬✶✾✼✾❪✳ ❚❤❡s❡ t②♣❡s ♦❢ ❜r❡❛❦✇❛✲
t❡rs ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ✐♥ ❛ ✈❛r✐❡t② ♦❢ ❧♦✇ ❡♥❡r❣② ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❏♦♥❡s
❛♥❞ ❘❛✐❝❤❧❡♥ ❬✶✾✼✾❪ ❤❛✈❡ ❛♥❛❧②③❡❞ ❛ s❧♦♣✐♥❣ ✢♦❛t ❜❛rr✐❡r ❝♦♥s✐st✐♥❣ ♦❢ ❛ r♦✇ ♦❢ ♠♦♦r❡❞
✢♦❛t✐♥❣ ♣♦♥t♦♦♥s ♦r s❧❛❜s ✐♥❝❧✐♥❡❞ ❜② ❜❛❧❧❛st✐♥❣ ♦r ❡♥❞✲✇❡✐❣❤t✐♥❣✳ ❆♥ ❡①♣❡r✐♠❡♥t❛❧ st✉❞②
♦❢ s❧♦♣✐♥❣ ✢♦❛t ❜❛rr✐❡rs ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② ❈❛r✈❡r ❛♥❞ ❏❡♥s❡♥ ❬✷✵✵✹❪✳ ❘✐❣✐❞✱ ✢❛♣✲❧✐❦❡
❜r❡❛❦✇❛t❡rs t❤❛t ❡①t❡♥❞ t❤❡ ❢✉❧❧ ✇❛t❡r ❞❡♣t❤ ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❜② ▲❡❛❝❤ ❛♥❞ ❙♦❧❧✐tt ❬✶✾✽✺❪
❛♥❞ ▲❡❡ ❛♥❞ ▼❝❉♦✉❣❛❧ ❬✶✾✽✻❪✳ ❘❡❝❡♥t❧②✱ ❑❡r♣❡r ❛♥❞ ▼❝❉♦✉❣❛❧ ❬✶✾✾✶❜❪ ❤❛✈❡ ❡①t❡♥❞❡❞
t❤✐s ❛♥❛❧②s✐s t♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝ts ♦❢ str✉❝t✉r❛❧ ❜❡♥❞✐♥❣ ❛♥❞ ❤❛✈❡ ❛❧s♦ ❡①♣❡r✐♠❡♥t❛❧❧②
✐♥✈❡st✐❣❛t❡❞ t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ❝♦♠♣❧✐❛♥t ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs t❤❛t ❡①t❡♥❞ ♦✈❡r t❤❡
❢✉❧❧ ✇❛t❡r ❞❡♣t❤ ✭❑❡r♣❡r ❛♥❞ ▼❝❉♦✉❣❛❧ ❬✶✾✾✶❛❪✮✳ ❆❧s♦✱ ❙❛✇❛r❛❣✐ ❛♥❞ ❨❛s✉✐ ❬✶✾✽✾❪ ❤❛✈❡
✐♥✈❡st✐❣❛t❡❞ t❤❡ str❡ss❡s ✐♥ s✐❧t ❝✉rt❛✐♥s ✐♥ ❝✉rr❡♥ts ❛♥❞ ✇❛✈❡s ❛♥❞ r❡♣♦rt❡❞ r❡❛s♦♥❛❜❧❡
❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡✐r ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳ ■♥ ❛❞❞✐t✐♦♥✱ ❆✳ ◆✳ ❲✐❧❧✐❛♠s
✷✳✸ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇ ✹✺
❛♥❞ ▼❝❉♦✉❣❛❧ st✉❞✐❡❞ t❤❡ ✇❛✈❡ tr❛♥s♠✐s✐♦♥ ❛♥❞ r❡✢❡❝t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ ✢❡①✐❜❧❡✱
✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ❝♦♥s✐st✐♥❣ ♦❢ ❛ ❝♦♠♣❧✐❛♥t✱ ❜❡❛♠✲❧✐❦❡ str✉❝t✉r❡ ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛
❜❡❞ ❛♥❞ ❦❡♣t ✉♥❞❡r t❡♥s✐♦♥ ❜② ❛ s♠❛❧❧ ❜✉♦②❛♥❝② ❝❤❛♠❜❡r ❛t t❤❡ t✐♣✳
❖t❤❡r ❛✉t❤♦rs ❤❛✈❡ ❢♦❝✉s❡❞ t❤❡✐r ❛tt❡♥t✐♦♥ ✐♥t♦ t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ♦✛s❤♦r❡
str✉❝t✉r❡s s✉❜❥❡❝t❡❞ t♦ ♠♦✈✐♥❣ ❧♦❛❞s✳ ❆s ❡①❛♠♣❧❡s✱ ❋r②✬❜❛ ❬✶✾✼✶❪ ✇✐❞❡❧② st✉❞✐❡❞ t❤❡ ✈✐✲
❜r❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❛ s✐♥❣❧❡✲s♣❛♥ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠✳ ❙t❡❡❧❡ ❬❜❪ ❛♥❞ ❙t❡❡❧❡ ❬❛❪ ♦❜t❛✐♥❡❞
t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ❛ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ♦♥ ❛♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✇✐t❤ ❛ ♠♦✈✐♥❣ ❧♦❛❞
❜② ♠❡❛♥s ♦❢ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ ♥♦♥❧✐♥❡❛r✐t✐❡s
✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❲✐t❤ ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤✱ ❈✳❘✳ s♦❧✈❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ ❝②❧✐♥❞r✐❝❛❧ s❤❡❧❧
s✉❜❥❡❝t❡❞ t♦ tr❛✈❡❧✐♥❣ ♣r❡ss✉r❡ ✇❛✈❡s✳ ❙✉③✉❦✐ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛
✜♥✐t❡ ❜❡❛♠ s✉❜❥❡❝t❡❞ t♦ ♠♦✈✐♥❣ ❧♦❛❞s ✇✐t❤ ❛❝❝❡❧❡r❛t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❡♥❡r❣② ♠❡t❤♦❞ ❛♥❞
t❤❡ ❋r❡s♥❡❧ ✐♥t❡❣r❛❧✳
❚❤❡ ❢♦r❡❣♦✐♥❣ ❞❡s❝r✐♣t✐♦♥ ✐❧❧✉str❛t❡s ❛ ❢❡✇ ♠♦✈✐♥❣✲❧♦❛❞✲✐♥❞✉❝❡❞ ✈✐❜r❛t✐♦♥ ♣r♦❜❧❡♠s
s♦❧✈❡❞ ✇✐t❤ t❤❡ ✭❝❧♦s❡❞✲❢♦r♠✮ ❛♥❛❧②t✐❝❛❧ ♠❡t❤♦❞✳ ■♥ r❡❝❡♥t ②❡❛rs✱ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠
❤❛s ✉s✉❛❧❧② ❜❡❡♥ s♦❧✈❡❞ ✇✐t❤ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❞✉❡ t♦ t❤❡ ❣r♦✇♥ ♦❢ ❝♦♠♣✉t❡rs ❝♦♠✲
♣✉t❛t✐♦♥ ❝❛♣❛❝✐t②✳ ❋♦r ❡①❛♠♣❧❡✱ ❍✐♥♦ ❛♥❞ ❆♥❛♥t❤❛♥❛r❛②❛♥❛ ❬❜❪ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝
r❡s♣♦♥s❡s ♦❢ ❛ ♥♦♥✉♥✐❢♦r♠ ❜❡❛♠ ❞✉❡ t♦ ❛ ♠♦✈✐♥❣ ❧♦❛❞ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳
❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝ ♥♦♥❧✐♥❡❛r✐t② ❞✉❡ t♦ ✐♠♠♦✈❛❜❧❡ s✉♣♣♦rts✱ t❤❡② st✉❞✐❡❞ t❤❡
s✐♠✐❧❛r ♣r♦❜❧❡♠s ❜② ✉s✐♥❣ ❋❊▼✱ ❨♦s❤✐♠✉r❛ ❛♥❞ ❆♥❛♥t❤❛♥❛r❛②❛♥❛✱ ❛♥❞ ●❛❧❡r❦✐♥ ♠❡t❤♦❞
❍✐♥♦ ❛♥❞ ❆♥❛♥t❤❛♥❛r❛②❛♥❛ ❬❛❪✳ ❋♦r ❛ ♠✉❧t✐✲s♣❛♥ ♥♦♥✉♥✐❢♦r♠ ❜❡❛♠ s✉❜❥❡❝t❡❞ t♦ ✈❛r✐♦✉s
♠♦✈✐♥❣ ❧♦❛❞s ✇✐t❤ ✈❛r②✐♥❣ s♣❡❡❞s✱ ❲✉ ❛♥❞ ❉❛✐ s♦❧✈❡❞ t❤❡ ♣r♦❜❧❡♠ ❜② ✉s✐♥❣ t❤❡ tr❛♥s❢❡r
♠❛tr✐① ♠❡t❤♦❞ ✐♥❝♦r♣♦r❛t❡❞ ✇✐t❤ t❤❡ ♠♦❞❡ s✉♣❡r♣♦s✐t✐♦♥ ♠❡t❤♦❞✳ ❋♦r t❤❡ s✐♠✐❧❛r ✈✐❜r❛✲
t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ❛ ♣❧❛t❡✱ ❲✉ ❛♥❞ ▲❛✐ ♦❜t❛✐♥❡❞ ❛ s♦❧✉t✐♦♥ ❜② ♠❡❛♥s ♦❢ t❤❡ ❋❊▼✳
❲✐t❤ r❡❢❡r❡♥❝❡ t♦ ❝❛❜❧❡ s②st❡♠s✱ ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ✐♥ t❤✐s ✜❡❧❞✳ ❆s ❛♥
❡①❛♠♣❧❡✱ ▼❛rt✐♥❡❧❧✐ ❛♥❞ P❡r♦tt✐ ❬✷✵✵✶❪ st✉❞✐❡❞ t❤❡ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❡❧❛st✐❝
❝❛❜❧❡ s②st❡♠s ✉♥❞❡r ✇✐♥❞ ❡①❝✐t❛t✐♦♥✳ ❱✐♥❝❡♥③♦ ●❛tt✉❧❧✐ ❛♥❞ ❱❡str♦♥✐ ❬✷✵✵✼❪ ♣r♦♣♦s❡❞
s♦♠❡ r❡❞✉❝t✐♦♥ t❤❡❝♥✐q✉❡s t♦ st✉❞② ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s ♦❢ ❝❛❜❧❡s s②st❡♠s
✉♥❞❡r t✉r❜✉❧❡♥❝❡ ❧♦❛❞✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥✱ ❱✐♥❝❡♥③♦ ●❛tt✉❧❧✐ ❛♥❞ ❱❡str♦♥✐ ❬✷✵✵✹❪ st✉❞✐❡❞ t❤❡
♥♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ♦❢ ❝❛❜❧❡s ✉♥❞❡r ❤❛r♠♦♥✐❝ ❧♦❛❞✐♥❣ ❜② ♠❡❛♥s ♦❢ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ✜♥✐t❡
❡❧❡♠❡♥t ♠♦❞❡❧s✱ t❡st✐♥❣ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧ ✐♥ ❞❡s❝r✐❜✐♥❣ t❤❡ r❡s♣♦♥s❡
❛♥❞ t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s t♦ ❝❛t❝❤ t❤❡ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ❝❛❜❧❡s✳
■♥ t❤❡ ✜❡❧❞ ♦❢ s✉❜♠❡r❣❡❞ ✢♦❛t✐♥❣ t✉♥♥❡❧s✱ ❢❡✇ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞✳ ❆s ❛♥
❡①❛♠♣❧❡✱ ❈❤✉♥①✐❛ ❬✷✵✶✸❪ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝ ♣r♦❜❧❡♠s t❤❛t ❡♠❡r❣❡ ✐♥ t❤✐s ❦✐♥❞ ♦❢ str✉❝✲
t✉r❡s✳
❆❧❧ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ r❡s❡❛r❝❤❡s ❞✐s❝✉ss t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ♦♥✲❧❛♥❞ str✉❝✲
t✉r❡s ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ r❡❧❛t✐♥❣ t♦ t❤❡ ❞②♥❛♠✐❝ ❛♥❛❧②s✐s ♦❢ ❛ ✢♦❛t✐♥❣ ❜♦❞② ♦♥ ✇❛t❡r
s✉r❢❛❝❡ s✉❜❥❡❝t❡❞ t♦ ❛ ♠♦✈✐♥❣ ❧♦❛❞ ✐s ❧✐♠✐t❡❞✳ ❲✉ ❏❙ ❬✶✾✾✻❪ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ✜rst
♣❛♣❡r ❝♦♥❝❡r♥✐♥❣ t❤✐s t♦♣✐❝✱ ✐♥ ✇❤✐❝❤ ❲✉ ❛♥❞ ❙❤❡✉ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛♥
✉♥✲♠♦♦r❡❞ s❤✐♣ ❤✉❧❧ ❞✉❡ t♦ ❛ ♠♦✈✐♥❣ ❧♦❛❞✳ ■♥st❡❛❞ ♦❢ ♠♦✈✐♥❣ ❧♦❛❞s✱ ▲✇✐♥ st✉❞✐❡❞ t❤❡
❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ❞✉❡ t♦ ✇❛✈❡ ❡①❝✐t❛t✐♦♥s✳ ❙❤❡✉ ✐♥✈❡st✐❣❛t❡❞ t❤❡
❝♦✉♣❧❡❞ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♦❢ r✐❣✐❞✲❜♦❞② ♠♦t✐♦♥s ❛♥❞ ❡❧❛st✐❝ ✈✐❜r❛t✐♦♥s ♦❢ ❛ ♣♦♥t♦♦♥ ✭✺✵✵
✹✻ ❙t❛t❡ ♦❢ t❤❡ ❛rt
♠ ❧❡♥❣t❤✱ ✷✵ ♠ ✇✐❞t❤ ❛♥❞ ✶✵ ♠ ❞❡♣t❤✮ s✉❜❥❡❝t❡❞ t♦ ❛ ♠♦✈✐♥❣ ❧♦❛❞✳ ▲❛t❡r✱ ❲✉ ❛♥❞
❙❤✐❤ ♠♦❞❡❧❡❞ ❛ ❤✐♥❣❡ ❝♦♥♥❡❝t❡❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ❛♥❞ st✉❞✐❡❞ ❤✐s ❡❧❛st✐❝ ❞②♥❛♠✐❝ ❛ss✉♠✐♥❣
s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts✱ s♠❛❧❧ str❛✐♥s ❛♥❞ ✉♥❝♦✉♣❧✐♥❣ t❤❡ r❡❛❝t✐♦♥ ❞✉❡ t♦ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡
❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜♦❞✐❡s✳ ❚❤❡ ♠♦❞❡❧ ✉s❡❞ ✇❛s ❛ ❲✐♥❦❧❡r ❞❡s❝r✐♣t✐♦♥ ❢♦r t❤❡ ✈❡rt✐❝❛❧
✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ ❜r✐❞❣❡✳
❆❞❡❡ ❬✶✾✼✺❪ ❞❡✈❡❧♦♣❡❞ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧✱ ❧✐♥❡❛r✱ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ t♦ ♣r❡❞✐❝t t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♦❢ ❝❛t❛♠❛r❛♥ t②♣❡ ❋❇❲s ✐♥ ❞❡❡♣ ✇❛t❡r ❛♥❞ ❝♦♠♣❛r❡❞ t❤❡ r❡s✉❧ts ✇✐t❤ ♠❡❛s✉r❡✲
♠❡♥ts ✐♥ ❛ ♠♦❞❡❧ t❛♥❦ ❛♥❞ ❢r♦♠ ❛ ♣r♦t♦t②♣❡ ✐♥st❛❧❧❛t✐♦♥ ✐♥ t❤❡ ✜❡❧❞✳ ❆❞❡❡ ❛♥❞ ▼❛rt✐♥
❬✶✾✼✹❪ ♦❜s❡r✈❡❞ t❤❛t r♦❧❧ ♠♦t✐♦♥ ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ s✐❣♥✐✜❝❛♥t❧② t♦ t❤❡ ✇❛✈❡ tr❛♥s♠✐s✲
s✐♦♥ ♣❡r❢♦r♠❛♥❝❡✳ ❆♥ ❛♥❛❧②s✐s ♦❢ ♠♦♦r✐♥❣ ❧✐♥❡s ✇❛s ❞♦♥❡ st❛rt✐♥❣ ❢r♦♠ st❛t✐❝ ❡q✉❛t✐♦♥s ♦❢
❝❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✐♥❝❧✉❞❡❞ ❛s ❛ r❡st♦r✐♥❣ ❢♦r❝❡ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡
❜r❡❛❦✇❛t❡r ❆❞❡❡ ❬✶✾✼✼❪✳ ❚❤❡② ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡♦r② s✐❣♥✐✜❝❛♥t❧② ✉♥❞❡r✲♣r❡❞✐❝ts ♠♦♦r✐♥❣
❢♦r❝❡s✳ ❙✉t❦♦ ❛♥❞ ❍❛❞❡♥ ❬✶✾✼✹❪ r❡♣♦rt❡❞ t❤❛t ❛ sq✉❛r❡ ❝r♦ss✲s❡❝t✐♦♥ ❣✐✈❡s s❧✐❣❤t❧② ❜❡tt❡r
✇❛✈❡ r❡❞✉❝t✐♦♥ t❤❛♥ ❛ tr✐❛♥❣✉❧❛r✱ ❝✐r❝✉❧❛r ♦r tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥✳ ❈❛r✈❡r ❬✶✾✼✾❪ r❡♣♦rt❡❞
t❤❛t ✉♥❝r♦ss✐♥❣ t❤❡ ❛♥❝❤♦r ❝❤❛✐♥s ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ❡✛❡❝t ❛♥❞ ❛❞❞✐♥❣ ❛ ✈❡rt✐❝❛❧ ❜❛rr✐❡r✲
♣❧❛t❡ ❤❛s ❧✐tt❧❡ ❡✛❡❝t ♦♥ ✇❛✈❡✲❛tt❡♥✉❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❛♥❞✱ t❤❡r❡❢♦r❡✱ ❛♣♣❡❛rs t♦ ❜❡
♦❢ q✉❡st✐♦♥❛❜❧❡ ❜❡♥❡✜t ✐♥ r❡❞✉❝✐♥❣ tr❛♥s♠✐tt❡❞ ❡♥❡r❣②✳ ❚❤❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t ✇❛s
❢♦✉♥❞ t♦ ❜❡ str♦♥❣❧② ❞❡♣❡♥❞❡♥t ♦♥ r❡❧❛t✐✈❡ ❜r❡❛❦✇❛t❡r ❧❡♥❣t❤ ✭t❤❡ r❛t✐♦ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐s✲
t✐❝ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❜r❡❛❦✇❛t❡r t♦ ✇❛✈❡ ❧❡♥❣t❤✮ ❛♥❞ ✇❡❛❦❧② ❞❡♣❡♥❞❡♥t ♦♥ ✇❛✈❡ st❡❡♣♥❡ss✳
❨❛♠❛♠♦t♦ ❛♥❞ ■❥✐♠❛ ❬✶✾✽✵❪ s♦❧✈❡❞ t❤❡ ♣r♦❜❧❡♠s ♦❢ ✇❛✈❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ♠♦t✐♦♥s
♦❢ ❡❧❛st✐❝❛❧❧② ♠♦♦r❡❞ ✢♦❛t✐♥❣ ♦❜❥❡❝ts ❜② ❞✐r❡❝t ✉s❡ ♦❢ ●r❡❡♥✬s ✐❞❡♥t✐t② ❢♦r♠✉❧❛✱ ❛♥❞ ✈❛❧✐✲
❞❛t❡❞ t❤❡✐r s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥s✳ ❚❤❡② ❢♦✉♥❞ t❤❛t ✐❢ t❤❡ ♠♦♦r✲
✐♥❣ s②st❡♠ ✐s ♣r♦♣❡r❧② ❛rr❛♥❣❡❞✱ t❤❡ ✇❛✈❡ ❛tt❡♥✉❛t✐♦♥ ❜② ❛ s♠❛❧❧ ❞r❛❢t ❜r❡❛❦✇❛t❡r ❝❛♥ ❜❡
✐♠♣r♦✈❡❞ s❡✈❡r❛❧ t✐♠❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ s❛♠❡ ❋❇❲ ❝♦♥✈❡♥t✐♦♥❛❧❧② ♠♦♦r❡❞✳ ❨❛♠❛♠♦t♦
❬✶✾✽✶❪ ❝♦♥❞✉❝t❡❞ ❧❛r❣❡✲s❝❛❧❡ ♠♦❞❡❧ t❡sts ✐♥ ❛ ❧❛r❣❡ ✇❛✈❡✲t❛♥❦ ♦♥ ❡❧❛st✐❝❛❧❧② ♠♦♦r❡❞ ✢♦❛t✐♥❣
❜r❡❛❦✇❛t❡rs ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ r❡❣✉❧❛r ❛♥❞ r❛♥❞♦♠ ✇❛✈❡s✳ ❚❤❡ r❡s♣♦♥s❡ ♦❢ ❛♥ ❡❧❛st✐❝❛❧❧②
♠♦♦r❡❞ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r t♦ r❛♥❞♦♠ ✇❛✈❡s ✐s r❡♣♦rt❡❞ ❛s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡
r❡s♣♦♥s❡ ♦❢ t❤❡ ❜r❡❛❦✇❛t❡r t♦ ♣❡r✐♦❞✐❝ ✇❛✈❡s✳
❏♦❤❛♥ss♦♥ ❬✶✾✽✾❪ s❤♦✇❡❞ ❤♦✇ t❤❡ ✇❛✈❡ ♣r♦t❡❝t✐♦♥ ❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞ ❜②
✉s✐♥❣ ❛ r❡❝t❛♥❣✉❧❛r ❜r❡❛❦✇❛t❡r ✇✐t❤ ❛ ❤♦r✐③♦♥t❛❧ ♣r♦tr✉❞✐♥❣ ❜♦tt♦♠✲♣❧❛t❡ r❛t❤❡r t❤❛♥
❛ r❡❝t❛♥❣✉❧❛r ♦♥❡✳ ❚❤✐s ✐s ❝♦♥✜r♠❡❞ ❜♦t❤ ❜② ♣♦t❡♥t✐❛❧ t❤❡♦r②✭✶✮ ❛♥❞ ❜② ♠❡❛s✉r❡♠❡♥ts✳
❚❤❡ r❡s♣♦♥s❡ ♦❢ ❛ ♠♦♦r❡❞ ✈❡ss❡❧ t♦ ❜❡❛♠ ✇❛✈❡s ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜② ■s❛❛❝s♦♥ ❛♥❞
❲✉ ❬✶✾✾✺❪✱ ❜❛s❡❞ ♦♥ ❛♥ ✐❞❡❛❧✐③❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r st✐✛♥❡ss ❝❤❛r❛❝t❡r✐st✐❝s
♦❢ t❤❡ ♠♦♦r✐♥❣ s②st❡♠✳
❙✳ ❆✳ ❙❛♥♥❛s✐r❛❥ ❛♥❞ ❙✉♥❞❛r❛✈❛❞✐✈❡❧✉ ❞❡❛❧❡❞ ✇✐t❤ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ st✉❞② ♦♥ t❤❡ ❜❡✲
❤❛✈✐♦✉r ♦❢ ♣♦♥t♦♦♥✲t②♣❡ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❜♦t❤ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ❚❤❡
t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✇❛s ❜❛s❡❞ ♦♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t t❡❝❤♥✐q✉❡ t♦ ❡✈❛❧✉❛t❡
t❤❡ ❤②❞r♦❞②♥❛♠✐❝ ❝♦❡✣❝✐❡♥ts ❛♥❞ ✇❛✈❡ ❡①❝✐t✐♥❣ ❢♦r❝❡s ♦♥ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡✳ ❚❤❡
st✐✛♥❡ss ♦❢ t❤❡ s❧❛❝❦ ♠♦♦r✐♥❣ ❧✐♥❡s ✇❛s ♠♦❞❡❧❧❡❞ ❛s ❧✐♥❡❛r✐③❡❞ st✐✛♥❡ss ❝♦❡✣❝✐❡♥ts ❞❡r✐✈❡❞
✭✶✮❚❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② ✐s ❛ ♠♦❞❡❧ t❤❛t ❝♦♥s✐❞❡rs t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❛ ❝❡rt❛✐♥ ✢✉✐❞ ❛s ✐rr♦t❛t✐♦♥❛❧✱ ❛❧❧♦✇✐♥❣
❛ s✐♠♣❧✐✜❝❛t✐♦♥ ✐♥ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✳ ■♥ t❤✐s t❤❡♦r②✱ t❤❡ ✈❡❧♦❝✐t② ♦❢ ❛ ✢✉✐❞ ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛♥ s❝❛❧❛r ❢✉♥❝t✐♦♥✱ t❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✐s ❝❛❧❧❡❞ ✧♣♦t❡♥t✐❛❧ t❤❡♦r②✧✳
✷✳✸ ▲✐t❡r❛t✉r❡ r❡✈✐❡✇ ✹✼
❢r♦♠ ❜❛s✐❝ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥s✳
❉②♥❛♠✐❝ r❡s♣♦♥s❡ ❛♥❛❧②s✐s ♦❢ ✢❡①✐❜❧❡ str✉❝t✉r❡s ✐♥❞✉❝❡❞ ❜② ♠♦✈✐♥❣ ❧♦❛❞s ❤❛s ❜❡❡♥ ❛❧s♦
st✉❞✐❡❞ ❜② ♠❛♥② r❡s❡❛r❝❤❡rs✳ ▲✳ ❬✶✾✾✾❪ ❤❛s s✉♠♠❛r✐③❡❞ ✈❛r✐♦✉s ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ✉s❡❞
✐♥ t❤❡ ✈❡❤✐❝❧❡✲❜r✐❞❣❡ ❝♦✉♣❧❡❞ s②st❡♠✳ ❍♦✇❡✈❡r✱ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❝♦♠♣✉t❡r
❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞✱ ✐♥ ✇❤✐❝❤ t❤❡ str✉❝t✉r❡s ❛♥❞
✈❡❤✐❝❧❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ♠♦r❡ ❛❝❝✉r❛t❡❧②✱ ✇❛s ❛❞❛♣t❡❞ ❜② ♠❛♥② ❛✉t❤♦rs✳ ❲✉ ❏❏ ❬✷✵✵✶❪✱
❨❛♥❣ ❨❇ ❬✷✵✵✶❪✱ ❍❡♥❝❤✐ ❑ ❬✶✾✾✽❪✱ ❚❤❛♠❜✐r❛t♥❛♠ ❉ ❬✶✾✾✻❪ ❛♥❞ ❏♦♥❡s ❛♥❞ ❘❛✐❝❤❧❡♥ ❬✶✾✼✾❪
❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ♠♦❞❡❧s ❛♥❞ st✉❞✐❡s ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ t❤❛t ❤❛s ❣r❛❞✉❛❧❧②
s✉❜st✐t✉t❡❞ t❤❡ tr❛❞✐t✐♦♥❛❧ ❛♥❛❧②t✐❝❛❧ ♠❡t❤♦❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❡t❤♦❞s ✉s❡❞ ❢♦r
t❤❡ ✢❡①✐❜❧❡ str✉❝t✉r❡s ❛r❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛♥❛❧②s❡s ♦❢ t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡s ♦❢ ✢♦❛t✐♥❣
❜r✐❞❣❡s s✉❜❥❡❝t❡❞ t♦ ♠♦✈✐♥❣ ❧♦❛❞s✳
❘❡❣❛r❞✐♥❣ t❤❡ str✉❝t✉r❛❧ ❞②♥❛♠✐❝ r❡s♣♦♥s❡s ♦❢ ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜❥❡❝t❡❞ t♦ ♠♦✈✐♥❣
❧♦❛❞s✱ ❱❏✳ ❬✶✾✽✽❪ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝ r❡s♣♦♥s❡ ♣r♦❜❧❡♠s ♦❢ ❛ ♠✐❧✐t❛r② ✢♦❛t✐♥❣ ❜r✐❞❣❡ ❜②
❘✉♥❣❡✲❑✉tt❛ ♠❡t❤♦❞✱ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ✇❤❡❡❧s✱ t❤❡ ✈❛r✐❡t② ♦❢ t❤❡ s♣❡❡❞
❛♥❞ t❤❡ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ✈❡❤✐❝❧❡s ❛♥❞ ❜r✐❞❣❡ ✇❡r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲✉ ❏❙ ❬✶✾✾✻❪
✐♥✈❡st✐❣❛t❡❞ t❤❡ ❝♦✉♣❧❡❞ ❤❡❛✈❡ ❛♥❞ ♣✐t❝❤ ♠♦t✐♦♥s ♦❢ ❛ s✐♠♣❧✐✜❡❞ ♥♦♥ ✉♥✐❢♦r♠ s❤✐♣ ❤✉❧❧
✢♦❛t✐♥❣ ♦♥ ❛ st✐❧❧ ✇❛t❡r s✉r❢❛❝❡ ❛♥❞ s✉❜❥❡❝t❡❞ t♦ ❛ ♠♦✈✐♥❣ ❧♦❛❞✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❤✐♣ ❤✉❧❧
❛s ❛ r✐❣✐❞ ❜♦❞② s✉♣♣♦rt❡❞ ❜② ❛♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✇✐t❤ ❞✐str✐❜✉t❡❞ s♣r✐♥❣s ❛♥❞ ❞❛♠♣❡rs✳
❲✉ ❏❙ ❬✶✾✾✽❪ st✉❞✐❡❞ t❤❡ ❡❧❛st✐❝ ✈✐❜r❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❛❧✲❝❛t❡♥❛r②✲♠♦♦r❡❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✭✐♥
st✐❧❧ ✇❛t❡r✮ s✉❜❥❡❝t❡❞ t♦ ❛ ♠♦✈✐♥❣ ❧♦❛❞ ❜② t❛❦✐♥❣ t❤❡ ❡♥t✐r❡ ♣♦♥t♦♦♥ ❛s ❛ s❧❡♥❞❡r ❜❡❛♠
r❡st✐♥❣ ♦♥ ❛♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✱ ❛♥❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❤②❞r♦❞②♥❛♠✐❝ ❢♦r❝❡s ❛s ❝♦♥st❛♥t
❛❞❞❡❞ ♠❛ss✱ r❡s♣❡❝t✐✈❡❧②✳ ❚♦ s✐♠✉❧❛t❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ r✐❣✐❞✲ ♦r ❤✐♥❣❡✲❝♦♥♥❡❝t❡❞
✢♦❛t✐♥❣ ❜r✐❞❣❡✱ t❤❡ st✐✛♥❡ss ❛♥❞ ♠❛ss ♠❛tr✐❝❡s ♦❢ t✇♦✲♥♦❞❡ ❜❡❛♠ ❡❧❡♠❡♥t ✇✐t❤ ❞✐✛❡r❡♥t
♥♦❞❛❧ ❉❖❋s ❛r❡ ❞❡r✐✈❡❞✳ ❍②❞r♦❡❧❛st✐❝ t❤❡♦r✐❡s✱ s✉❝❤ ❛s ❨❙ ❬✶✾✽✹❪ ❛♥❞ Pr✐❝❡ ❲● ❬✶✾✽✺❪✱
❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❞❡s✐❣♥ ❛♥❞ r❡s❡❛r❝❤ ✇♦r❦s r❡❧❛t❡❞ t♦ ♠❛r✐♥❡ str✉❝t✉r❡s ❢♦r s❡✈❡r❛❧
❞❡❝❛❞❡s ✭❈❤❡♥ ❳❏ ❬✷✵✵✸❜❪ ❛♥❞ ❈❤❡♥ ❳❏ ❬✷✵✵✸❛❪✮ ❛♥❞ t❤❡② ❛r❡ ❛❧s♦ ✉s❡❞ t♦ ❛♥❛❧②③❡ t❤❡
❤②❞r♦❞②♥❛♠✐❝s ♦❢ ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡✳ ❯❡❞❛ ❙ ❬✶✾✾✻❜❪✱ ❯❡❞❛ ❙ ❬✶✾✾✻❛❪✱ ❯❡❞❛ ❙ ❬✶✾✽✾❪✱ ❖❦❛ ❙
❬✷✵✵✸❪ ❛♥❞ ■❦❡❣❛♠✐ ❑ ❬✶✾✽✾❪✱ ❤❛✈❡ r❡♣♦rt❡❞ ❛♥❞ ♦❜t❛✐♥❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ✈❡r✐✜❡❞
❡①♣❡r✐♠❡♥t❛❧❧② ❜② ❛ ❧❛r❣❡✲s❝❛❧❡ ❞❡t❛✐❧❡❞ ❡❧❛st✐❝ ♠♦❞❡❧ t❡st ✐♥ t❤❡ ✇❛✈❡ t❛♥❦✳ ■♥ t❤❡s❡
✇♦r❦s t❤❡ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ♠♦❞❡❧❡❞ ❜② ✸❉ ❧✐♥❡❛r ✜♥✐t❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ✢✉✐❞ ❡✛❡❝t
❤❛s ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ ♦❢ ✸❉ ✇❛t❡r ✇❛✈❡ ♣r♦❜❧❡♠ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❜♦✉♥❞❛r②
❡❧❡♠❡♥t ♠❡t❤♦❞ t❛❦✐♥❣ t❤❡ ❢r❡❡ s✉r❢❛❝❡✱ t❤❡ ✇❛t❡r ❞❡♣t❤✱ t❤❡ ❤✉❧❧ ✈✐❜r❛t✐♦♥s ✭t❤❡ ♠♦t✐♦♥s
♦❢ t❤❡ ✢♦❛t✐♥❣ ✉♥✐ts✮ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❛♠♦♥❣ t❤❡ ✢♦❛t✐♥❣ ✉♥✐ts ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
t❤❡ ❧✐♥❡❛r t❤❡♦r②✳ ■♥ ❛❞❞✐t✐♦♥✱ ❲❛t❛♥❛❜❡ ❊ ❬✷✵✵✸❪ ❤❛✈❡ ❛♥❛❧②③❡❞ ✐ts ❤②❞r♦❡❧❛st✐❝ ❜❡❤❛✈✐♦r
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❡♠♦r② ❡✛❡❝t t♦ t❤❡ ✇❛✈❡ ❞❛♠♣✐♥❣ t❡r♠ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳
■♥ t❤❡ ✜❡❧❞ ♦❢ ❤②❞r♦❡❧❛st✐❝ r❡s♣♦♥s❡ ♦❢ ✢♦❛t✐♥❣ ❜r✐❞❣❡s✱ ♠❛♥② ❛✉t❤♦rs ❤❛✈❡ ♠♦❞✲
❡❧❡❞ ✐t ❝♦♥s✐❞❡r✐♥❣ ❧✐♥❡❛r t❤❡♦r✐❡s ✇❤✐❝❤ ❝❛♥ ♥♦t ❞❡❛❧ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦♣❡rt✐❡s ♦❢
t❤❡ str✉❝t✉r❡✳ ▼❛♥② ❛✉t❤♦rs✱ ❛s ❊rt❡❦✐♥ ❘❈ ❛♥❛❧②③❡❞ t❤❡ ❤②❞r♦❡❧❛st✐❝ r❡s♣♦♥s❡s ♦❢ t❤❡
♠❡❝❤❛♥✐❝❛❧❧② ✐♥t❡r❝♦♥♥❡❝t❡❞ ♠✐❧✐t❛r② ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✉♥❞❡r t❤❡ ❝♦♠❜✐♥❡❞ ❡✛❡❝ts ♦❢ t❤❡
st❛t✐♦♥❛r② ♠♦✈✐♥❣ ❛♥❞✴♦r st❛t✐❝ ❧♦❛❞s ❛❝t❡❞ ♦♥ t❤❡ ❜r✐❞❣❡ ❞❡❝❦✱ t❤❡ ❝✉rr❡♥t ❧♦❛❞s ❛♥❞
♦t❤❡r ❡①t❡r♥❛❧ ❧♦❛❞s✱ ❛♥❞ ❢♦✉♥❞ t❤❛t t❤❡ ❞r❛❣ ❢♦r❝❡s ✇❡r❡ ❝♦♠♣❛r❛t✐✈❡❧② s♠❛❧❧❡r t❤❛♥ t❤❡
♠♦❞❡❧ t❡sts ❞✉❡ t♦ t❤❡ ♥❡❣❧❡❝t✐♦♥ ♦❢ t❤❡ ❞r❛❣ ❝♦♠♣♦♥❡♥ts ♦t❤❡r t❤❛♥ t❤❡ s❦✐♥ ❢r✐❝t✐♦♥
❛♥❞ t❤❡ ❢♦r♠ ❞r❛❣✳ ❋❧❡✐s❝❤❡r ❉ ❬✷✵✵✹❪ ❝❛❧❝✉❧❛t❡❞ t❤❡ ❤②❞r♦❡❧❛st✐❝ ✈✐❜r❛t✐♦♥s ♦❢ ❛ ❜❡❛♠
✹✽ ❙t❛t❡ ♦❢ t❤❡ ❛rt
✇✐t❤ r❡❝t❛♥❣✉❧❛r ❝r♦ss✲s❡❝t✐♦♥ ✉♥❞❡r t❤❡ ❡✛❡❝t ♦❢ ❛ ✉♥✐❢♦r♠❧② ♠♦✈✐♥❣ s✐♥❣❧❡ ❛①❧❡ ✈❡❤✐❝❧❡
❜② ✉s✐♥❣ t❤❡ ♠♦❞❛❧ ❛♥❛❧②s✐s ❛♥❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣♦t❡♥t✐❛❧ ✢♦✇ t❤❡♦r② ♦❢ t❤❡ ✢✉✐❞ ❛♥❞
♥❡❣❧❡❝t✐♥❣ t❤❡ ❡✛❡❝t ♦❢ s✉r❢❛❝❡ ✇❛✈❡s ❛s✐❞❡ t❤❡ ❜❡❛♠✳ ❋♦r ♠♦st ❝❛s❡s✱ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡
✇❛s ♠♦❞❡❧❡❞ ❛s ❛ s✐♠♣❧❡ ❜❡❛♠ ✇✐t❤♦✉t t❛❦✐♥❣ ❛❝❝♦✉♥t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ ❝♦♥♥❡❝t♦rs
❛♥❞ ✐♥❡rt✐❛ ❡✛❡❝ts ♦❢ ✈❡❤✐❝❧❡s ❜② ❛ss✉♠✐♥❣ t❤❡ ❧♦❛❞s ❛s ♠♦✈✐♥❣ ❝♦♥❝❡♥tr❛t❡❞ ❢♦r❝❡s✳ ■♥
❛❞❞✐t✐♦♥✱ ❋✉ ❙❤✐①✐❛♦❛ ❛♥❞ ❈♦♥❣❛ ❬✷✵✵✺❪ ❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s
♦❢ t❤❡ ❝♦♥♥❡❝t♦rs ❛♥❞ ✐♥❡rt✐❛ ❡✛❡❝ts ♦❢ ❧♦❛❞s✳
✷✳✹ ❈✉rr❡♥t st❛t✉s ❛♥❞ r❡s❡❛r❝❤ ♥❡❡❞s
▼❛♥② ♠♦❞❡❧s ❛♥❞ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❜② ♠❛♥② ❛✉t❤♦rs ❛r♦✉♥❞ t❤❡ ✇♦r❧❞✳ ▼♦st
♦❢ t❤❡♠ st✉❞✐❡❞ t❤❡ ♦✛s❤♦r❡ str✉❝t✉r❡s ✉s✐♥❣ ✸❉ ✜♥✐t❡ ❡❧❡♠❡♥t t❡❝❤♥✐q✉❡s✳ ❖t❤❡rs ❤❛✈❡
❡♠♣❤❛s✐③❡❞ ♠♦r❡ t❤❡ ❛♥❛❧②s✐s ❛♥❞ ❞❡✈❡❧♦♣ ♠♦❞❡❧s t♦ st✉❞② ♦✛s❤♦r❡ str✉❝t✉r❡s ❝♦♠♣♦s❡❞
❜② ❜❡❛♠ ❡❧❡♠❡♥ts✳ ❚❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ t❤❡♠ ❤❛s ❢♦❝✉s❡❞ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❡❧❞s✿
• ▲✐♥❡❛r st❛t✐❝ ❛♥❛❧②s✐s✿ ❉❡✈❡❧♦♣♠❡♥t ♦❢ st❛t✐❝ ♠♦❞❡❧s ✉s✐♥❣ ✸❉ ♦r ❜❡❛♠ ✜♥✐t❡
❡❧❡♠❡♥t ♠♦❞❡❧s t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♦✛s❤♦r❡ str✉❝t✉r❡s ❝♦♥s✐❞❡r✐♥❣ ❧✐♥❡❛r
❡❧❛st✐❝ ❜❡❤❛✈✐♦✉r ❛♥❞ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❧✐♥❡❛r
t❤❡♦r②✳ ▼♦st ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥ ♠♦❞❡❧s ❢♦r t❤❡ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ❛❞♦♣t❡❞
♠♦❞✐✜❡❞ ❜❡❛♠ ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ♠♦❞❡❧s ✭♠♦❞❡❧ tr❛❞✐t✐♦♥❛❧❧② ✉s❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s
♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❡❧❛st✐❝ s♦✐❧s✮✳
• ▲✐♥❡❛r ❞②♥❛♠✐❝s ❛♥❛❧②s✐s✿ ❉❡✈❡❧♦♣♠❡♥t ♦❢ ♠♦❞❡❧s ✉s✐♥❣ ✸❉✱ ❜❡❛♠ ❛♥❞ s❤❡❧❧
✜♥✐t❡ ❡❧❡♠❡♥ts t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♦✛s❤♦r❡ str✉❝t✉r❡s✳ ❚❤❡
❞❛♠♣✐♥❣ ❛♥❞ ✐♥❡rt✐❛ ❡✛❡❝ts ❤❛s ❜❡❡♥ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② s❡✈❡r❛❧ ❤②❞r♦❞②♥❛♠✐❝
t❤❡♦r✐❡s ✭P♦t❡♥t✐❛❧ t❤❡♦r✐❡s✱ ❈❋❉✱✳✳✳✮✳
• ❊♥❣✐♥❡❡r✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s✿ ❉❡✈❡❧♦♣✐♥❣ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤✲
♥✐q✉❡s t♦ st✉❞② t❤❡ ❡♥❣✐♥❡❡r✐st✐❝ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ s❡✈❡r❛❧ ♦✛s❤♦r❡ str✉❝t✉r❡s✳ ❋♦r
❡①❛♠♣❧❡✱ ♠❛♥② ✇♦r❦s ❛♥❞ ♣❛♣❡rs ❞✐s❝✉ss t❤❡ ❞❡s✐❣♥ ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs t♦ ♦♣t✐✲
♠✐③❡ t❤❡ ✇❛✈❡ tr❛♥s♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥ts ✭✈❛r✐❛❜❧❡s t❤❛t ♠❡❛s✉r❡s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥
t❤❡ ❛♠♣❧✐t✉t❡ ♦❢ t❤❡ ✇❛✈❡ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ✐♠♣❛❝t✐♥❣ ✇✐t❤ t❤❡ ❜r❡❛❦✇❛t❡r✮✱ ✇❤✐❝❤
✐s t❤❡ ♠❛✐♥ ♣r♦♣❡rt② ♦❢ ❛ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ✐♥ t❡r♠s ♦❢ ✐ts ❝❛♣❛❜✐❧✐t② t♦ ♣r♦t❡❝t
♦✛s❤♦r❡ ❢❛❝✐❧✐t✐❡s✳
✷✳✺ ❈♦♥❝❧✉s✐♦♥
■♥ ❝♦♥❝❧✉s✐♦♥✱ ✐t s❡❡♠s t❤❛t t❤❡ st✉❞✐❡s ❛♥❞ ❛♥❛❧②s✐s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣❛st ❤❛❞ ❧❡❢t ❛ ❣❛♣
t❤❛t ♠✉st ❜❡ ❢✉❧❧✜❧❧❡❞✳ ❆s ✐t ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✱ t❤❡ ♥❡❡❞ ♦❢ ❛ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t
♠♦❞❡❧ ❛❜❧❡ t♦ st✉❞② t❤❡s❡ str✉❝t✉r❡s ✐♥ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ s✐t✉❛t✐♦♥s t❤❛t ✐♥ t❤❡✐r s❡r✈✐❝❡
❧✐❢❡ ❝♦✉❧❞ ❤❛♣♣❡♥ ❜❡❝♦♠❡s ❡✈✐❞❡♥t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ s✉❝❤ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ✇✐❧❧ ❜❡ ❛♥
✐♠♣♦rt❛♥t t♦♦❧ t♦ ❛♥❛❧②s❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ♠♦❞❡❧❡❞ ❛s ❜❡❛♠ ❡❧❡♠❡♥ts ❛♥❞ ✇✐❧❧ ♣r♦✈✐❞❡
t❤❡ ❜❛s✐s ❢♦r ❢✉rt❤❡r st✉❞✐❡s ❛♥❞ ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤✐s ✜❡❧❞✱ s✉❝❤ ❛s ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ st✉❞②
t❤❡ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ♦❢ ♦✛s❤♦r❡ str✉❝t✉r❡s✳
✷✳✺ ❈♦♥❝❧✉s✐♦♥ ✹✾
❚❤❡ t❤❡s✐s ✐♥❝❧✉❞❡s ❛♥ ✐♥tr♦❞✉❝t♦r② ❝❤❛♣t❡r✱ ✇❤❡r❡ ❛ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ ❛❜♦✉t ✢♦❛t✲
✐♥❣ str✉❝t✉r❡s ✐s ❝❛rr✐❡❞ ♦✉t✳ ❈❤❛♣t❡rs ✸✱ ✹ ❛♥❞ ✺ ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡
♣r♦♣♦s❡❞ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s✳
●❡♥❡r❛❧ ❝♦♥❝❡♣ts r❡❧❛t❡❞ t♦ str✉❝t✉r❛❧ t②♣♦❧♦❣②✱ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡s ❛♥❞ ✉s❡ ♦❢
✢♦❛t✐♥❣ str✉❝t✉r❡s ✐♥ ❝✐✈✐❧ ❡♥❣✐♥❡❡r✐♥❣ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❈❤❛♣t❡r ✶✳ ❆ st❛t❡ ♦❢ t❤❡ ❛rt ✐s
❛❧s♦ ♣r❡s❡♥t❡❞ ♦♥ ❝❤❛♣t❡r ✷✱ ✇✐t❤ ❡♠♣❤❛s✐s ♦♥ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ ❝✉rr❡♥t ❛♣♣r♦❛❝❤❡s ❜❛s❡❞
♦♥ ❜❡❛♠ ❡❧❡♠❡♥ts ♦♥ ❧✐♥❡❛r ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❝♦♣❡ ❛♥❞ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡
t❤❡s✐s ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳
❈❤❛♣t❡r ✸ ♣r❡s❡♥ts t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛♥❞
t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ♠♦❞❡❧✳ ❚❤❡ ♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛♣♣❧✐❡❞ t♦ ❛ ♥✉♠❜❡r ♦❢
❛♣♣❧✐❝❛t✐✈❡ ❡①❛♠♣❧❡s r❡❧❛t❡❞ t♦ t②♣✐❝❛❧ ❜♦①✲❣✐r❞❡r❝r♦ss✲s❡❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t s❤❛♣❡ ❛♥❞
❣❡♦♠❡tr②✳ ❚❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ♠♦❞❡❧ ✐s ❡①t❡♥❞❡❞ ❛t t❤❡ str✉❝t✉r❛❧ ❧❡✈❡❧ ✐♥ ❈❤❛♣t❡r ✹
❢♦r t❤❡ ❜❛s✐❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ♦♥ ♥♦♥❧✐♥❡❛r ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳ ❚❤✐s
♠♦❞❡❧ ✐s ✈❛❧✐❞❛t❡❞ t❤r♦✉❣❤ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❜❡♥❝❤♠❛r❦s✳ ■♥ ❈❤❛♣t❡r ✺✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥
♦❢ t❤❡ ♥♦♥❧✐♥❡❛r str✉❝t✉r❛❧ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐s ❣❡♥❡r❛❧✐③❡❞ t♦ ✐♥❝❧✉❞❡ ❧❛r❣❡
❞✐s♣❧❛❝❡♠❡♥ts ❜❛s❡❞ ♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ ❝♦r♦t❛t✐♦♥❛❧ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❞ ❛ ❝❛❜❧❡
✜♥✐t❡ ❡❧❡♠❡♥t✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ ❝♦♥t❛❝t ❡❧❡♠❡♥t ❛r❡ ❛❧s♦ ❢♦r♠✉❧❛t❡❞ t♦ ❝♦♥s✐❞❡r
t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❛❜❧❡s ❛♥❞ t❤❡ s❡❛❜❡❞✳ ■♥ ❛♥♥❡① ❋✱ t❤❡ s❡❝t✐♦♥❛❧ ♠♦❞❡❧✱ t❤❡
❝♦r♦t❛t✐♦♥❛❧ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ❝❛❜❧❡ ✜♥✐t❡ ❡❧❡♠❡♥ts ❛r❡ ✈❛❧✐❞❛t❡❞ ❜② ❝♦♠♣❛r✐✲
s♦♥ ✇✐t❤ s❡✈❡r❛❧ ❝❛s❡ st✉❞✐❡s ❢r♦♠ ❧✐t❡r❛t✉r❡✳ ❚❤❡r❡❢♦r❡✱ ❛♥♥❡① ● ♣r❡s❡♥ts t❤❡ ♥♦♥❧✐♥❡❛r
str✉❝t✉r❛❧ ❛♥❛❧②s✐s ♦❢ ❛♥ ❡①✐st✐♥❣ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡ ❛♥❝❤♦r❡❞ ❜② ❛ s②st❡♠ ♦❢ ❝❛✲
❜❧❡s t♦ t❤❡ s❡❛❜❡❞ ✉♥❞❡r ❞✐✛❡r❡♥t ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ❋✐♥❛❧❧②✱ ❈❤❛♣t❡r ✻ s✉♠♠❛r✐③❡s t❤❡
❝♦♥❝❧✉s✐♦♥s ❞r❛✇♥ ❜② t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s ❛♥❞ ♣r♦✈✐❞❡s r❡❝♦♠♠❡♥❞❛t✐♦♥s ❢♦r ❢✉t✉r❡
r❡s❡❛r❝❤✳
❆♣♣❡♥❞✐① ❆ r❡❝❛❧❧s ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s②♥t❤❡s✐s
❛♥❞ t♦ ♠❛❦❡ t❤✐s ❝❤❛♣t❡r s❡❧❢✲❝♦♥t❛✐♥❡❞✱ ♦♥❧② t❤❡ ❝♦♥❝❡♣ts ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s ❛r❡ r❡♣♦rt❡❞
❛♥❞ ❡①♣❧❛✐♥❡❞✳ ❆♣♣❡♥❞✐① ❇ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s
♦❢ ❜❡❛♠ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s✱ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r
♣r♦❜❧❡♠ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❛♣♣❡♥❞✐① ❈✳ ❈♦♥❝❡♣ts s✉❝❤ ❛s ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡s✱
❛r❝✲❧❡♥❣t❤ t❡❝❤♥✐q✉❡s ❛♥❞ ✇♦r❦ ❝♦♥tr♦❧ ♣r♦❝❡❞✉r❡s ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳ ❙♣❡❝✐❛❧
❡♠♣❤❛s✐s ✐s ❣✐✈❡♥ t♦ t❡❝❤♥✐q✉❡s ❛♥❞ ♣r♦❝❡❞✉r❡s ❢♦r ❝♦♠♣✉t❡r ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ♥✉♠❡r✐❝❛❧
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t❡❞ ❛♣♣r♦❛❝❤❡s✳
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡s✐s ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❜❛s✐❝ ❝♦♥❝❡♣ts
✐♥ t❤❡ ✜❡❧❞ ♦❢ str✉❝t✉r❛❧ ♠❡❝❤❛♥✐❝s✳ ■♥ t❤❡ ✜rst s❡❝t✐♦♥✱ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ✈❛r✐❛❜❧❡s
t❤❛t ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✱ str❛✐♥ ❛♥❞ str❡ss ✜❡❧❞ ♦❢ ❛ ❜♦❞② ❤❛✈❡ ❜❡❡♥
✐♥tr♦❞✉❝❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞✳ ■♥ t❤❡ ❧❛st s❡❝t✐♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧
✇♦r❦ ✐♥ ❜♦t❤ t❤❡ t♦t❛❧ ❛♥❞ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞✳
▲❛t❡r✱ t❤❡ t❤❡♦r✐❡s ❛❞♦♣t❡❞ t♦ st✉❞② ❝❛❜❧❡ ❛♥❞ ❜❡❛♠ str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss❡❞✳
❆ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ t✇♦ ❛♣♣r♦❛❝❤❡s✱ ❚♦t❛❧ ❛♥❞ ❯♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✱
❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ ❣❡♥❡r❛❧ t❤❡♦r② ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s ❢♦r♠✉✲
❧❛t❡❞✳ ❆❧s♦✱ t✇♦ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s
✺✵ ❙t❛t❡ ♦❢ t❤❡ ❛rt
✐♥ t♦t❛❧ ♦r ✐♥❝r❡♠❡♥t❛❧ ❢♦r♠✳ ❚❤❡ st✐✛♥❡ss ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ r❡❧✐❛❜❧❡ ✐♥ t❤❡
❢♦r♠✉❧❛t✐♦♥ ♦❢ ❝❛❜❧❡ ❡❧❡♠❡♥ts ✐♥ ❜♦t❤ t♦t❛❧ ❛♥❞ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❜✉t ❤❛s
♥♦ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts✱ ✇❤✐❧❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✐s
❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ♠♦st ❛❝❝✉r❛t❡ ❛♣♣r♦❛❝❤ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥
t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✳
❋✐♥❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ ❛❧❣♦r✐t❤♠s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s t♦ ❛♥❛❧②s❡ ✢♦❛t✐♥❣
str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ♦♥ ❝❤❛♣t❡r ❈✳ ❚❤❡ ♠♦st s✐♠♣❧❡ ♠❡t❤♦❞✱ ❝❛❧❧❡❞ st✐✛♥❡ss
♠❡t❤♦❞✱ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛♥❞ ❝♦♥s✐❞❡r❡❞ r❡❧✐❛❜❧❡ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✐♥ ❛ ✷❉ ♠♦❞❡❧ ✇✐t❤ t❤❡ t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✳ ▲❛t❡r✱ ♠♦r❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ✉s❡❞
✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❣❡♥❡r❛❧ ✸❉ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❤❛✈❡ ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ❛♥❞ t❤❡ ◆❡✇t♦♥✲
❘❛♣❤s♦♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❚♦ ♦✈❡r❝♦♠❡ t❤❡ ❧✐♠✐ts ♦❢
s✉❝❤ ♠❡t❤♦❞ ♠♦r❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ s✉❝❤ ❛s t❤❡ ❆r❝✲▲❡♥❣t❤
❛♥❞ ❲♦r❦ ❈♦♥tr♦❧ ♠❡t❤♦❞s✳
■♥ t❤✐s s❡❝♦♥❞ ♣❛rt✱ t❤❡ st✉❞② ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞✳ ❚❤✐s ♣❛rt✱ ❞✐✲
✈✐❞❡❞ ✐♥ ✻ ❝❤❛♣t❡rs✱ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ❜❡❤✐♥❞ t❤❡ ♥❡✇ t❤❡♦r②
❞❡✈❡❧♦♣❡❞ ❛♥❞ ❛❧s♦ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ♣r♦♣♦s❡❞✳
❈❤❛♣t❡r ✸ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ ❞❡✜♥❡ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❛t ❛
s❡❝t✐♦♥❛❧ ❧❡✈❡❧✱ ♦♥❡ ♦❢ t❤❡ ♥❡✇ ❝♦♥❝❡♣ts ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❡①t✳ ❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛
s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❛♥❞ ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ✢✉✐❞ ❢♦r♠✉❧❛t❡❞✳
■♥ ❝❤❛♣t❡r ✹✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ✐♥ ❛ ✷❉ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞
❛♥❞ t❡st❡❞ ✇✐t❤ s❡✈❡r❛❧ ❜❡♥❝❤♠❛r❝❦s✳ ❚❤❡ ❡q✉❛t✐♦♥s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r
✇✐❧❧ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ❝♦❞❡ t♦ ❛♥❛❧②s❡ t❤❡✐r ❡✛❡❝ts ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❡r♠s
♦❢ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s s✉❝❤ ❛s ❜r❡❛❦✇❛t❡r ❛♥❞ ✢♦❛t✐♥❣
❜r✐❞❣❡s✳ ❚❤❡ t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ❛♥❛❧②s✐s ♦❢
❧✐♥❡❛r ❡❧❛st✐❝ str✉❝t✉r❡s ✉♥❞❡r s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ s♠❛❧❧ str❛✐♥s✳ ❆❧s♦✱ t❤❡ ✇❛② ✐♥
✇❤✐❝❤ t❤❡ t♦t❛❧ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡ ✐s ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t
♠♦❞❡❧ ✐s ❡①♣❧❛✐♥❡❞✳
❈❤❛♣t❡r ✺ ✇✐❧❧ ❜❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐t❤
❛ ❣❡♥❡r❛❧ ✸❉ ♥♦♥❧✐♥❡❛r ❛♣♣r♦❛❝❤✳ ❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❛t ❛ s❡❝t✐♦♥❛❧ ❧❡✈❡❧ ✇✐❧❧ ❜❡
❛ss❡♠❜❧❡❞ ❛❧♦♥❣ ❡❛❝❤ ✜♥✐t❡ ❡❧❡♠❡♥t t♦ ♣r♦✈✐❞❡ ❛ ♥❡✇ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ st✐✛♥❡ss ♦❢ t❤❡
str✉❝t✉r❡ ❝♦♥s✐❞❡r✐♥❣ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ ❛①✐❛❧✱ ❜❡♥❞✐♥❣ ❛♥❞
t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r✳
■♥ ❝❤❛♣t❡r ❋✱ ❞✐✛❡r❡♥t ❜❡♥❝❤♠❛r❝❦s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ t♦ ❡♥s✉r❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤✐s
♥❡✇ ♠❡t❤♦❞ ❛♥❞ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧ ❛❧s♦ ❜❡ st✉❞✐❡❞✳ ❍❡r❡✱ ❛❧❧ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t♦r② ♣❛rt ✇✐❧❧ ✜♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ ❞✉❡ t♦ t❤❡ ❣r❡❛t ♥♦♥❧✐♥❡❛r✐t②
♣r❡s❡♥t❡❞ ❜② ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐♥ ❛ ✸❉ s♣❛❝❡✳
❈❤❛♣t❡r ● ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ ❜r✐❞❣❡ s✐t✉❛t❡❞ ✐♥ t❤❡ st❛t❡ ♦❢ ❲❛s❤✲
✐♥❣t♦♥ ✐♥ ❯❙❆✳ ■♥ t❤✐s ✜♥❛❧ ❛♣♣❧✐❝❛t✐♦♥✱ t❤❡ ♣r♦❣r❛♠ ✇✐❧❧ ❜❡ t❡st❡❞ ✇✐t❤ ❛ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣
❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ s♦♠❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ❛❜♦✉t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
✷✳✺ ❈♦♥❝❧✉s✐♦♥ ✺✶
❜② t❤❡ ♣r♦❣r❛♠ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳
❋✐♥❛❧❧②✱ ✐♥ ❝❤❛♣t❡r ✻ s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❛♥❞ s♦♠❡ ✐♥❞✐❝❛t✐♦♥s ✐♥ t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ ❢✉t✉r❡ ✇♦r❦s ✇✐❧❧ ❜❡ ❡①♣♦s❡❞✳ ❙❊❈❚■❖◆❆▲ ❆◆❆▲❨❙■❙

3 ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ s❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❋✐rst✱ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛
s❡❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❣❡♦♠❡tr② ❛♥❞ ✐ts ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ✢✉✐❞ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞✳ ❆s ✐t
✇✐❧❧ ❜❡ s❤♦✇♥✱ t❤❡ s❡❝t✐♦♥ ❡❧❡♠❡♥t ✭❛s ✐t ❤❛s ❜❡❡♥ ❝❛❧❧❡❞ ✐♥ t❤✐s t❤❡s✐s✮ ✐s ❝♦♥s✐❞❡r❡❞ ❛s
t❤❡ ♠❛✐♥ ❢❛❝t♦r t❤❛t ✇✐❧❧ ❛❧❧♦✇ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t t❤❡♦r② t❤❛t ✇✐❧❧ ❜❡ ❡①♣♦s❡❞
✐♥ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥ t❤❡ st✉❞② ♦❢ s❡❝t✐♦♥s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥
✉♥♠♦✈❡❞ ✢✉✐❞ ❛♥❞ t❤❡✐r ✐♥t❡r❛❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛♣♣❧✐❡❞ t♦ t❤❡ s❡❝t✐♦♥
❛♥❞ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ ✐t✳
❙❡❝♦♥❞✱ t❤❡♦r② ❛♥❞ ♠❡t❤♦❞s ✉s❡❞ t♦ ❛♥❛❧②③❡ t❤❡ s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞ ✇✐❧❧
❜❡ r❡♣♦rt❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞✿ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ❢r♦♠ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇✱ ♠❛t❡r✐❛❧ ♦❢ t❤❡ s❡❝t✐♦♥✱ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ t❤❡ s❡❝t✐♦♥ ❛♥❞ ✐ts ♣❤②s✐❝ ♣r♦♣❡rt✐❡s✳
❙❡❝t✐♦♥ ✸✳✶ ❡①♣❧❛✐♥s t❤❡ s❡✈❡r❛❧ t②♣❡s ♦❢ ♠❡s❤ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❡❝t✐♦♥✳
❙❡❝t✐♦♥ ✸✳✷ ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❍❡r❡✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❝♦♥st✐t✉✲
t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ ❛ s❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛♥❞ t❤❡ t❤❡♦r② ❡①♣❧❛✐♥❡❞✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s
t♦ ❛♥❛❧②s❡ ❛ s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞ ❛r❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞❡❡♣❧② ❡①♣❧❛✐♥❡❞✳
❚❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✭✐♥❝❧✉❞❡❞ ✐♥ ❛♥♥❡① ❉✮ ✐s ❞❡✈♦t❡❞ t♦ ♣❡r❢♦r♠ ♥✉♠❡r✐❝❛❧
❡①❛♠♣❧❡s ♦♥ r❡❛❧ s❡❝t✐♦♥s ❛♥❞ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐s ❜❡tt❡r
❝❧❛r✐✜❡❞✳
✸✳✶ ▼♦❞❡❧✐♥❣ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥
❇❡❢♦r❡ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ s❡❝t✐♦♥✱ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛r❡ ♥❡❡❞❡❞✳ ❈♦♥✲
s✐❞❡r t❤❡ ❣❡♥❡r✐❝ s❡❝t✐♦♥ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ✸✳✶✳ ❋✐rst✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ✭t❤❛t
✐s t❤❡ ❝❧♦s❡❞ ❝✉r✈❡ t❤❛t s✉rr♦✉♥❞s ✐t✮ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❊①t❡r♥❛❧ ❜♦✉♥❞❛r② ✳ ❚❤❡ ❤♦❧❡s ♦❢ t❤❡
s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡❧✐♠✐t❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ■♥t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s✳
✺✹ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
❋✐❣✉r❡ ✸✳✶✿ ●❡♥❡r❛❧ s❦❡t❝❤ ♦❢ ❛ s❡❝t✐♦♥
❚❤❡ s❡❝t✐♦♥ ♠❛② ❜❡ ❞✐✈✐❞❡❞ ✐♥ ✹ ♣❛rts✿ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②✱ t❤❡ ♠❛✐♥ ❛r❡❛ ♦❢ t❤❡
s❡❝t✐♦♥✱ t❤❡ ✐♥t❡r♥❛❧ ❝♦♥t♦✉rs ✭♦♥❡ ❢♦r ❡❛❝❤ ❤♦❧❡✮ ❛♥❞ t❤❡ ❤♦❧❡s✳ ❆ ♠❡s❤ ❢♦r ❡❛❝❤ ♣❛rt
✇✐❧❧ ❜❡ ❝r❡❛t❡❞ t♦ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❡❝t✐♦♥✳ ❋✐rst✱ t❤❡ ❙❡❝t✐♦♥
♠❡s❤✱ t❤❡ ♦♥❡ t❤❛t ♠❡s❤❡s t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞❀ ❧❛t❡r✱ t❤❡ ❍♦❧❡s ♠❡s❤
✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ ✐ts ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧ ❜❡ ❧✐st❡❞✳ ❚❤❡ ♦t❤❡r t✇♦ ♠❡s❤❡s✱ t❤❡
■♥t❡r♥❛❧ ❜♦✉♥❞❛r② ♠❡s❤ ❛♥❞ ❊①t❡r♥❛❧ ❜♦✉♥❞❛r② ♠❡s❤ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ s❡♣❛r❛t❡❧② ❜❡❝❛✉s❡
❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✐♥ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ❞❡✈❡❧♦♣♠❡♥t✳
❆ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ ♦♥ t❤❡ ❞✐✛❡r❡♥t ♠❡s❤❡s ✐s r❡q✉✐r❡❞✳ ❈♦♥s✐❞❡r ✜❣✉r❡ ✸✳✷✱ ✇❤❡r❡
❛ ♠❡s❤❡❞ r✐♥❣ s❡❝t✐♦♥✭✶✮ ✐s ❞❡♣✐❝t❡❞✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❤♦✇ t❤❡ ♠❡s❤❡s t❤❛t ❞❡s❝r✐❜❡ ❛r❡❛s
❛r❡ ❝♦♠♣♦s❡❞ ❜② ✹✲♥♦❞❡s q✉❛❞r❛♥❣✉❧❛r ❡❧❡♠❡♥ts ❛♥❞ t❤❡ ♠❡s❤❡s t❤❛t ❞❡s❝r✐❜❡ ❝♦♥t♦✉rs
❛r❡ ❜✉✐❧❞ ✇✐t❤ ✷✲♥♦❞❡s str❛✐❣❤t ❡❧❡♠❡♥ts✳
❋✐❣✉r❡ ✸✳✷✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢♦✉r t②♣❡s ♦❢ ♠❡s❤ ✉s❡❞ ✐♥ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❛ s❡❝t✐♦♥
✭✶✮❘✐♥❣ s❡❝t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ s❡❝t✐♦♥ ✐s ❝✐r❝✉❧❛r ✇✐t❤ ❛ ❝♦♥❝❡♥tr✐❝ ❤♦❧❡ ✐♥ ✐ts ❝❡♥t❡r✳
✸✳✶ ▼♦❞❡❧✐♥❣ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ✺✺
✸✳✶✳✶ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥
❚❤❡ s❡❝t✐♦♥ ♠❡s❤✱ ❝♦♠♣♦s❡❞ ❛s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ✹✲♥♦❞❡s q✉❛❞r❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✭✜❣✲
✉r❡ ✸✳✷✮✱ ❤❛s t✇♦ ❣♦❛❧s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ❛r❡❛✱ ♠♦♠❡♥ts ♦❢ ✐♥❡rt✐❛ ❛♥❞
t♦rs✐♦♥❛❧ st✐✛♥❡ss ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥✲
t❡r❛❝t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❧♦❛❞s t❤❛t t❤❡ ✢✉✐❞ ♣r♦❞✉❝❡s ✐♥ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ✭♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t②✱ vG✱
❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥✱ A ❛♥❞ ♠♦♠❡♥ts ♦❢ ✐♥t❡rt✐❛✱ Iy✱ Iz ❛♥❞ Ix✮ ♦❢ t❤❡ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❞♦♥❡
❜② ♠❡❛♥s ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❛r❡❛✳ ❚❤❡ ♣r♦❝❡❞✉r❡s ❛♥❞ ♥✉♠❡r✐❝❛❧ ✐♥t❡✲
❣r❛t✐♦♥ s❝❤❡♠❡s ✉s❡❞ ✇✐❧❧ ❜❡ ❞❡❡♣❧② ❡①♣❧❛✐♥❡❞ ✐♥ ❢✉rt❤❡r s❡❝t✐♦♥s✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❧♦❛❞s ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ ✐♥ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ✇✐❧❧ ❜❡
❝♦♠♣✉t❡❞ ❛❞♦♣t✐♥❣ ❛ ●❛✉ss ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✱ ❛s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ s❡❝t✐♦♥ ✸✳✷✳✶✳✷✳
✸✳✶✳✷ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ❜♦✉♥❞❛r②
❚❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♣❧❛❝❡s ✇❤❡r❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❝ts ❛♥❞✱
❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ♦❢ t❤❡ ♣❧❛❝❡s ✇❤❡r❡ ✐t ✇✐❧❧ ❜❡ ❡✈❛❧✉❛t❡❞✳ ❚❤❡ ❤②❞r♦st❛t✐❝ ❧♦❛❞ ✜❡❧❞
✇✐❧❧ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ t❤❡ ❝✉r✈❡ t❤❛t ❞❡✜♥❡s t❤❡ ❜♦✉♥❞❛r② t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s✳
■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡s❡ ❢♦r❝❡s ✇✐❧❧ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ ❝♦✉❧❞
❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ s❡❝t✐♦♥ ✭F ′y ❛♥❞ F
′
z✮✳ ❆♥♦t❤❡r ❡✛❡❝t t❤❛t
♠❛② ❛♣♣❡❛r ✐♥ ❛ s❡❝t✐♦♥ ✇✐t❤ ❛ ❣❡♥❡r✐❝ s❤❛♣❡ ✐s ❛ t✇✐st✐♥❣ ♠♦♠❡♥tMt ✭✉s✉❛❧❧② ✐♥ s❡❝t✐♦♥s
t❤❛t ❛r❡ ♥♦t s②♠♠❡tr✐❝✮✳
❚❤❡ ❡❧❡♠❡♥ts ✉s❡❞ ❛r❡ ✷✲♥♦❞❡ str❛✐❣❤t ❡❧❡♠❡♥ts✳ ❚❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤♦s❡ ❡❧❡♠❡♥ts
✇✐❧❧ ❞❡✜♥❡ ❛ ❝❧♦s❡❞ ❝✉r✈❡ ✭❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥✮ ❛♥❞✱ ♦♣♣♦rt✉♥❡❧② ♦r✐❡♥t❡❞ ✭❝♦✉♥t❡r✲
❝❧♦❝❦✇✐s❡✮✱ ✇✐❧❧ ❞❡✜♥❡ ❛ s✉r❢❛❝❡ ✐♥s✐❞❡✳
✸✳✶✳✸ ▼♦❞❡❧✐♥❣ ❤♦❧❡s
❚❤❡ ♠❡s❤ ❜✉✐❧t ✐♥ t❤❡ ❤♦❧❡s ♦❢ t❤❡ s❡❝t✐♦♥ ✐s ✈❡r② ✉s❡❢✉❧ ❛♥❞ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛r❡ r❡q✉✐r❡❞✳
❈♦♥s✐❞❡r ❛ ❜❡❛♠ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞ ❛s t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ✸✳✸✳ ❋♦r ❝♦♥str✉❝t✐✈❡
♣♦r♣♦s❡s✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r t♦ ❝♦✈❡r ❜♦t❤ s❡❝t✐♦♥s ❆ ❛♥❞ ❇ ✭❞❡♣✐❝t❡❞ ✐♥ t❤❡ ✜❣✉r❡✮ ✇✐t❤
❛ ✇❛t❡r♣r♦♦❢ ♠❛t❡r✐❛❧ t♦ ♣r❡✈❡♥t t❤❡ ♣❛ss❛❣❡ ♦❢ ✢✉✐❞ ✐♥s✐❞❡ t❤❡ ❜❡❛♠✳ ■t ✐s ❦♥♦✇♥ t❤❛t
t❤❡ ❝❛♣❛❜✐❧✐t② t♦ ✢♦❛t ♦❢ t❤✐s ❦✐♥❞ ♦❢ str✉❝t✉r❡s ✐s✱ ✐♥ ♣❛rt✱ ❞✉❡ t♦ t❤❡ ❛❜✐❧✐t② t♦ ❜❧♦❝❦
t❤❡ ❡♥tr❛♥❝❡ ♦❢ ✢✉✐❞ ✐♥s✐❞❡ t❤❡♠✳ ▲❡t ✉s ❝♦♥s✐❞❡r✱ ❛s ❡①❛♠♣❧❡✱ ❛ ❝♦♥❝r❡t❡ ❜❡❛♠✳ ❇② t❤❡
❆r❝❤✐♠❡❞❡s ♣r✐♥❝✐♣❧❡✱ t❤❡ ❜❡❛♠ ✇✐❧❧ s✐♥❦ ❜❡❝❛✉s❡ t❤❡ s♣❡❝✐✜❝ s❡❧❢✲✇❡✐❣❤t ♦❢ t❤❡ ❝♦♥❝r❡t❡
✐s t✇♦ ❛♥❞ ❛ ❤❛❧❢ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ s❡❛ ✇❛t❡r✳
✺✻ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
❋✐❣✉r❡ ✸✳✸✿ ❙❦❡t❝❤ ♦❢ ❛ ❜❡❛♠ ♠❛❦✐♥❣ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ❤②❞r♦st❛t✐❝ ✢✉✐❞
❚❤❡r❡❢♦r❡✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t✇♦ ♥❡✇ t②♣❡s ♦❢ s❡❝t✐♦♥✳ ❚❤❡ s❡❝t✐♦♥s t❤❛t ❛r❡
❝♦✈❡r❡❞ ✭■s♦❧❛t❡❞ ❙❡❝t✐♦♥✮ t♦ ❜❧♦❝❦ t❤❡ ♣❛ss ♦❢ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ ♦♥❡s ✇❤✐❝❤ ❛r❡ ♥♦t ✭◆♦♥
■s♦❧❛t❡❞ ❙❡❝t✐♦♥✮✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞ t♦ s♦♠❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡❝t✐♦♥
❛♥❞✱ ♦❢ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❜❡❛♠ ❝♦♠♣♦s❡❞ ❜② t❤✐s s❡❝t✐♦♥s ✇✐❧❧
❝❤❛♥❣❡✳ ❚❤✐s st✉❞② ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ❞❡t❛✐❧ ♦♥ s✉❜s❡❝t✐♦♥ ✸✳✷✳✷✱ ✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥
✐♥ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ ✐♥s✐❞❡ t❤❡ ❤♦❧❡s ✭✐♥ ❝❛s❡ t❤❡ s❡❝t✐♦♥ ✐s ❝♦✈❡r❡❞✮ ✇✐❧❧ ❜❡
❢♦r♠✉❧❛t❡❞ ❛♥❞ ❞❡r✐✈❡❞ ❢♦r ❜♦t❤ t②♣❡s ♦❢ s❡❝t✐♦♥s✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t✱ ✐♥ t❤✐s t❤❡s✐s✱ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❛ ♥♦♥✲str✉❝t✉r❛❧ ✇❛t❡r✲
♣r♦♦❢ ♠❛t❡r✐❛❧ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠❛t❡r✐❛❧ ✉s❡❞ t♦ ♣r♦t❡❝t t❤❡ ✐♥t❡r✐♦r ♦❢
t❤❡ ❜❡❛♠ ❤❛s ♥♦ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s✱ s✐♥❝❡ t❤❡ ♦♥❧② ❡✛❡❝t ✐s t❤❡ ❜❧♦❝❦❛❣❡ ♦❢ t❤❡ ✢✉✐❞✳
❖♥❧② t❤❡ s❡❝t✐♦♥s ❛t ❡❛❝❤ ❡♥❞ ♦❢ t❤❡ ❜❡❛♠ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ✐♥st❛❧❧❛t✐♦♥ ♦❢ t❤✐s
♠❛t❡r✐❛❧✳
✸✳✶✳✹ ❉✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❤♦❧❡s ❜♦✉♥❞❛r②
❚❤❡ ❤♦❧❡s ♦❢ t❤❡ s❡❝t✐♦♥ ♠✉st ❜❡ ❛❧s♦ ♠❡s❤❡❞ s✐♥❝❡ ✐♥ s♦♠❡ ❝❛s❡s t❤❡ ❜❡❛♠ ✇✐❧❧ ♥♦t ❜❡
♣r♦t❡❝t❡❞ ❛t t❤❡ ❡♥❞s ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✇✐❧❧ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❧s♦ ✐♥s✐❞❡✳ ❖♥❡
♠❛② ❝♦♥s✐❞❡r t❤✐s ❝❛s❡ ❛s ❛♥ ❡①tr❡♠❡ ❝❛s❡✳ ■♥❞❡❡❞✱ ❢r♦♠ ❛ ❝♦♥str✉❝t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱
❡♥❣✐♥❡❡rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛✈♦✐❞ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❜❡❛♠ ❛r❡ ♥♦t ♣r♦t❡❝t❡❞ ❛❣❛✐♥st
t❤❡ ✢✉✐❞ ♣❡♥❡tr❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤✐s s✐t✉❛t✐♦♥ ✇✐❧❧ ❛❧s♦ ❜❡ ❝❛rr✐❡❞ ♦✉t
t♦ ❛♥❛❧②s❡ t❤❡ ❝r✐t✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✉♥❞❡r ❡①tr❡♠❡ ❝♦♥❞✐t✐♦♥s✳
■♥ t❤✐s ♠❡s❤✱ t❤❡ ❡❧❡♠❡♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✷✲♥♦❞❡s str❛✐❣❤t ❡❧❡♠❡♥ts✳ ■♥ t❤❡ ♣r♦❣r❛♠
t❤❡ ❤♦❧❡s ✇✐❧❧ ❛❧s♦ ❜❡ ♦r✐❡♥t❡❞ ♦♣♣♦rt✉♥❡❧② t♦ ✐♥t❡❣r❛t❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡
❜♦✉♥❞❛r② ❞❡✜♥❡❞ ❜② ❛ ❝❧♦s❡❞ ❝✉r✈❡❞✳
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✺✼
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥
❚❤❡ ✐♥♥♦✈❛t✐✈❡ ❛s♣❡❝t ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ st✉❞② ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❛ ❜❡❛♠ ❡❧❡♠❡♥t
s✉rr♦✉♥❞❡❞ ❜② ❛ ✢✉✐❞ ❛s ❛ r❡s✉❧t ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❡❛❝❤ s❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❛①❡s
❛♥❞ t❤❡ ✢✉✐❞✳ ❈♦♥s✐❞❡r ✜❣✉r❡ ✸✳✹✱ ✇❤❡r❡ ❛ ❜❡❛♠ ❡❧❡♠❡♥t ✐s ❞❡♣✐❝t❡❞✳ ❈♦♥s✐❞❡r ❛❧s♦ t❤❛t
t❤✐s ❡❧❡♠❡♥t ✐s s♦♠❡❤♦✇ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞✳ ❋r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t
♦❢ ✈✐❡✇✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ ♥❡✇ st✐✛♥❡ss ♦❢ t❤❡ ❜❡❛♠ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡
r❡s✐st❛♥❝❡ ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❜♦❞②✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♣❤②s✐❝s
♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ✭r❡s✐st❛♥❝❡ ♦❢ t❤❡ ✢✉✐❞ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❜❡❛♠✮
❜❡t✇❡❡♥ ✢✉✐❞ ❛♥❞ ❜❡❛♠ ❝♦✉❧❞ ❜❡ ❛♥❛❧②③❡❞ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❛❝❤
s❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❛①❡s✳ ❚♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤✐s ❝♦♥tr✐❜✉t✐♦♥✱ t❤❡ ❛♥❛❧②s✐s ♦❢ s✐♥❣❧❡
s❡❝t✐♦♥s ✐♥ ❝♦♥t❛❝t t♦ ❛ ✢✉✐❞ ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
❋✐❣✉r❡ ✸✳✹✿ ❇❡❛♠ ❡❧❡♠❡♥t s❡❡♥ ❛s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡ s❡❝t✐♦♥s ❛❧♦♥❣ ✐ts ❛①❡s
❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❝♦♥s✐❞❡rs t❤❡ s❡❝t✐♦♥ ❛s ❛ ✸❉ s♦❧✐❞ ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ss✐♠❛❧ t❤✐❝❦✲
♥❡ss✳ ❚❤❡ ❤②❞r♦st❛t✐❝ ❧♦❛❞ ✐s ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r✐❡s ❛♥❞ ❛r❡❛ ✭✐♥ ❝❛s❡ t❤❡ s❡❝t✐♦♥
✐s ❧♦❝❛t❡❞ ✐♥ ♦♥❡ ♦❢ t❤❡ t✇♦ ❡♥❞s ♦❢ t❤❡ ❜❡❛♠✮ t♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts
❛♣♣❧✐❡❞ ♦♥ t❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t② ♦❢ t❤❡ s❡❝t✐♦♥✳ ■t ♠✐❣❤t ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ s❡❝t✐♦♥ ✐s
❝♦♥s✐❞❡r❡❞ ❛s ❛ r✐❣✐❞ ❜♦❞② ✇❤✐❝❤ ❝❛♥ ♦♥❧② tr❛♥s❧❛t❡ ❛♥❞ r♦t❛t❡✳ ❚❤✐s ❤②♣♦t❤❡s✐s ❛❧❧♦✇s
t❤❡ ♠♦❞❡❧ t♦ ✇♦r❦ ✇✐t❤ t❤❡ r❡s✉❧t✐♥❣ ♦❢ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞✳
❚❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ✇✐❧❧ ❜❡ t❤❡♥ ♣r♦♣❡r❧② ✐♥tr♦❞✉❝❡❞ ✐♥ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t
❝♦❞❡ t♦ st✉❞② ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐t❤ t❤✐s ♥❡✇ st✐✛♥❡ss ❝♦♥tr✐❜✉t✐♦♥ ♣r♦❞✉❝❡❞ ❜② t❤❡
✢✉✐❞✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ t❤❡ ❡q✉❛t✐♦♥s t❤❛t ❣♦✈❡r♥ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥
t❡r♠s ♦❢ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ♣r♦❞✉❝❡❞ ❜② ❛ ✢✉✐❞ ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞❡❡♣❧② ❞✐s❝✉ss❡❞✳
✸✳✷✳✶ ❋♦r❝❡s ❞✉❡ t♦ t❤❡ ❢❧✉✐❞
❚❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ♣r♦❞✉❝❡❞ ❜② ❛ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ ❛ s❡❝t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞
❛♥❞ t❤❡ ♠❡t❤♦❞♦❧♦❣✐❡s t♦ ❝♦♠♣✉t❡ t❤❡♠ ❛r❡ ❡①♣❧❛✐♥❡❞✳ ❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦✲
♠❡♥ts ❛♥❞ t❤❡✐r ❡①♣❧❛♥❛t✐♦♥s ❛r❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ❣r♦✉♣s✳ ❚❤❡ ✜rst ❣r♦✉♣ ❛r❡ t❤❡ ❢♦r❝❡s
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❤✐❝❤ ❛r❡ Fz′ ❛♥❞ Fy′ ❛❧♦♥❣ t❤❡ z
′ ❛♥❞ y′ ❛①❡s ❛♥❞
t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t Mt ❛❧♦♥❣ t❤❡ x
′ ❛①❡s✳ ❚❤❡ s❡❝♦♥❞ ❣r♦✉♣ ✐s ❝♦♠♣♦s❡❞ ❜② t❤❡ ❢♦r❝❡s
❛♥❞ ♠♦♠❡♥ts t❤❛t r❡s✉❧t ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥s✐❞❡ t❤❡ ❛r❡❛
♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❤✐❝❤ ❛r❡ t❤❡ ♠♦♠❡♥ts My′ ❛♥❞ Mz′ ❛❧♦♥❣ t❤❡ y
′ ❛♥❞ z′ ❛①❡s ❛♥❞ t❤❡ ❢♦r❝❡
✺✽ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
Fx′ ❛❧♦♥❣ t❤❡ x
′ ❛①❡s✳
❋♦r t❤❡ ✜rst ❣r♦✉♣✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛r❡ ❝♦♠♣✉t❡❞ ❜② ♠❡❛♥s ♦❢
❛♥ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢♦r❝❡s ❛♥❞
♠♦♠❡♥ts ♦❢ t❤❡ s❡❝♦♥❞ ❣r♦✉♣ ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❛ r❡s✉❧t ♦❢ ❛♥ ✐♥t❡❣r❛t✐♦♥ ✐♥s✐❞❡ t❤❡ ❛r❡❛
♦❢ t❤❡ s❡❝t✐♦♥✳ ❉✐✛❡r❡♥t t❡❝❤♥✐q✉❡s ❛r❡ ❛❞♦♣t❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡
❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ ✇✐❧❧ ❜❡ ❞❡❡♣❧② ❞✐s❝✉ss❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥✳
✸✳✷✳✶✳✶ ■♥✲♣❧❛♥❡ ❢♦r❝❡s
❚❤❡ ❢♦r❝❡s t❤❛t ❛r❡ t❤❡ r❡s✉❧t ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ❛r❡ ❤❡r❡
❞❡✜♥❡❞✳ ❋✐rst✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞ ✉s❡❞ ✐♥ s❡❝t✐♦♥s t❤❛t ❛r❡ ✇✐t❤✐♥ ❛ ❜❡❛♠ ✐s♦❧❛t❡❞
❜② t❤❡ ❡♥tr❛♥❝❡ ♦❢ t❤❡ ✢✉✐❞ ♦♥ ❡❛❝❤ ❡❞❣❡ ✐s ♣r❡s❡♥t❡❞✳ ▲❛t❡r✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ♥♦♥ ✐s♦❧❛t❡❞
❜❡❛♠s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳
❈♦♥s✐❞❡r ✜❣✉r❡ ✸✳✺✱ ✇❤❡r❡ ❛ ❣❡♥❡r✐❝ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② s✉❜♠❡r❣❡❞ ✐♥ ❛ ✢✉✐❞ ❛♥❞ t❤❡
❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ❛r❡ ❞❡♣✐❝t❡❞✳
❋✐❣✉r❡ ✸✳✺✿ ■♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ ❡①t❡r♥❛❧ ❝♦t♦✉r ♦❢ t❤❡ s❡❝t✐♦♥
❆s ✐t ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♣t❤ ❢r♦♠ t❤❡ ✢✉✐❞
s✉r❢❛❝❡ ❛♥❞ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥
P = hγf ✭✸✳✶✮
✇✐t❤ h ✐s t❤❡ ❞❡♣t❤ ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ❛♥❞ γf ✐s t❤❡ s❡❧❢✲✇❡✐❣❤t ♦❢ t❤❡ ✢✉✐❞✳
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ♣r❡ss✉r❡ ♦❢ t❤❡ ✢✉✐❞ ❢♦❧❧♦✇s t❤❡ ❞✐r❡❝t✐♦♥ ♥♦r♠❛❧ t♦ t❤❡
s✉r❢❛❝❡✳ ❚❤✐s ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡ ♣r❡ss✉r❡ ✈❡❝t♦r ❛s
P = −Pn ✭✸✳✷✮
✇✐t❤ n ❞❡✜♥❡❞ ❛s t❤❡ ✈❡❝t♦r ♥♦r♠❛❧ t♦ t❤❡ s✉r❢❛❝❡✳
◆♦✇✱ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❡q✉❛t✐♦♥s t❤❛t ❣♦✈❡r♥s t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s
❛♥❞ ♠♦♠❡♥ts ❞✉❡ t♦ ❛ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ ❛ s❡❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❡①♣❧❛✐♥❡❞✳ ❈♦♥s✐❞❡r✐♥❣ ❛
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✺✾
❣❡♥❡r✐❝ ❜♦✉♥❞❛r② ♦❢ ❛ s❡❝t✐♦♥ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✻✱ t❤❡ ❡q✉❛t✐♦♥s t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦r❝❡s
❛♥❞ ♠♦♠❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥✳
❋✐❣✉r❡ ✸✳✻✿ ▼♦❞❡❧ t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦r❝❡s ♦❢ ❛ s❡❝t✐♦♥ ❞✉❡ t♦ ❛ ✢✉✐❞ ✐♥ ❛ ✸❉ s♣❛❝❡
▲❡t ✉s ❞❡✜♥❡ F ✱ t❤❡ ✈❡❝t♦r ✇❤♦s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ t❤❡ ❢♦r❝❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢
t❤❡ s❡❝t✐♦♥ ❛♥❞ Mt t❤❡ r❡s✉❧t✐♥❣ t✇✐st✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝t✐♦♥✳
F =
[
Fy′
Fz′
]
✭✸✳✸✮
F ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥t❡❣r❛t✐♥❣ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜♦✉♥❞✲
❛r②✳
F =
∫
Γ
[
P Ty′
P Tz′
]
H (h) dΓ ✭✸✳✹✮
✇❤❡r❡ H ✐s t❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥✳ ■ts ❞❡✜♥✐t✐♦♥ ✐s ✇r✐tt❡♥ ❤❡r❡✳✳
H(h) =
{
1 ; h ≥ 0
0 ; h < 0
; h = Zf − v (s)z ✭✸✳✺✮
❚❤❡ ✈❛r✐❛❜❧❡s Zf ❛♥❞ v (s) ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✻✳
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡✱ t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳
Mt =
∫
Γ
(vr × P )T x′H (h) dΓ ✭✸✳✻✮
■♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥✱ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ✈❡❝t♦r vr ❤❛s ❜❡❡♥ ✉s❡❞ ❛♥❞ ✐ts ❡①♣r❡ss✐♦♥
✐s ✭✜❣✉r❡ ✸✳✻✮
vr = v (s)− vG ✭✸✳✼✮
◆♦✇✱ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ t✇♦ ❢♦r❝❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡
t✇✐st✐♥❣ ♠♦♠❡♥t ❤❛✈❡ ❜❡❡♥ ❢♦r♠✉❧❛t❡❞✳ ❆❧t❤♦✉❣❤t t❤❡ ❡①♣r❡ss✐♦♥s ❞❡✈❡❧♦♣❡❞ ❛r❡ ✈❛❧✐❞ ❢♦r
❛ ❣❡♥❡r✐❝ ❜♦✉♥❞❛r②✱ t❤❡ ❡q✉❛t✐♦♥s ♠✉st ❜❡ ❛❞❛♣t❡❞ t♦ ❝♦♥s✐❞❡r ❛ ❞✐s❝r❡t✐③❡❞ ❜♦✉♥❞❛r②✳
✻✵ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
❚❤❡ ♠❡s❤ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥s ✐s ❝♦♠♣♦s❡❞ ❜② ✷✲♥♦❞❡s str❛✐❣❤t
❡❧❡♠❡♥ts✳ ❚❤❡ ✐♥t❡❣r❛❧s ♣r❡✈✐♦✉s❧② ❞❡✈❡❧♦♣❡❞ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❞✐s❝r❡t❡ ❜♦✉♥❞❛r②✳
❈♦♥s✐❞❡r ❡q✉❛t✐♦♥ ✸✳✹✳ ❚❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝
♣r❡ss✉r❡ ♦♥ ❡❛❝❤ str❛✐❣❤t ❡❧❡♠❡♥t✳
F =
∫
Γ
[
P Ty′
P Tz′
]
H (h) dΓ ≃
Nec∑
i=1
∫
Γi
[
P Ty′
P Tz′
]
H (h) dΓi ✭✸✳✽✮
Mt =
∫
Γ
(vr × P )T x′H (h) dΓ ≃
Nec∑
i=1
∫
Γi
(vr × P )T x′H (h) dΓi ✭✸✳✾✮
❚❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧✱ ♣❡r❢♦r♠✐♥❣ t❤❡ ❡✈❛❧✉❛t✐♦♥
♦♥❧② ✐♥ t❤❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ✢✉✐❞✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡❧❡♠❡♥t ✐♥ ❝♦♥t❛❝t
✇✐t❤ t❤❡ ✢✉✐❞ ✐♥ t❤❡ s✉♠♠❛t♦r② ❛♥❞ r❡♠♦✈✐♥❣ t❤❡ ♦t❤❡rs✱ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s
Nec∑
i=1
∫
Γi
[
P Ty′
P Tz′
]
H (h) dΓi =
nec∑
j=1
Fj︷ ︸︸ ︷∫
Γj
[
P Ty′
P Tz′
]
dΓj ✭✸✳✶✵✮
Nec∑
i=1
∫
Γ
(vr × P )T x′H (h) dΓ =
nec∑
j=1
∫
Γj
(vr × P )T x′dΓj︸ ︷︷ ︸
Mtj
✭✸✳✶✶✮
❋✐❣✉r❡ ✸✳✼✿ Pr♦❝❡❞✉r❡ t♦ ✐♥t❡❣r❛t❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ♦❢ ❛
❞✐s❝r❡t✐③❡❞ s❡❝t✐♦♥
❚✇♦ ♣♦ss✐❜❧❡ ♣❛t❤s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ✐s t❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥t ✐s
✉♥❞❡r ✇❛t❡r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦♥❧② ♣❛rt ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s s✉❜♠❡r❣❡❞✳ ❚❤❡ ❡①♣r❡ss✐♦♥
♣r❡✈✐♦✉s❧② ❞❡r✐✈❡❞ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s ❛s ❢♦❧❧♦✇s✳
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✻✶
nec∑
j=1
Fj =
nec1∑
k=1
Fk︸ ︷︷ ︸
Elements totally under water
+
nec2∑
l=1
Fl︸ ︷︷ ︸
Elements partially under water
✭✸✳✶✷✮
nec∑
j=1
Mt =
nec1∑
k=1
Mtk︸ ︷︷ ︸
Elements totally under water
+
nec2∑
l=1
Mtl︸ ︷︷ ︸
Elements partially under water
✭✸✳✶✸✮
❚❤❡ ✜rst ♣❛rt ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ❝♦♠♣❧❡t❡❧② ✉♥❞❡r ✇❛t❡r ✭❜♦t❤
♥♦❞❡s ♦❢ t❤❡ ❡❧❡♠❡♥t ❛r❡ ✉♥❞❡r ✇❛t❡r✮ ❛♥❞ t❤❡✐r ❢♦r♠✉❧❛t✐♦♥ ✐s ♥♦✇ ❡①♣❧❛✐♥❡❞✳
❈♦♥s✐❞❡r ✜❣✉r❡ ✸✳✼✳ ❆ ✷✲♥♦❞❡s str❛✐❣❤t ❡❧❡♠❡♥t ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❝♦♥s✐❞✲
❡r❡❞ ❛s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t ❛r❡ ❞❡♣✐❝t❡❞✳ P1 = hiγf ❛♥❞ P2 = hjγf ❛r❡
❞❡✜♥❡❞ ❛s t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣r❡ss✉r❡ ♦♥ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ t❤❡ ✈❡❝t♦rs vi ❛♥❞ vj
❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ l = |vi − vj | ❛s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡❧❡♠❡♥t✱
t =
vj − vi
l
❛s t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ❛♥❞ n = x′ × t ❛s t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r t♦ t❤❡ s❡❝t✐♦♥
♦❢ t❤❡ ❡❧❡♠❡♥t✳ ■❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t ✐s
♣❡r❢♦r♠❡❞✱ t❤❡ r❡s✉❧t❛♥t ❢♦r❝❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
Fk = −Pi + Pj
2
l
[
nTy′
nTz′
]
✭✸✳✶✹✮
❚❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ♣r♦❞✉❝❡❞ ❜② t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ♦♥ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥t ♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ♣r❡ss✉r❡ ❢♦r❝❡ ♦♥ t❤❡ ❡❧❡✲
♠❡♥t✳ ❚❤❡ ✐❞❡❛ ✐s ❝r❡❛t❡ ❛♥ ❡q✉✐✈❛❧❡♥t s②st❡♠ ❝♦♠♣♦s❡❞ ❜② ♦♥❧② ♦♥❡ ✈❡❝t♦r t❤❛t ✇✐❧❧
♣r♦✈✐❞❡ t❤❡ s❛♠❡ r❡s✉❧t✐♥❣ ❢♦r❝❡ ❛♥❞ t✇✐st✐♥❣ ♠♦♠❡♥t ✭✇✐t❤ r❡s♣❡❝t t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡
❡❧❡♠❡♥t✮ ♦❢ t❤❡ ❞✐str✐❜✉t❡❞ ❧✐♥❡❛r ❧♦❛❞ ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✳ ❈♦♥s✐❞❡r✐♥❣ ✜❣✉r❡ ✸✳✼✱
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞✐st❛♥❝❡ δ t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡ Fk ♠❛② ❜❡ ♣❧❛❝❡❞ ✐♥ ❛ ♣♦✐♥t ❛❧♦♥❣ t❤❡
❡❧❡♠❡♥t ✇❤❡r❡ t❤❡ ♠♦♠❡♥t ✇✐t❤ r❡s♣❡❝t t❤❡ ♥♦❞❡ i ✐s ❡q✉❛❧ t♦ t❤❡ ♠♦♠❡♥t ♣r♦❞✉❝❡❞ ❜②
t❤❡ ❞✐str✐❜✉t❡❞ ❧♦❛❞✳
Fkδ =
∫ l
0
(
P1 +
P2 − P1
l
η
)
ηdη → δ = l
2
6
2P2 + P1
Fk
✭✸✳✶✺✮
❖♥❝❡ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ✜rst ♥♦❞❡ ✐s ❝♦♠♣✉t❡❞✱ t❤❡ ♣♦s✐t✐♦♥ ✇✐t❤ r❡s♣❡❝t t❤❡ ❝❡♥t❡r
♦❢ ❣r❛✈✐t② ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s
vr = vi + δt− vG ✭✸✳✶✻✮
❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❡❧❡♠❡♥t t♦ t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢♦❧❧♦✇✐♥❣
t❤❡ s❦❡t❝❤ ✐♥ ✜❣✉r❡ ✸✳✽✳
Mtk =
∣∣∣∣∣∣
î ĵ k̂
0 vry′ vrz′
0 Fky′ Fkz′
∣∣∣∣∣∣ = vry′Fkz′ − vrz′Fky′ ✭✸✳✶✼✮
✻✷ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
❋✐❣✉r❡ ✸✳✽✿ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ❧✐♥❡❛r ❡❧❡♠❡♥t ♦♥ t❤❡ t♦t❛❧ t✇✐st✐♥❣ ♠♦♠❡♥t
❖♥❝❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ ❢♦r❝❡s ❛♥❞ t✇✐st✐♥❣ ♠♦♠❡♥t ♦❢ ❛ t♦t❛❧❧② s✉❜♠❡r❣❡❞ ❡❧✲
❡♠❡♥t ❤❛✈❡ ❜❡❡♥ ❢♦r♠✉❧❛t❡❞✱ t❤❡ ❛tt❡♥t✐♦♥ s❤❛❧❧ ❜❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡
♣❛rt✐❛❧❧② ✉♥❞❡r t❤❡ ✢✉✐❞✳
■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s ❞❡✈❡❧♦♣❡❞ ♣r❡✈✐♦✉s❧② ❝❛♥ ❜❡ ❛❧s♦ ✉s❡❞ t♦
❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥✱ ✐♥ t❡r♠s ♦❢ ❢♦r❝❡s ❛♥❞ t✇✐st✐♥❣ ♠♦♠❡♥t✱ ♦❢ ❛♥ ❡❧❡♠❡♥t t❤❛t ✐s
♣❛rt✐❛❧❧② ✉♥❞❡r t❤❡ ✢✉✐❞✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✸✳✾✱ t❤❡ ♣❛rt ♦❢ t❤❡ ❡❧❡♠❡♥t ✉♥❞❡r t❤❡
✢✉✐❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♥❡✇ ❡❧❡♠❡♥t✳ ■♥❞❡❡❞✱ ❞❡✜♥✐♥❣ ❛♥ ✐♥t❡r♠❡❞✐❛t❡
♥♦❞❡ ✐♥ t❤❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ❢r❡❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✢✉✐❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦
r❡♣❡❛t t❤❡ ♣r♦❝❡❞✉r❡ ❡❛r❧✐❡r ❞❡✈❡❧♦♣❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
♣❛rt ♦❢ t❤❡ ❡❧❡♠❡♥t t❤❛t ✐s ✉♥❞❡r t❤❡ ✢✉✐❞✳
■❢ t❤❡ s❡❝♦♥❞ ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s ✉♥❞❡r t❤❡ ✢✉✐❞✱ t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡ ♥❡✇ ❡❧❡♠❡♥t
♠❛② ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ✢✉✐❞ ✐♥t❡rs❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✐❢ t❤❡ ✜rst ♣♦✐♥t ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s ✉♥❞❡r t❤❡ ✢✉✐❞✱ t❤❡ s❡❝♦♥❞ ♥♦❞❡ ♦❢ t❤❡ ♥❡✇ ❡❧❡♠❡♥t ♠❛②
❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ✢✉✐❞ ✐♥t❡rs❡❝t✳ ❖♥❝❡ t❤❡ ✷ ♥♦❞❡s ♦❢ t❤❡
♥❡✇ ❡❧❡♠❡♥t ❤❛✈❡ ❜❡❡♥ ❝❤❛r❛❝t❡r✐③❡❞✱ t❤❡ ♣r♦❝❡❞✉r❡ ❡①♣❧❛✐♥❡❞ ❢♦r ❡❧❡♠❡♥ts ❝♦♠♣❧❡t❡❧②
✉♥❞❡r t❤❡ ✢✉✐❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♥❡✇ ❡❧❡♠❡♥t✳
❚❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥
t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡r✐✈❡❞✳ ❚❤❡s❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛r❡
t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦♥❡s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇✐❧❧ ♣r♦✈✐❞❡ t♦ t❤❡ ❜❡❛♠ ✐ts ✢♦❛t✐♥❣ ❝❛♣❛❝✐t②✳
❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥s✐❞❡ t❤❡
❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❡①♣❧❛✐♥❡❞✳
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✻✸
✭❛✮ ❚❤❡ s❡❝♦♥❞ ♥♦❞❡ ✐s ✐♥s✐❞❡ t❤❡ ✢✉✐❞ ✭❜✮ ❚❤❡ ✜rst ♥♦❞❡ ✐s ✐♥s✐❞❡ t❤❡ ✢✉✐❞
❋✐❣✉r❡ ✸✳✾✿ ❙tr❛✐❣❤t ❡❧❡♠❡♥t ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
✸✳✷✳✶✳✷ ❖✉t✲♦❢✲♣❧❛♥❡ ❢♦r❝❡s
■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ t❤❡ ❢♦r❝❡s ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥s✐❞❡ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥
❛r❡ ❞❡✜♥❡❞ ❛♥❞ ❝♦♠♣✉t❡❞✳ ❖♥❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐♥s✐❞❡ t❤❡ ❛r❡❛ ✐s ♦♥❧②
r❡q✉✐r❡❞ ✇❤❡♥ t❤❡ s❡❝t✐♦♥ ✐s ♣❧❛❝❡❞ ✐♥ ♦♥❡ ♦❢ t❤❡ t✇♦ ❡❞❣❡s ♦❢ ❛ ❜❡❛♠✳ ■♥❞❡❡❞✱ t❤❡ s❡❝t✐♦♥s
s✐t✉❛t❡❞ ❛❧♦♥❣ t❤❡ ❛①❡s ♦❢ t❤❡ ❜❡❛♠ ✇✐❧❧ ♥♦t ❜❡ ✉♥❞❡r ♥♦r♠❛❧ ♣r❡ss✉r❡✭✷✮ ❜❡❝❛✉s❡ t❤❡✐r
❛r❡❛ ✐s ♥♦t ❞✐r❡❝t❡❧② ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ✢✉✐❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝t✐♦♥s s✐t✉❛t❡❞
❛t ❡❛❝❤ ❡♥❞ ♦❢ t❤❡ ❜❡❛♠ ✇✐❧❧ ❜❡ ✉♥❞❡r t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡✳
❋♦r ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣✱ ❝♦♥s✐❞❡r ✜❣✉r❡ ✸✳✶✵✳ ❆ ❜❡❛♠ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞ ✐s
❞❡♣✐❝t❡❞ ❛♥❞ t❤❡ t✇♦ t②♣❡s ♦❢ s❡❝t✐♦♥s ❛r❡ ❤✐❣❤❧✐❣❤t❡❞✳ ❚❤❡ s❡❝t✐♦♥ t❤❛t ✐s ❝❛❧❧❡❞ ■♥s✐❞❡
❙❡❝t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ ❧♦❛❞❡❞ ♦♥ ✐ts ❛r❡❛ ❜② t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡✱ s✐♥❝❡ ✐t ✐s ❛♣♣❧✐❡❞ ♦♥❧②
♦♥ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝t✐♦♥s ♣❧❛❝❡❞ ❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❜❡❛♠
✇✐❧❧ ❜❡ s✉❜❥❡❝t❡❞ t♦ t❤❡ ♣r❡ss✉r❡ ❡✐t❤❡r ♦♥ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ❡✐t❤❡r ♦♥ ✐♥t❡r♥❛❧ ❛r❡❛✳
❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡s❡ t✇♦ t②♣❡s ♦❢ s❡❝t✐♦♥ ✐s ❞✐✛❡r❡♥t ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡✐r ❝♦♥tr✐✲
❜✉t✐♦♥ t♦ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❜❡❛♠ ✇✐❧❧ ❜❡ r❛❞✐❝❛❧❧② ❞✐st✐♥❝t✳ ◆♦✇✱ t❤❡ t❤❡♦r② t♦ ❝♦♠♣✉t❡
t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❞✉❡ t♦ t❤❡ ✢✉✐❞ ✐♥ t❤❡ ❛r❡❛ ♦❢ ❛ s❡❝t✐♦♥ ✐s ♣r❡s❡♥t❡❞✳ ❆ ♣❛rt✐❝✉❧❛r
❡①♣❧❛♥❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛❝t✐♥❣ ♦♥ t❤❡
s❡❝t✐♦♥ ❛♥❞ t❤❡ ✇❛② t❤❡② ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳
❋✐rst✱ ❝♦♥s✐❞❡r ✜❣✉r❡ ✸✳✶✶✱ ✇❤❡r❡ ❛ ❣❡♥❡r✐❝ s❡❝t✐♦♥ ✉♥❞❡r ❛ ✢✉✐❞ ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ✈❡❝t♦r
vG ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥tr♦✐❞ ✐♥ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠✱ t❤❡ ✈❡❝t♦r
v ❛s ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐♦♥ ✐♥s✐❞❡ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ✈❡❝t♦r vr ❛s t❤❡ r❡❧❛t✐✈❡ ♣♦s✐✲
t✐♦♥ ♦❢ t❤✐s ♣♦✐♥t ✇✐t❤ r❡s♣❡❝t t❤❡ ❝❡♥t❡r ♦❢ ❣r❛✈✐t②✱ t❤❡ ♣r❡ss✉r❡ ✈❡❝t♦r P ❛s t❤❡ ♣r❡ss✉r❡
✐♥ ❛ ❝❡rt❛✐♥ ❞❡♣t❤ h ❛♥❞ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ✢✉✐❞ ✇✐t❤ r❡s♣❡❝t t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ Zf ✳
✭✷✮❚❤❡ t❡r♠ ♥♦r♠❛❧ ✐s r❡❢❡rr❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥
✻✹ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
❋✐❣✉r❡ ✸✳✶✵✿ ❉✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❛ s❡❝t✐♦♥ s✐t✉❛t❡❞ ❛t t❤❡ ❡♥❞s ♦❢ ❛ ❜❡❛♠ ❛♥❞ ❛ s❡❝t✐♦♥
♣♦s✐t✐♦♥❡❞ ❛❧♦♥❣ t❤❡ ❛①❡s
❋✐❣✉r❡ ✸✳✶✶✿ Pr♦❝❡❞✉r❡ t♦ ✐♥t❡❣r❛t❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥s✐❞❡ ❛ s❡❝t✐♦♥✳
❚❤❡ ♣r❡ss✉r❡ ✐s ❛❧✇❛②s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s✉r❢❛❝❡ ✇❤❡r❡ ✐t ✐s ❛♣♣❧✐❡❞✱ s♦ t❤❡ ✈❡❝t♦r P
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
P = γfhx
′ ✭✸✳✶✽✮
❚❤❡ s✐❣♥ ♦❢ t❤❡ ✈❡❝t♦r P ✐s ❝♦♥s✐❞❡r❡❞ ♦♥❧② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞
s✐t✉❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ t✇♦ s❡❝t✐♦♥s ❧♦❝❛t❡❞
♦♥ ❡❛❝❤ ❡♥❞ ♦❢ t❤❡ ❜❡❛♠ ✐♥ ✜❣✉r❡ ✸✳✶✷✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡♥✱ ❜♦t❤ s❡❝t✐♦♥s ❤❛✈❡ t❤❡ s❛♠❡
♦r✐❡♥t❛t✐♦♥ ❜✉t t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❝ts ✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤✐❝❤
s❡❝t✐♦♥ ✐s ❛♥❛❧②s❡❞✳
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✻✺
❋✐❣✉r❡ ✸✳✶✷✿ ❉✐r❡❝t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ♦♥ ❡✈❡r② ❡♥❞ s❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠
■❢ s❡❝t✐♦♥ ❆ ✐s ❛♥❛❧②③❡❞ ✭s❡❝t✐♦♥ ♣♦s✐t✐♦♥❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❜❡❛♠✮ t❤❡ r❡s✉❧t✐♥❣
♣r❡ss✉r❡ ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡ s❡♥s❡ ❛s t❤❡ ✈❡❝t♦r x′✱ ✇❤✐❧❡ ♦♥ s❡❝t✐♦♥ ❇ t❤❡ r❡s✉❧t✐♥❣ ✇✐❧❧
❤❛✈❡ t❤❡ ♦♣♣♦s✐t❡ s❡♥s❡✳ ❚❤✐s ✐s ❛ ♣❤❡♥♦♠❡♥❛ t❤❛t ❞❡♣❡♥❞s ❡♥t✐r❡❧② ♦♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥
♦❢ t❤❡ ❜❡❛♠ ❛♥❞ ♥♦t ❜② t❤❡ s❡❝t✐♦♥ ✐ts❡❧❢✳ ■♥ t❤❡ ♥♦♥❧✐♥❡❛r ✜♥✐t❡ ❡❧❡♠❡♥t ❝♦❞❡ ❞❡✈❡❧♦♣❡❞✱
t❤✐s ❝♦♥s✐❞❡r❛t✐♦♥ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② ♠❡❛♥s ♦❢ t❤❡ ❧♦❝❛❧ ❛①❡s ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t
❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✭❝♦♥s✐❞❡r✐♥❣ t❤❡ s✐❣♥✭✸✮ ♦❢ t❤❡ ♣r❡ss✉r❡ ✈❡❝t♦r✮ t❤❡ ♣r❡ss✉r❡ ✐♥s✐❞❡ t❤❡ ❛r❡❛
♦❢ t❤❡ s❡❝t✐♦♥✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ♦♥❧② t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ s❡❝t✐♦♥ ❆ ✇✐❧❧ ❜❡ r❡♣♦rt❡❞✳
❙✐♥❝❡ t❤❡ ♣r❡ss✉r❡ ✐s ❛❧✇❛②s ♥♦r♠❛❧ t♦ t❤❡ s❡❝t✐♦♥ ❛r❡❛✱ t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s ❛♥❞ ♠♦✲
♠❡♥ts ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❜② t❤r❡❡ ❡❧❡♠❡♥ts✳ ❋✐rst✱ t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡✱ ✐♥ t❤❡ x′ ❛①❡s ✭Fx′✮✱
✐s ♦❜t❛✐♥❡❞ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞✱ s❡❝♦♥❞✱ t✇♦ ♠♦♠❡♥ts ❛❧♦♥❣ t❤❡ ❛①❡s My′
❛♥❞ Mz′ ❛r❡ ❝♦♠♣✉t❡❞✳ ■♥ ✜❣✉r❡ ✸✳✶✸✱ t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛r❡ ❞❡♣✐❝t❡❞✳
❋✐❣✉r❡ ✸✳✶✸✿ ❘❡s✉❧t❛♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥s✐❞❡
t❤❡ s❡❝t✐♦♥
❈♦♥s✐❞❡r Fx′ ❛s t❤❡ r❡s✉❧t✐♥❣ ❢♦r❝❡ ✐♥ t❤❡ x
′ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ♠♦♠❡♥ts My′ ❛♥❞ Mz′
❛s t❤❡ ♠♦♠❡♥ts ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦♥ ❜♦t❤ t❤❡ y′ ❛♥❞ z′ ❛①❡s✳ ■t ✐s ♣♦ss✐❜❧❡ t♦
❞❡✜♥❡ t❤❡ ♠♦♠❡♥t ✈❡❝t♦r ❛s
✭✸✮❍❡r❡✱ t❤❡ s✐❣♥ s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ s❡♥s❡ ♦❢ t❤❡ ♣r❡ss✉r❡ ✈❡❝t♦r✳ ■❢ t❤❡ ❞♦t ♣r♦❞✉❝t ❜❡t✇❡❡♥
t❤❡ ✈❡❝t♦r P ❛♥❞ x′ ✐s ♣♦s✐t✐✈❡ ✇❡✬❧❧ s❛② P ❤❛s ♣♦s✐t✐✈❡ s✐❣♥✱ ♦t❤❡r✇✐s❡ P ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ♥❡❣❛t✐✈❡✳
✻✻ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
M =
[
My′
Mz′
]
✭✸✳✶✾✮
❛♥❞ ❝♦♠♣✉t❡ t❤❡ t❤r❡❡ r❡s✉❧t✐♥❣ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛s
Fx′ =
∫
Ω
P Tx′H (h) dΩ ✭✸✳✷✵✮
M =
∫
Ω
[
(vr × P )T y′
(vr × P )T z′
]
H (h) dΩ ✭✸✳✷✶✮
✇✐t❤
vr = v − vG =
[
ey′ ez′
]T
✭✸✳✷✷✮
✇❤❡r❡ t❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥ ❤❛s ❜❡❡♥ ✉s❡❞ ❛❣❛✐♥ ❛♥❞ ✐ts ❞❡✜♥✐t✐♦♥ ✐s r❡♣♦rt❡❞ ✐♥
❡q✉❛t✐♦♥ ✸✳✺✳
❖♥❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥ts r❡s✉❧t❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤✐♥
t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞✱ t❤❡ ❡①♣r❡ss✐♦♥s ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ t♦ ❞❡❛❧
✇✐t❤ s❡❝t✐♦♥ ❝♦♠♣♦s❡❞ ❜② ✹✲♥♦❞❡s q✉❛❞r❛♥❣✉❧❛r ❡❧❡♠❡♥ts✳ ❈♦♥s✐❞❡r ✜❣✉r❡ ✸✳✶✹✱ ✇❤❡r❡
❛ ❞✐s❝r❡t✐③❡❞ s❡❝t✐♦♥ ❤❛s ❜❡❡♥ ❞❡♣✐❝t❡❞✳ ❚❤❡ ❞♦♠❛✐♥ ♦❢ t❤❡ s❡❝t✐♦♥ ✐s ❞✐✈✐❞❡❞ ✐♥ Nea
❡❧❡♠❡♥ts✱ ❡❛❝❤ ♦♥❡ ✇✐t❤ ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥tr✐❜✉t✐♦♥
❋✐❣✉r❡ ✸✳✶✹✿ Pr♦❝❡❞✉r❡ t♦ ✐♥t❡❣r❛t❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥s✐❞❡ ❛ ❞✐s❝r❡t✐③❡❞ s❡❝t✐♦♥✳
Fx′ =
∫
Ω
P Tx′H (h) dΩ ≃
Nea∑
i=1
∫
Ωi
P Tx′H (h) dΩi ✭✸✳✷✸✮
M =
∫
Ω
[
(vr × P )T y′
(vr × P )T z′
]
H (h) dΩ ≃
Nea∑
i=1
∫
Ωi
[
(vr × P )T y′
(vr × P )T z′
]
H (h) dΩi ✭✸✳✷✹✮
❚❤❡ ❍❡❛✈✐s✐❞❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❢r♦♠ ❜♦t❤ ❡①♣r❡ss✐♦♥s ❥✉st ♣❡r❢♦r♠✐♥❣ t❤❡
✐♥t❡❣r❛❧ ✐♥ t❤❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ♣❛rt✐❛❧❧② ♦r t♦t❛❧❧② ✉♥❞❡r t❤❡ ✢✉✐❞✳
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✻✼
Fx′ =
Nea∑
i=1
∫
Ωi
P Tx′H (h) dΩi =
nea∑
i=1
∫
Ωi
P Tx′ dΩi ✭✸✳✷✺✮
M =
Nea∑
i=1
∫
Ωi
[
(vr × P )T y′
(vr × P )T z′
]
H (h) dΩi =
nea∑
i=1
∫
Ωi
[
(vr × P )T y′
(vr × P )T z′
]
dΩi ✭✸✳✷✻✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡❧❡♠❡♥ts ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡
❧♦❛❞ ✇✐t❤ r❡s♣❡❝t t❤❡ ❞❡♣t❤✱ ❛ ♥✉♠❡r✐❝❛❧ ●❛✉ss ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡
t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧s✳ ▼❛❦✐♥❣ t❤❡ ❝❤❛♥❣❡ ✈❛r✐❛❜❧❡ ✐t ♠❛② ❜❡ ♦❜t❛✐♥❡❞
Fx′ =
nea∑
i=1
∫
Ωi
FF︷ ︸︸ ︷
P Tx′ dΩi =
nea∑
i=1
∫ 1
−1
∫ 1
−1
FF |J | dξ dη ✭✸✳✷✼✮
M =
nea∑
i=1
∫
Ωi
[
(vr × P )T y′
(vr × P )T z′
]
︸ ︷︷ ︸
FM
dΩi =
nea∑
i=1
∫ 1
−1
∫ 1
−1
FM |J | dη dξ ✭✸✳✷✽✮
❆♣♣❧②✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ●❛✉ss s❝❤❡♠❡✱ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧s ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥
❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠ ✉s✐♥❣ s✉♠♠❛t♦r✐❡s✳
Fx′ =
nea∑
i=1
∫ 1
−1
∫ 1
−1
FF |J | dξ dη =
nea∑
i=1
(
NG∑
j=1
NG∑
k=1
FF (ηj, ξk) |J (ηj, ξk)|wjwk
)
✭✸✳✷✾✮
M =
nea∑
i=1
∫ 1
−1
∫ 1
−1
FM |J | dη dξ =
nea∑
i=1
(
NG∑
j=1
NG∑
k=1
FM (ηj, ξk) |J (ηj, ξk)|wjwk
)
✭✸✳✸✵✮
❖♥❝❡ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❣✐✈❡♥ ❜② t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥ ❛ s❡❝t✐♦♥ ❤❛✈❡ ❜❡❡♥
❞❡r✐✈❡❞✱ t❤❡② ❝❛♥ ❜❡ ❛rr❛♥❣❡❞ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t ✇❛②✳ ❈♦♥s✐❞❡r t❤❡ ✈❡❝t♦r ♦❢ ❢♦r❝❡s ❛♥❞
♠♦♠❡♥ts ❞❡✜♥❡❞ ❛s
F =
 Fx′Fy′
Fz′
 ; M =
 Mx′My′
Mz′
 ✭✸✳✸✶✮
❚❤❡ ❢♦r❝❡s Fy′ ❛♥❞ Fz′ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r②✱
❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢♦r❝❡ Fx′ ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛♣♣❧✐❡❞ ✐♥
t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦♥❧② t❤❡ ♠♦♠❡♥t Mx′ ✐s ♣r♦❞✉❝❡❞ ❜② t❤❡ ♣r❡ss✉r❡
❛❝t✐♥❣ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ♠♦♠❡♥ts My′ ❛♥❞ Mz′ ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡s✉❧t
❢r♦♠ t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡ ❛r❡❛✳
❚❤❡ ❡q✉❛t✐♦♥s t♦ ❝♦♠♣✉t❡ ❛❧❧ t❤❡ s✐① ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❧✐st❡❞ ❜❡❢♦r❡ ❤❛✈❡ ❜❡❡♥
❡①♣❧❛✐♥❡❞ ❛♥❞ t❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ✉s❡❞ ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❢♦r♠✉❧❛t❡❞✳
❚❤❡ ♥❡①t s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♦✲❝❛❧❧❡❞ ✐s♦❧❛t❡❞ ❛♥❞ ♥♦♥
✐s♦❧❛t❡❞ s❡❝t✐♦♥s✱ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ s♣❡❝✐❛❧
tr❡❛t♠❡♥t ♦❢ t❤❡ ✐s♦❧❛t❡❞ s❡❝t✐♦♥ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡② ❜❡❤❛✈❡ ✐♥ ❛ ❝♦♠♣❧❡t❡❧②
❞✐✛❡r❡♥t ✇❛② ❢r♦♠ t❤❡ ♥♦♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥s✳
✻✽ ❙❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s
✸✳✷✳✷ ■s♦❧❛t❡❞ ❛♥❞ ♥♦♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥s
❆s ♣r❡✈✐♦✉s❧② ❡①♣❧❛✐♥❡❞✱ ❛♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥ ✐s ❛ s❡❝t✐♦♥ t❤❛t ✐s ♣r♦t❡❝t❡❞ ✇✐t❤ ❛ ✇❛t❡r✲
♣r♦♦❢ ♠❛t❡r✐❛❧ t♦ ❜❧♦❝❦ t❤❡ ❡♥tr❛♥❝❡ ♦❢ t❤❡ ✢✉✐❞ ✐♥s✐❞❡ t❤❡ ❜❡❛♠✳ ❚❤❡② ❛r❡ ❛❧✇❛②s ❧♦❝❛t❡❞
❛t t❤❡ ❡♥❞s ♦❢ t❤❡ ❜❡❛♠✳
❚❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡s❡ s❡❝t✐♦♥s ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♥♦♥ ✐s♦❧❛t❡❞ ♦♥❡s✳ ❈♦♥s✐❞❡r
✜❣✉r❡ ✸✳✶✺✱ ✇❤❡r❡ ❛♥ ✐s♦❧❛t❡❞ ❛♥❞ ♥♦♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥ ✐s ❞❡♣✐❝t❡❞✳
• ■s♦❧❛t❡❞ s❡❝t✐♦♥✿ ❚❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❝ts ♦♥ t❤❡ str✉❝t✉r❛❧ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥✱
t❤❡ ❛r❡❛ ♦❢ t❤❡ ❤♦❧❡s ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥✳
• ◆♦♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥✿ ❚❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❝ts ♦♥ t❤❡ str✉❝t✉r❛❧ ❛r❡❛ ♦❢ t❤❡
s❡❝t✐♦♥✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦❧❡s ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥✳
✭❛✮ Pr❡ss✉r❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦❧❡s ✐♥ ❛♥ ✉♥❝♦✈❡r❡❞ s❡❝t✐♦♥
✭❜✮ Pr❡ss✉r❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❤♦❧❡s ✐♥ ❛ ❝♦✈❡r❡❞ s❡❝t✐♦♥
❋✐❣✉r❡ ✸✳✶✺✿ ❍②❞r♦st❛t✐❝ ❧♦❛❞ ❛❝t✐♥❣ ♦♥ ❛ ❝♦✈❡r❡❞ ❛♥❞ ✉♥❝♦✈❡r❡❞ s❡❝t✐♦♥
❈♦♥s✐❞❡r ✜rst ❛♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥✳ ❚❤❡ ♣r❡ss✉r❡ ✇✐❧❧ ❛❝t ❛❧s♦ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❡❛❝❤
❤♦❧❡ ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ❜② ✉s✐♥❣ ❡q✉❛t✐♦♥s ✸✳✽ ❛♥❞ ✸✳✾✳
✸✳✷ ❋❧✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✻✾
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✇✐t❤✐♥ t❤❡ ❛r❡❛ ♦❢ t❤❡
❤♦❧❡s ❢♦r t❤❡ ✐s♦❧❛t❡❞ s❡❝t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥❝❧✉❞✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤❡ ✹✲♥♦❞❡s ❡❧❡♠❡♥ts ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✸✳✷✸ ❛♥❞ ✸✳✷✹✳
❚❤❡ r❡❛❞❡r ♠❛② ✜♥❞ s♦♠❡ ❡①❛♠♣❧❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ s❡❝t✐♦♥ ✐♥
❝♦♥t❛❝t ✇✐t❤ ✢✉✐❞ ✐♥ t❤❡ ❛♥♥❡① ❉✳

4 ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉
❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ❢❧♦❛t✐♥❣ str✉❝t✉r❡s
■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ❞❡✈❡❧♦♣❡❞ ✐s ♣r❡s❡♥t❡❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ✷❉ ♠♦❞❡❧✳
❋✐rst✱ t❤❡ ♠♦❞✐✜❡❞ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❜❡❛♠ ♠♦❞❡❧ ✐s ♣r❡s❡♥t❡❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡✲
❞✉r❡ ♣r❡✈✐♦✉s❧② ❞❡✈❡❧♦♣❡❞ ✐♥ ❛♥♥❡① ❇✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❛t t❤❡ s❡❝t✐♦♥❛❧
❧❡✈❡❧ ❛♥❞ ❞❡r✐✈✐♥❣ ❝♦♥s❡q✉❡♥t❧② t❤❡ str❛✐♥ ✜❡❧❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ str❡ss ✜❡❧❞ ❡♥❡r❣❡t✐❝❛❧❧②
❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s ✇✐❧❧ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❛ ♥❡✇ ❝♦♥tr✐❜✉t✐♦♥ ✇✐❧❧ ❜❡
✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ❢♦r t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ t❤✐s ♥❡✇ ❝♦♥tr✐❜✉t✐♦♥✱ t❤❛t ✇✐❧❧ ❧❡❛❞ t♦ ❛ ♥❡✇ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥ ❛♥❞ str❡ss ✇✐❧❧ ❜❡
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜✉♦②❛♥❝② ♣❤❡♥♦♠❡♥❛✳ ❋✐♥❛❧❧②✱ t❤❡ ♥❡✇ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇✐❧❧
❜❡ ❞❡r✐✈❡❞ ❛♥❞ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐❧❧ ❜❡ ✐♥tr♦❞✉❝❡❞ ❝♦♥s✐❞❡r✐♥❣
❛ s✐♠♣❧✐✜❡❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ✇✐t❤ s❤❛♣❡ ❢✉♥❝t✐♦♥s ♣r♦♣❡r❧② ❞❡✜♥❡❞✳
❚❤❡ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞✱ ❛s ✐t ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞✱ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❲✐♥❦❧❡r
♠♦❞❡❧✱ ✇❤✐❝❤✱ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ s♦✐❧✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥✱ ❝♦♥s✐❞❡rs ❛ r❡❛❝t✐♦♥ ✐♥ t❤❡ s♦✐❧
♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❜❡❛♠✳ ■♥ ♦✉r ❛♣♣r♦❛❝❤✱ s✉❝❤ ♣r♦♣❡rt② ✐s ❛❞❛♣t❡❞ t♦
s✐♠✉❧❛t❡ t❤❡ ❜✉♦②❛♥❝② ❡✛❡❝ts ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ t❤❡ ❜❡❛♠✳ ❙✉❜s❡q✉❡♥t❧②✱
t❤❡ t❤❡♦r② ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ✐s ♣r❡s❡♥t❡❞ ❡①♣❧❛✐♥✐♥❣ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ✈❡rt✐❝❛❧
❜✉♦②❛♥❝② st✐✛♥❡ss✳ ❆s ✐t ✇✐❧❧ ❜❡ s❡❡♥✱ ❛❧t❤♦✉❣❤t t❤❡ ♠♦❞❡❧ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❲✐♥❦❧❡r
♠♦❞❡❧✱ s♦♠❡ ✐♠♣r♦✈❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ ♣r♦♣❡r❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t②
✐♥❤❡r❡♥t ✐♥ t❤❡ ❜✉♦②❛♥❝② ♣r♦❜❧❡♠s✳ ■♥❞❡❡❞✱ ❛t ❡❛❝❤ ❞❡♣t❤ ♦❢ t❤❡ ❜❡❛♠ ❝♦rr❡s♣♦♥❞s ❛ ❞✐❢✲
❢❡r❡♥t ❜✉♦②❛♥❝② ❧♦❛❞ t❤❛t ♠✉st ❜❡ ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ t♦ ♦❜t❛✐♥
t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss✱ s✐♥❝❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡ ♦❢
t❤❡ s❡❝t✐♦♥ ✭s❡❡ ❝❤❛♣t❡r ✸✮✳
▲❛t❡r✱ t❤❡ ❝❛❜❧❡ str✉❝t✉r❡s ✇✐❧❧ ❜❡ tr❡❛t❡❞✳
❚❤❡ ❧❛st ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts✳ ❋❧♦❛t✐♥❣ str✉❝t✉r❡s
❝♦♠♣♦s❡❞ ❜② ❜❡❛♠s ❛♥❞ ❛♥❝❤♦r❛❣❡ s②st❡♠s ♠❛❞❡ ✇✐t❤ ❝❛❜❧❡s ❤❛✈❡ s♦♠❡ ♣❡❝✉❧✐❛r✐t✐❡s✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤❡ ✈❡rt✐❝❛❧ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡ ✐s ❡♥t✐r❡❧② ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢♦❛t✐♥❣ ❝❛✲
♣❛❝✐t② ♦❢ t❤❡ ❜❡❛♠ str✉❝t✉r❡ ❛♥❞✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st✐✛♥❡ss ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡
✭♣❧❛♥❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢r❡❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✢✉✐❞✮ ✐s ♣r♦❞✉❝❡❞ ❜② t❤❡ ❛♥❝❤♦r❛❣❡ s②st❡♠✳ ■t
✼✷ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ✈❡rt✐❝❛❧ st✐✛♥❡ss ❝♦♠♣❧❡t❡❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✇❛② t❤❡ ❜❡❛♠ ♠❛❦❡s
❝♦♥t❛❝t ✇✐t❤ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ ❤♦r✐③♦♥t❛❧ st✐✛♥❡ss ❞❡♣❡♥❞s ♦♥ t❤❡ t❡♥s✐♦♥ ✐♥ t❤❡ ❝❛❜❧❡s✱
♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ❝❛♥ ❛r✐s❡✳ ❚❤❡r❡❢♦r❡✱ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳
❋✐♥❛❧❧②✱ t❤❡ ❧❛st ♣❛rt ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❜❡♥❝❤♠❛r❦s ❛♥❞ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t
t❤❡ ♣r♦❣r❛♠ ❞❡✈❡❧♦♣❡❞ ❛❧❧♦✇ t♦ ❛♥❛❧②s❡✳ ❚❤❡ r❡❛❞❡r ♠❛② ✜♥❞ t❤♦s❡ ❜❡♥❝❤♠❛r❦s ❛♥❞
❛♣♣❧✐❝❛t✐♦♥s ✐♥❝❧✉❞❡❞ ✐♥ ❛♥♥❡① ❊✳
✹✳✶ ▼♦❞✐❢✐❡❞ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❲✐♥❦❧❡r ❜❡❛♠ ♠♦❞❡❧
❚❤❡ t❤❡♦r② ❜❡❤✐♥❞ t❤❡ ♥❡✇ ❢♦r♠✉❧❛t✐♦♥ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡ ♠♦❞❡❧ ✐s ❢♦r♠✉❧❛t❡❞ ✉♥❞❡r t❤❡
❤②♣♦t❤❡s✐s ♦❢ ♣❧❛♥❛r ❜❡❤❛✈✐♦✉r✱ s♠❛❧❧ r♦t❛t✐♦♥s ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❡❧❛st✐❝ ❧✐♥❡❛r ❜❡✲
❤❛✈✐♦✉r ♦❢ t❤❡ ♠❛t❡r✐❛❧s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ❢♦r t❤✐s ❦✐♥❞ ♦❢ str✉❝t✉r❡s ✭✢♦❛t✐♥❣
❜r✐❞❣❡s ❛♥❞ ❜r❡❛❦✇❛t❡rs ❡ss❡♥t✐❛❧❧②✮✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ s♠❛❧❧ ✈❡rt✐❝❛❧ ❞✐s✲
♣❧❛❝❡♠❡♥ts✭✶✮✳
❚♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❞❡✈❡❧♦♣❡❞✱ ❝♦♥s✐❞❡r ❡q✉❛t✐♦♥ ❇✳✾✾ ♦♥ s❡❝t✐♦♥ ❇✳✷✳✶✱ ✇❤❡r❡
t❤❡ ❝❧❛ss✐❝ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♠♦❞❡❧ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞
❣❡♥❡r❛❧✐③❡❞ str❛✐♥s✱ ❛ s♣r✐♥❣ t❤❛t ✐s ❛tt❛❝❤❡❞ t♦ t❤❡ ❜❡❛♠ ✐♥ t❤❡ ❜♦tt♦♠ ♣❛rt ❝❛♥ ❜❡
✐♥tr♦❞✉❝❡❞ ❛s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✹✳✶
❋✐❣✉r❡ ✹✳✶✿ ■♥❝❧✉s✐♦♥ ♦❢ ❜✉♦②❛♥❝② s♣r✐♥❣s ❛❧♦♥❣ t❤❡ ❜❡❛♠
❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ♦❢ t❤❡ ❝❧❛ss✐❝ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠ ❞♦❡s ♥♦t ❝❤❛♥❣❡✱ ✇❤✐❧❡ t❤❡
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ✇♦r❦ ♣❡r ✉♥✐t ❧❡♥❣t❤ ❝❤❛♥❣❡s✳ ❈♦♥s✐❞❡r✐♥❣ ❡q✉❛t✐♦♥ ❇✳✾✾✱ t❤❡
❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♥❡✇ ✐♥t❡r♥❛❧ ✇♦r❦ ♣❡r ✉♥✐t ❧❡♥❣t❤ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s
dLi
dx
= QTδq + δuTKs (x)u ✭✹✳✶✮
✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡s Q ❛♥❞ q ❛♥❞ u ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥s ❇✳✶✵✵✱ ❇✳✾✼ ❛♥❞ ❇✳✾✹ r❡s♣❡❝✲
t✐✈❡❧② ❛♥❞ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s Ks ❞❡✜♥❡❞ ❛s
✭✶✮❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ ❛ ❝❛r t❤❛t ♠♦✈❡s ❛❧♦♥❣ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡✳ ■t ✇✐❧❧ ♥♦t ❜❡ s✐t✉❛❜❧❡ t❤❛t t❤❡
❞❡❢♦r♠❛t✐♦♥ ❛♥❞ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❜r✐❞❣❡ ❡①❝❡❡❞ ❛ ❝❡rt❛✐♥ q✉❛♥t✐t② ❜❡❝❛✉s❡ ✐t ✇✐❧❧ ❜❡ ❞❛♥❣❡r♦✉s
❢♦r t❤❡ ♣❡♦♣❧❡ t❤❛t ✉s❡s ✐t✳
✹✳✶ ▼♦❞✐✜❡❞ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❲✐♥❦❧❡r ❜❡❛♠ ♠♦❞❡❧ ✼✸
Ks (x) =
[
Kx (x) 0
0 Kz (x)
]
✭✹✳✷✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①t❡r♥❛❧ ✇♦r❦ ♣❡r ✉♥✐t ❧❡♥❣t❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛♥❞ ❝❛♥ ❜❡
❡①♣r❡ss❡❞ ❛s
dLe
dx
= P T (x)u (x) ✭✹✳✸✮
✇✐t❤
P = [n p]T (x)
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♦❢ t❤✐s ♥❡✇ ❜❡❛♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥t❡❣r❛t✐♥❣ t❤❡ ✐♥t❡r♥❛❧
❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦s ♣❡r ✉♥✐t ❧❡♥❣t❤ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❛♥❞
❡①t❡r♥❛❧ ✇♦r❦s ❛r❡
Li =
∫ l
0
QTδq + δuTKs (x)u dx
=
[Nδu−Mδw′ +M ′δw]l0 +
∫ l
0
−N ′δu−M ′′δw + δuTKsu dx
✭✹✳✹✮
Le =
∫ l
0
P Tδu dx+ P Tc δuc ✭✹✳✺✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s Pc✱ uc ❛r❡ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✵✹✳ ❚❤r♦✉❣❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢
❜♦t❤ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s ♥❡✇ ❡❧❡♠❡♥t
♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
Li = Le →
{
N ′ + n = Kxu
−M ′′ + p = Kzw ;
N (0) = N0 N (l) +Nl = 0
M (0) = M0 M (l) +Ml = 0
✭✹✳✻✮
■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❞✐str✐❜✉t❡❞ ❛①✐❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s♣r✐♥❣s ❛❧♦♥❣
t❤❡ ❡❧❡♠❡♥t ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❜❡❛♠✱ ❛❧r❡❛❞② r❡♣♦rt❡❞ ✐♥
❡q✉❛t✐♦♥ ❇✳✶✵✺✳ ◆♦✇✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ❝❛♥
❜❡ ♠♦❞✐✜❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❜❡❛♠ ❛♥❞ t♦ ❡①♣r❡ss
t❤❡♠ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❜❡❛♠ r❡♣♦rt❡❞ ✐♥ ❇✳✶✵✻✿
EA
d2u
dx2
(x) + n (x) = Kx (x) u (x)
EI
d4w
dx4
(x) + p (x) = Kz (x)w (x)
✭✹✳✼✮
■t ♠✉st ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♣r❡✈✐♦✉s❧② ❞❡r✐✈❡❞ ❛r❡ ✈❛❧✐❞ ✉♥❞❡r
t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✱ s✐♥❝❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡
✐s ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t t❤✐s ♣r❡ss✉r❡
✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥✳ ❈♦♥s✐❞❡r✐♥❣ ✜❣✉r❡ ✹✳✷✱ ♦♥❡ ♠❛② r❡❛❧✐③❡ t❤❛t
✼✹ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ ✐♥ ❛♥ ❡❧❡♠❡♥t ✇✐t❤ ❝♦♥st❛♥t ♦r ✈❛r②✐♥❣ ❝r♦ss s❡❝t✐♦♥ ❛r❡
❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t✳ ■♥ t❤✐s t❤❡s✐s✱ ♦♥❧② t❤❡ ❡❧❡♠❡♥ts ✇✐t❤ ❝♦♥st❛♥t ❝r♦ss s❡❝t✐♦♥ ❤❛✈❡
❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
✭❛✮ ❚❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐s ♥♦t ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ✐❢ t❤❡ ❜❡❛♠ ❤❛s ❛
✈❛r②✐♥❣ ❝r♦ss s❡❝t✐♦♥
✭❜✮ ❚❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡
♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ✐❢ t❤❡ ❜❡❛♠ ❤❛s ❛ ❝♦♥st❛♥t
❝r♦ss s❡❝t✐♦♥
❋✐❣✉r❡ ✹✳✷✿ ❉✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❛♥ ❡❧❡♠❡♥t ✇✐t❤ ❝♦♥st❛♥t ❛♥❞ ✈❛r②✐♥❣ ❝r♦ss s❡❝t✐♦♥ ✐♥
❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞
✹✳✷ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠♦❞❡❧
❖♥❝❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♥❡✇ str✉❝t✉r❛❧ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞✱ ❧❡t ✉s
❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧✳ ❈♦♥s✐❞❡r t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡
t❤❡ ❜❡❛♠ ✐s ✐♥t❡r♣♦❧❛t❡❞ ✉s✐♥❣ t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❈✉❜✐❝ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥
✉s❡❞ s✐♥❝❡ t❤❡r❡ ✐s ♥♦ ❡①❛❝t s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥s ✹✳✼ ✭❚❤❡ ❢✉♥❝t✐♦♥s Kx (x) ❛♥❞ Kz (x)
❛r❡ ❝♦♠♣❧❡t❡❧② ❛r❜✐tr❛r②✮✳
u (x) =
[
u (x) = U1N1 (x) + U4N4 (x)
w (x) = U2N2 (x) + U3N3 (x) + U5N5 (x) + U6N6 (x)
]
=N (x)U ✭✹✳✽✮
N (x) =
[
N1 0 0 N4 0 0
0 N2 N3 0 N5 N6
]
N1 = 1− x
l
; N4 =
x
l
N2 = 1− 3
(x
l
)2
+ 2
(x
l
)3
; N5 = 3
(x
l
)2
− 2
(x
l
)3
N3 = l
[
x
l
− 2
(x
l
)2
+
(x
l
)3]
; N6 = l
[
−
(x
l
)2
+
(x
l
)3] ✭✹✳✾✮
✹✳✷ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠♦❞❡❧ ✼✺
U = [U1 · · · U6]T ✭✹✳✶✵✮
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ♦❢ ❝❤❛♣t❡r ❈✱ t❤❡ str❛✐♥s ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ♠❛② ❜❡
❞❡r✐✈❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r C ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✾✽✳
q = C ⊗ u (x) = C ⊗N (x)U = B (x)U ✭✹✳✶✶✮
✇✐t❤ B ❞❡✜♥❡❞ ❛s
B (x) =
[
N ′1 0 0 N
′
4 0 0
0 N ′′2 N
′′
3 0 N
′′
5 N
′′
6
]
✭✹✳✶✷✮
❚❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝✉❜✐❝ ❛♥❞ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞②
r❡♣♦rt❡❞ ✐♥ ❡q✉❛t✐♦♥s ❇✳✶✶✶ ❛♥❞ ❇✳✶✶✷✳
❚❤❡ ✐♥t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ♣r❡✈✐✲
♦✉s❧② ❞❡✜♥❡❞✳
Li =
∫ l
0
QTq + uTKsu dx = δU
T (KE +KN )U ✭✹✳✶✸✮
✇❤❡r❡ t❤❡ ✜rst ♠❛tr✐① KE ✐s t❤❡ ❛❧r❡❛❞② ❞❡✜♥❡❞ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ st✐✛♥❡ss ♠❛tr✐① ❛♥❞
✐ts ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✶✹✳
❚❤❡ s❡❝♦♥❞ st✐✛♥❡ss ♠❛tr✐① KN ❝♦♠❡s ❢r♦♠ t❤❡ ❜✉♦②❛♥❝② ❛❝t✐♦♥ ♣r♦❞✉❝❡❞ ❜② t❤❡
✢✉✐❞✳ ■t ♠✐❣❤t ❜❡ ♥♦t✐❝❡❞ t❤❛t ❜♦t❤ ❝♦♥tr✐❜✉t✐♦♥ ❛r❡ ✐♥❞❡♣❡♥❞❛♥t ❞✉❡ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
❢♦r♠✉❧❛t✐♦♥ ✉s❡❞✳
KE =
∫ l
0
BTDB dx ✭✹✳✶✹✮
KN =
∫ l
0
NTKsNdx ✭✹✳✶✺✮
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡①t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❞♦♥❡ ❜❡❢♦r❡ ✭❡q✉❛t✐♦♥ ❇✳✶✶✺✮✳
Le =
∫ l
0
P Tudx = fTU ✭✹✳✶✻✮
f =
∫ l
0
NTP dx ✭✹✳✶✼✮
❋✐♥❛❧❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ✐♥ ♠❛tr✐① ❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ❢♦❧❧♦✇s✳
KU = (KE +KN )U = f ✭✹✳✶✽✮
❖♥❝❡ t❤❡ t♦t❛❧✭✷✮ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠ ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥✱ t❤❡ ❡q✉✐✈✲
❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ♦❢ t❤❡ ♥❡✇ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❛② ❜❡ ❝♦♠♣✉t❡❞✳ ▲❡t ✉s ❝♦♥s✐❞❡r
✜❣✉r❡ ✹✳✸✱ ✇❤❡r❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❤❛s ❜❡❡♥ ❞❡♣✐❝t❡❞✳
✭✷✮❍❡r❡✱ t❤❡ ✇♦r❞ t♦t❛❧ ✐s ✉s❡❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ✐♥
t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛tr✐① ❞❡r✐✈❡❞
✐s t❤❡ t♦t❛❧ st✐✛♥❡ss ♠❛tr✐① r❡❢❡r❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳
✼✻ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❋✐❣✉r❡ ✹✳✸✿ ❇❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ✇✐t❤ ❛①✐❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s♣r✐♥❣s ✉♥❞❡r ❡①t❡r♥❛❧ ❛♥❞ ❡q✉✐✈✲
❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s
❚❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ✐♥ t❤❡ ❡❧❡♠❡♥t ♠❛② ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ✈❡❝t♦r ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♠♣♦♥❡♥ts✳
f =
[
N1 T1 M1 N2 T2 M2
]T
✭✹✳✶✾✮
❚❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ❣r♦✉♣s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❝♦♥tr✐✲
❜✉t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s p(x) ❛♥❞ n(x) ✭fe✮ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢
t❤❡ ♣r❡str❡ss✐♥❣ ❛❝t✐♦♥ ✭fp✮✳
f = fe + fp ✭✹✳✷✵✮
❋r♦♠ t❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡r ❈✱ ♦♥❡ ♠❛② ♦❜t❛✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❢♦r❝❡s
❞✉❡ t♦ ❡①t❡r♥❛❧ ❧♦❛❞s p(x) ❛♥❞ n(x) ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✇♦r❦ ❞♦♥❡ ❜②
t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ❛♥❞ t❤❡ ♦♥❡ ❞♦♥❡ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❢♦r❝❡s ✉♥❞❡r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
✜❡❧❞ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✹✳✽✳
fe =
∫ l
0
P T (x)N (x) dx ✭✹✳✷✶✮
■♥ t❤❡ ♣r♦❣r❛♠✱ p(x) ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❧✐♥❡❛r ❧♦❛❞ ❛♥❞ n(x) ❛s ❛ ❝♦♥st❛♥t ❧♦❛❞ ✭s❡❡
✜❣✉r❡ ✹✳✹✮✳ ❚❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤✐s ❤②♣♦t❤❡s✐s✱ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ♠❛② ❜❡ ✇r✐tt❡♥ ❛s
P =
[
n (x)
p (x)
]
=
[
nl (x) + nsw (x)
pl (x) + psw (x)
]
✭✹✳✷✷✮
nl (x) = px; nsw (x) = −γA sin (α) ✭✹✳✷✸✮
pl (x) = pz1 +
pz2 − pz1
l
x; psw (x) = −γA cos (α) ✭✹✳✷✹✮
✇✐t❤ nl (x)✱ nsw (x) ❛♥❞ pl (x) ❛r❡ t❤❡ ❛①✐❛❧ ❛♥❞ ❜❡♥❞✐♥❣ ❧♦❛❞s ♣r♦❞✉❝❡❞ ❜② t❤❡ ❡①t❡r♥❛❧
❧♦❛❞s✱ ✇❤✐❧❡ psw (x) ✐s t❤❡ s❡❧❢✇❡✐❣❤t ♦❢ t❤❡ ❜❡❛♠✳
❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ✈❡❝t♦r P ❤❛s ❜♦t❤ ❧✐♥❡❛r ❝♦♠♣♦♥❡♥ts✱ ❛ ●❛✉ss ✐♥t❡❣r❛t✐♦♥ ❝❛♥
❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❢♦r❝❡s✳
✹✳✷ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠♦❞❡❧ ✼✼
❋✐❣✉r❡ ✹✳✹✿ ❇❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ✇✐t❤ ❛①✐❛❧ ❛♥❞ ❜❡♥❞✐♥❣ s♣r✐♥❣s ✉♥❞❡r ❡①t❡r♥❛❧ ❛♥❞ ❡q✉✐✈✲
❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s
fe =
∫ l
0
P T (x)N (x) dx =
∫ 1
−1
P T (η)N (η)︸ ︷︷ ︸
Ff
dη =
l
2
NG∑
i=1
wiFf (ηi) ✭✹✳✷✺✮
❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ✈❡❝t♦r P ❤❛s ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ♠❛tr✐① N ❤❛s ❝✉❜✐❝ ❢✉♥❝✲
t✐♦♥s✱ t❤❡ ♣r♦❞✉❝t ✇✐❧❧ ♣r♦❞✉❝❡ ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ ❢♦✉r✳ ❚❤❡s❡ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❡①❛❝t❧②
✐♥t❡❣r❛t❡❞ ✉s✐♥❣ ❛ ✸✲♣♦✐♥ts ●❛✉ss s❝❤❡♠❡✳
❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r❡str❡ss✐♥❣ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❝♦♥s✐❞❡r✐♥❣ ♣❛r❛❜♦❧✐❝ ❝❛❜❧❡s
✐♥s✐❞❡ ❡❛❝❤ ❜❡❛♠ ❡❧❡♠❡♥t ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✺✳
❋✐❣✉r❡ ✹✳✺✿ ❇❡❛♠ ✇✐t❤ ❛ ♣❛r❛❜♦❧✐❝ ♣r❡str❡ss✐♥❣ ❝❛❜❧❡
e (x′) = a+ bx+ cx2
e(0) = e1
e(l/2) = em
e(l) = e2
→ e (x) = e1 +
4em − e2 − 3e1
l
x+ 2
e1 + e2 − 2em
l2
x2 ✭✹✳✷✻✮
■t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ✐♥ ♣❛r❛❜♦❧✐❝ ❝❛❜❧❡s t❤❡ ❝✉r✈❛t✉r❡ ✐s ❝♦♥st❛♥t ✇✐t❤ ❛ ✈❛❧✉❡ ❡q✉❛❧
t♦
✼✽ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
χ = 4
e1 + e2 − 2em
l2
=
8f
l2
✭✹✳✷✼✮
❈♦♥s✐❞❡r✐♥❣ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♣❛rt ♦❢ t❤❡ ❝❛❜❧❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✻ ❛♥❞ ✐♠♣♦s✐♥❣ t❤❡
❡q✉✐❧✐❜r✐✉♠ t❤❡ ❧♦❛❞ ♣r♦❞✉❝❡❞ ❜② t❤❡ ❜❡❛♠ t♦ t❤❡ ❝❛❜❧❡ ♠❛② ❜❡ ❢♦✉♥❞✳
❋✐❣✉r❡ ✹✳✻✿ ■♥✜♥✐t❡s✐♠❛❧ ♣❛rt ♦❢ ❛ ❝❛❜❧❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠
❉✉❡ t♦ t❤❡ ♣r❡t❡♥s✐♦♥✱ t❤❡ ❝❛❜❧❡ ✇✐❧❧ ♣r♦❞✉❝❡ ❛ ❝♦♥st❛♥t ❧♦❛❞ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
❛s
prχ = 2
(
P sin
χ
2
)
→ p = χP ✭✹✳✷✽✮
❈♦♥s✐❞❡r✐♥❣ ❡q✉❛t✐♦♥ ✹✳✷✼✱ t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❝♦♥st❛♥t ❧♦❛❞ ❞✐str✐❜✉t❡❞ ❛❧♦♥❞
t❤❡ ❡❧❡♠❡♥t ♠❛② ❜❡ ✇r✐tt❡♥✳
p =
8f
l2
P ✭✹✳✷✾✮
❖♥❝❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❝♦♥st❛♥t ❧♦❛❞ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t ✐s ❝♦♠♣✉t❡❞✱ t❤❡ s②st❡♠ ❞❡♣✐❝t❡❞
✐♥ ✜❣✉r❡ ✹✳✺ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ s✉♠ ♦❢ t✇♦ s②st❡♠s r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
✜❣✉r❡✳
✭❛✮ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♥st❛♥t ❧♦❛❞
✭❜✮ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r❡str❡ss✐♥❣ ❛t t❤❡ ❡❞❣❡s
❋✐❣✉r❡ ✹✳✼✿ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r❡str❡ss❡❞ ❜❡❛♠ ✐♥ t✇♦ ❡q✉✐✈❛❧❡♥t s②st❡♠s
✇✐t❤
Np1 = P cos θ1 Tp1 = P sin θ1 Mp1 = −P cos θ1e1
Np2 = −P cos θ2 Tp2 = −P sin θ2 Mp2 = P cos θ2e2 ✭✹✳✸✵✮
❚❤❡ t✇♦ ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❢♦r❝❡s ✈❡❝t♦r ❞✉❡ t♦ ♣r❡str❡ss✐♥❣ ❛r❡
✹✳✸ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ st✐✛♥❡ss ❝♦❡✣❝✐❡♥t ✼✾
fp = fp1 + fp2 ✭✹✳✸✶✮
fp1 =
[
0
pl
2
pl2
12
0
pl
2
−pl
2
12
]T
✭✹✳✸✷✮
fp2 =
[
P Pθ1 −Pe1 −P −Pθ2 Pe2
]T
✭✹✳✸✸✮
✇❤❡r❡ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ s♠❛❧❧ ❛♥❣❧❡s ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❛♥❣❧❡s θ1 ❛♥❞ θ2 ♠✉st
❜❡ ❝♦♠♣✉t❡❞ ❡✈❛❧✉❛t✐♥❣ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♣❛r❛❜♦❧❛ ♦♥ ❡✈❡r② ❡❞❣❡ ♦❢ t❤❡ ❜❡❛♠
✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✳
θ1 = e
′ (0) = 4em − e2 − 3e1 θ2 = e′ (l) = θ1 + 8f
l
✭✹✳✸✹✮
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ❤❛✈❡ ❜❡❡♥ ❞❡r✐✈❡❞ ❛♥❞ t❤❡ st✐✛♥❡ss
♠❛tr✐① ❛♥❞ t❤❡ ✈❡❝t♦r ♦❢ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢♦r ❡①t❡r♥❛❧ ❧♦❛❞s
❛♥❞ ♣r❡str❡ss✐♥❣ ❝❛❜❧❡s✳
❚❤❡ ♥❡✇ ♠♦❞❡❧ r❡q✉✐r❡s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t✇♦ ❢✉♥❝t✐♦♥s t❤❛t ❝♦♠♣♦s❡ t❤❡ ♠❛tr✐① ❞❡✲
✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✹✳✷✳ ❚❤✐s ♠❛tr✐① r❡♣r❡s❡♥ts t❤❡ ❜✉♦②❛♥❝② ❡✛❡❝t ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞
s✉rr♦✉♥❞✐♥❣ t❤❡ ❜❡❛♠ ❛♥❞ ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❧❛t✐✈❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢
t❤❡ ❜❡❛♠ ✇✐t❤ r❡s♣❡❝t t❤❡ ✢✉✐❞✬s ❢r❡❡ s✉r❢❛❝❡✳
✹✳✸ ❉❡❢✐♥✐t✐♦♥ ♦❢ t❤❡ st✐❢❢♥❡ss ❝♦❡❢❢✐❝✐❡♥t
❈♦♥s✐❞❡r ✜❣✉r❡ ✹✳✽✱ ✇❤❡r❡ ❛ ❜❡❛♠ ❡❧❡♠❡♥t ✉♥❞❡r ❛ ✢✉✐❞ ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ❜✉♦②❛♥❝② ❛❝t✐♦♥
♦♥ t❤❡ ❜❡❛♠ ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ ❛❝t✐♦♥s t❤❛t t❤❡ ✢✉✐❞ ♣r♦❞✉❝❡s ♦♥ ❡❛❝❤ s❡❝t✐♦♥
❛❧♦♥❣ t❤❡ ❜❡❛♠ ❛①✐s✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ❣❡♥❡r✐❝ s❡❝t✐♦♥ s✐t✉❛t❡❞ ❛t t❤❡ ❝♦♦r❞✐♥❛t❡ x′ ♦❢ t❤❡
❧♦❝❛❧ ❛①✐s ♦❢ t❤❡ ❜❡❛♠✱ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ❣♦✈❡r♥ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡
s❡❝t✐♦♥ ❛r❡ v (x′) ❛♥❞ θ (x′)✳ ❚❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡
♦❢ t❤❡ ❡❧❡♠❡♥t x′ ❛♥❞ ❛r❡ ❞✐r❡❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ♥♦❞❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡✐r
❞✐s♣❧❛❝❡♠❡♥ts✳
❋r♦♠ t❤✐s ✜❣✉r❡✱ t❤❡ ❣❧♦❜❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❡❛❝❤ s❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❧♦❝❛❧ ❛①✐s ♦❢ t❤❡
❡❧❡♠❡♥t ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♣❧✉s ✐ts ❞✐s♣❧❛❝❡♠❡♥t ✭❝♦♠✲
♣✉t❡❞ ❛s ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ❜❡❛♠ ✉s✐♥❣ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ r♦t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t ❛ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡
s❛♠❡ ✇❛② ❜✉t ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s✳
✽✵ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❋✐❣✉r❡ ✹✳✽✿ ▼♦❞❡❧ ❢♦r t❤❡ ✢✉✐❞✲str✉❝t✉r❡ st❛t✐❝ ✐♥t❡r❛❝t✐♦♥ ✐♥ t❤❡ ❜❡❛♠ ♠♦❞❡❧✳
❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r✐❝ s❡❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿
v (x′) = v1 + tx
′ + u (x′) ✭✹✳✸✺✮
✇❤❡r❡ v1 ✐s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛✲
t✐♦♥✱ t ✐s t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ u (x′) ✐s
t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ s❡❝t✐♦♥ ❞✉❡ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✹✳✽✱
t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ s❡❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞
t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡ x′ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡✳
u (x′) =N (x′)U ✭✹✳✸✻✮
✇❤❡r❡ U ✐s ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✹✳✶✵✳
❚❤❡ ❛♥❣❧❡ θ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ s✉♠ ♦❢ t✇♦ ❝♦♥tr✐✲
❜✉t✐♦♥s✳
θ = α +∆θ ✭✹✳✸✼✮
❚❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥✱ α✱ ✐s t❤❡ ❛♥❣❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s t❤❛t t❤❡ ❜❡❛♠
❡❧❡♠❡♥t ❤❛s ✐♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ∆θ ✐s t❤❡ r♦t❛t✐♦♥ t❤❛t t❤❡ s❡❝t✐♦♥ ❤❛s
s♦✛❡r❡❞ ❞✉❡ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ r♦t❛t✐♦♥ ✐s t❤❡ ❞❡r✐✈❛t✐✈❡
♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts w (x′) ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠✱ t❤❡ r♦t❛t✐♦♥ ♠❛② ❜❡ ❡①♣r❡ss❡❞
❛s
∆θ (x′) = U2
dN2
dx′
(x′) + U3
dN3
dx′
(x′) + U5
dN5
dx′
(x′) + U6
dN6
dx′
(x′) ✭✹✳✸✽✮
✇❤❡r❡ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ✉s❡❞ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ✹✳✾✳
❚❤❡ ♠♦❞❡❧ ♦❢ t❤❡ s♣r✐♥❣ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ r♦t❛t✐♦♥
♦❢ t❤❡ s❡❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳ ❈♦♥s✐❞❡r ✜❣✉r❡ ✹✳✾ ✇❤❡r❡ t❤❡
s❡❝t✐♦♥ ❛t ❝♦♦r❞✐♥❛t❡ x′ ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞✳ ■♥ t❤✐s s❦❡t❝❤✱ t❤❡ ✐♠♣♦rt❛♥t ✈❛r✐❛❜❧❡s v ❛♥❞
θ ❛r❡ ❤✐❣❤❧✐❣❤t❡❞ ❛♥❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞
t♦ ♦❜t❛✐♥ t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ F ✳ ❖♥❝❡ t❤❡ ❢♦r❝❡ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ st✐✛♥❡ss ✐♥ t❤❡
✹✳✸ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ st✐✛♥❡ss ❝♦❡✣❝✐❡♥t ✽✶
♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ♠❛② ❜❡ ❡✈❛❧✉❛t❡❞ ❞✐✈✐❞✐♥❣ t❤✐s ❢♦r❝❡ ❜② t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❧♦✇❡st ♣♦✐♥t
♦❢ t❤❡ s❡❝t✐♦♥ ❛s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✾✳
K =
F
h
✭✹✳✸✾✮
❋✐❣✉r❡ ✹✳✾✿ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t st✐✛♥❡ss ✐♥ t❤❡ ✷❉ ❜❡❛♠ ♠♦❞❡❧✳
❚❤❡ ❧❛st st❡♣ ✐s t♦ tr❛♥s❢♦r♠ t❤❡ st✐✛♥❡ss ❢r♦♠ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥t♦ t❤❡ ❧♦❝❛❧
r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❜❡❛♠ ✐♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛s ❢♦❧❧♦✇✿
Kz′ = K cos∆θ
Kx′ = K sin∆θ
✭✹✳✹✵✮
❚❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❧♦✇❡st ♣♦✐♥t ♠✐❣❤t ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ δ ✭t❤❛t ✐s
❛♥ ✐♥tr✐♥s✐❝ ❣❡♦♠❡tr✐❝ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ s❡❝t✐♦♥✮✱ t❤❡ ❛♥❣❧❡ ♦❢ r♦t❛t✐♦♥ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥tr♦✐❞✳
h (v, θ) = Zf − vz + δ cos θ ✭✹✳✹✶✮
❖♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ s❡❝t✐♦♥ ❛s t❤❡ ♣♦✐♥t ❢r♦♠
✇❤✐❝❤ t♦ ❝♦♠♣✉t❡ t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss ✐s ♥♦t ❛♣♣r♦♣✐❛t❡✳ ■♥❞❡❡❞✱ t❤❡ ✜rst ❝❤♦✐❝❡ ✇❛s
t♦ ❡①♣r❡ss t❤❡ st✐✛♥❡ss ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ s❡❝t✐♦♥
✭✇❤✐❝❤ ❝♦rr❡s♣♦♥ts t♦ t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐♥ t❤❡ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧✮✳
❚❤✐s ❝❤♦✐❝❡ s❡❡♠s✱ ❛ ♣r✐♦r✐✱ ❛ ❜❡tt❡r ❛♣♣r♦❛❝❤ ❜✉t ✐t ✐♥✈♦❧✈❡s s♦♠❡ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s✳
❈♦♥s✐❞❡r ✜❣✉r❡ ✹✳✶✵✱ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ ❤②❞r♦st❛t✐❝ ❧♦❛❞ ✭R✮ ✐s ♣❧♦tt❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ❝❡♥tr♦✐❞ ✭vG✮ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❧♦✇❡st ♣♦✐♥t ♦❢ t❤❡ s❡❝t✐♦♥
✭h✮✳
✽✷ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✭❛✮ ❘❡❛❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❛❣❛✐♥st t❤❡ ❞✐s♣❧❛❝❡✲
♠❡♥t ♦❢ t❤❡ ❝❡♥tr♦✐❞✳
✭❜✮ ❘❡❛❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❛❣❛✐♥st t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡
✇❛t❡r ✇✐t❤ r❡s♣❡❝t t❤❡ ❜♦tt♦♠ ♣♦✐♥t ♦❢ t❤❡ s❡❝t✐♦♥✳
❋✐❣✉r❡ ✹✳✶✵✿ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✇❛②s t♦ ❞❡✜♥❡ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ❛❣❛✐♥st
t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ s❡❝t✐♦♥✳
■t ✐s ♣♦ss✐❜❧❡ t♦ s❡❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss ✐♥ t❡r♠s ♦❢ vG ♣r❡s❡♥ts
❛ s✐♥❣✉❧❛r✐t② ✇❤❡♥ t❤❡ ❝❡♥tr♦✐❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✢✉✐❞✬s ❢r❡❡ s✉r❢❛❝❡ ✭✇❤❡♥ vG = 0✮✳
■♥❞❡❡❞✱ ❛t t❤✐s ♣♦✐♥t✱ t❤❡ r❡❛❝t✐♦♥ ❞✉❡ t♦ t❤❡ ✢✉✐❞ ✐s ❧❛r❣❡r t❤❛♥ ③❡r♦ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧
❞✐s♣❧❛❝❡♠❡♥t ✐s ♥✉❧❧✳ ❚❤✐s s✐t✉❛t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ❝r✐t✐❝❛❧ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛❧❣♦✲
r✐t❤♠ ✇❤❡r❡ t❤❡ s❡❝t✐♦♥s ✇✐t❤ t❤❡✐r ❝❡♥tr♦✐❞ ♥❡❛r t♦ t❤❡ ❢r❡❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✢✉✐❞ ❤❛❞ ❧❛r❣❡
st✐✛♥❡ss❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ st✐✛♥❡ss ♠❛tr✐① ✐s ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣✳
❚❤✐s ♣r♦❜❧❡♠ ✐s✱ ✐♥ ♣❛rt✱ r❡❧❛t❡❞ t♦ t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r
❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳ ■♥❞❡❡❞✱ t❤❡ ♠❡t❤♦❞ ❛❞♦♣ts ❛ st✐✛♥❡ss s❝❤❡♠❡ ✇❤❡r❡ t❤❡ ❣❧♦❜❛❧
st✐✛♥❡ss ♠❛tr✐①✱ r❡❢❡r❡❞ t♦ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✱ ✐s ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥
❛♥❞ t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss ✐s ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✳ ❚❤✐s ♣r♦❜❧❡♠s ❝♦✉❧❞ ❜❡ ❛✈♦✐❞
✐❢ ❛ t❛♥❣❡♥t ❛♣♣r♦❛❝❤ ✇❡r❡ ✉s❡❞✳
❚♦ ❛✈♦✐❞ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥s ✐♥ t❤❡ ✷❉ ♠♦❞❡❧
❤❛✈❡ ❜❡❡♥ ❡①♣r❡s❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❜♦tt♦♠ ♣♦✐♥t ♦❢ t❤❡ s❡❝✲
t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s t♦ ❤❛✈❡ t❤❡ s✐t✉❛t✐♦♥ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✶✵✳❜✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ❛r❡ ♥♦
s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❢♦r ❡❛❝❤ ♣♦✐♥t t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤♦✉t ♣r♦❜❧❡♠s✳
❚❤❡ t❤❡♦r② ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ ❜❡❛♠ str✉❝t✉r❡s
❤❛s ❜❡❡♥ r❡♣♦rt❡❞✳ ❯s✉❛❧❧②✱ t❤✐s ❦✐♥❞ ♦❢ str✉❝t✉r❡s ❛r❡ ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛❜❡❞ ✉s✐♥❣ ❝❛❜❧❡
s②st❡♠s✳ ❚❤❡r❡❢♦r❡✱ ❛ ❜r✐❡❢ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧s ❛♥❞ ❛❧❣♦r✐t❤♠s ✉s❡❞ t♦ st✉❞② ❝❛❜❧❡
str✉❝t✉r❡s ✐♥ t❤❡ ✷❉ ♠♦❞❡❧ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐❧❧ ❜❡
♣❡r❢♦r♠❡❞✳
✹✳✹ ❈❛❜❧❡ str✉❝t✉r❡
■♥ t❤❡ ✷❉ ♠♦❞❡❧✱ t✇♦ ❛♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢
❝❛❜❧❡ str✉❝t✉r❡s✿ t❤❡ ❞✐r❡❝t st✐✛♥❡ss ♠❡t❤♦❞ ❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳
✹✳✹ ❈❛❜❧❡ str✉❝t✉r❡ ✽✸
❋r♦♠ s❡❝t✐♦♥ ❇✳✶✳✸✱ t❤❡ ❞✐r❡❝t st✐✛♥❡ss ♠❡t❤♦❞ ✐♠♣♦s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❞❡❢♦r♠❡❞
❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡ st✐✛♥❡ss ♠❛tr✐① ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❞❡✜♥❡s ❛ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡
❝❛❜❧❡ ❡❧❡♠❡♥t ❛♥❞ ♦❜t❛✐♥s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ♠❛tr✐① ❢♦r♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡
♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s✳
❚❤❡ ♦♥❧② ✐♠♣♦rt❛♥t ❛s♣❡❝t t♦ ❤✐❣❤❧✐❣❤t ✐s t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡ ✈❡❝t♦r ♦❢ ❡q✉✐✈❛❧❡♥t
♥♦❞❛❧ ❧♦❛❞s ✐♥ t❤❡ ❡❧❡♠❡♥t ✉♥❞❡r t❤❡ ✢✉✐❞ ✐s ❝♦♠♣✉t❡❞✳ ■♥❞❡❡❞✱ t❤❡ ✈❡❝t♦r ♦❢ ♥♦❞❛❧s ❧♦❛❞s
✐s ❡ss❡♥t✐❛❧❧② ❝♦♠♣♦s❡❞ ❜② t❤❡ s❡❧❢✇❡✐❣❤t ♦❢ t❤❡ ❝❛❜❧❡ ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ❛❝t✐♥❣ ♦♥
t❤❡ ❝❛❜❧❡✳ ❉✉❡ t♦ t❤❡ ❤②❞r♦st❛t✐❝ ❜✉♦②❛♥❝② ❧♦❛❞✱ t❤❡ ❝❛❜❧❡ ✇✐❧❧ s✉✛❡r ❛♥ ✉♣s✐❞❡ ❢♦r❝❡
s✐♥❝❡ ✐t ✐s ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ✢✉✐❞✳ ❚♦ ❝♦♠♣✉t❡ t❤✐s ❢♦r❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ❡q✉✐✈❛❧❡♥t
s❡❧❢✇❡✐❣❤t ♦❢ t❤❡ ❝❛❜❧❡ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❆r❝❤✐♠❡❞❡✬s ❢♦r❝❡ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞✳
❋✐❣✉r❡ ✹✳✶✶✿ ❚❤❡ ❧♦❛❞ ✐♥ t❤❡ ❝❛❜❧❡ ✐s ❝♦♠♣♦s❡❞ ❜② t❤❡ s❡❧❢✇❡✐❣❤t ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝
❜✉♦②❛♥❝② ❛❝t✐♦♥
❈♦♥s✐❞❡r t❤❡ ❧♦❛❞ ♣r♦❞✉❝❡❞ ❜② t❤❡ s❡❧❢✇❡✐❣❤t ♦❢ t❤❡ ❝❛❜❧❡ ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝ ❜✉♦②✲
❛♥❝②✳ ❚❤❡ t♦t❛❧ ❧♦❛❞ ❛❝t✐♥❣ ♦♥ t❤❡ ❝❛❜❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
FT = Fsw + Fa ✭✹✳✹✷✮
✇❤❡r❡ Fsw ❛♥❞ Fa ❞❡♥♦t❡ t❤❡ ❧♦❛❞ ♣r♦❞✉❝❡❞ ❜② t❤❡ s❡❧❢✇❡✐❣❤t ❛♥❞ t❤❡ ❆r❝❤✐♠❡❞❡s
❜✉♦②❛♥❝②✳
Fsw = −
∫ l
0
γcAs dxz Fa =
∫ l
0
γfAs dxz ✭✹✳✹✸✮
FT =
∫ l
0
(γf − γc)As dxz ✭✹✳✹✹✮
❖♥❝❡ t❤❡ t♦t❛❧ ❧♦❛❞ ❤❛s ❜❡❡♥ ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t✱ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧
❧♦❛❞s ✐♥ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❞✐✈✐❞✐♥❣ ✐t ❜② t✇♦ ❛♥❞ ❛♣♣❧✐❡❞ ♦♥
❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t ❢♦r t❤❡ s✉❜s❡q✉❡♥t ❛ss❡♠❜❧②✳
✽✹ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
F1 = F2 =
|FT |
2
sign (γf − γc) ✭✹✳✹✺✮
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ sign ✐s ✐♥❝❧✉❞❡❞ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳
sign (x) =

1 x > 0
0 x = 0
−1 x < 0
✭✹✳✹✻✮
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts
❆ ✢♦✇❝❤❛rt ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ♣r♦❣r❛♠ t♦ ❛♥❛❧②s❡ ✷❉ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡
♣r♦❣r❛♠ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡♥ ♣❛rts✱ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ✐♥❝❧✉❞❡s s❡✈❡r❛❧ s✉❜r♦✉t✐♥❡s ✭s❡❡
✜❣✉r❡ ✹✳✶✷✮✳
❙❚❆❘❚
▲♦❛❞ ✐♥♣✉t ♣❛r❛♠❡t❡rs
❘❡❛❞ ✐♥♣✉t ✜❧❡
❋❧♦❛t✐♥❣ ❛♥❛❧②s✐s
❉❡✜♥❡ ❛♥❞ ♠❡s❤ ❝❛❜❧❡ str✉❝t✉r❡s
P❧♦t ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
■t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
P♦st♣r♦❝❡ss✐♥❣
❊◆❉
❋✐❣✉r❡ ✹✳✶✷✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✷❉ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✽✺
❚❤❡ ✜rst st❡♣ ✭▲♦❛❞ ✐♥♣✉t ♣❛r❛♠❡t❡rs✮ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s
t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠✳ ■♥ t❤✐s ♣❛rt✱ t❤❡ ✉s❡r ❞❡✜♥❡s t❤❡
t♦❧❡r❛♥❝❡ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts✱ ❢♦r❝❡s ❛♥❞ ✇♦r❦ t♦ ❝♦♥tr♦❧ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡
✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ❛♥❞ ❞❡✜♥❡s ❛❧s♦ s♦♠❡ ♦♣t✐♦♥s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢♦r♠❛t ♦❢ t❤❡ ♦✉t✲
♣✉t✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❘❡❛❞ ✐♥♣✉t ✜❧❡✱ ✇❤❡r❡ t❤❡ ✐♥♣✉t ✜❧❡ ✐s ♦♣❡♥❡❞ t♦
❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ str✉❝t✉r❡✱ t❤❡ ❝❛❜❧❡s✱ t❤❡ ✢✉✐❞✱ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s✳
❚❤❡♥✱ t❤❡ ♣r♦❣r❛♠ st❛rts t❤❡ s♦✲❝❛❧❧❡❞ ❋❧♦❛t✐♥❣ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t
♣❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ❛♥❞ r❡q✉✐r❡s ❛ ❞❡❡♣❡r ❡①♣❧❛♥❛t✐♦♥✳ ■♥ t❤❡ ✐♥♣✉t ✜❧❡✱ ♦♥❧② t❤❡ ❣❡♦♠❡tr②
♦❢ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✐s ❞❡✜♥❡❞ ❜✉t t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ❜② t❤❡
♣r♦❣r❛♠✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ ✜❣✉r❡ ✹✳✶✸✱ ✇❤❡r❡ t❤❡ ❜❡❛♠ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✐s ❞❡♣✐❝t❡❞
❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♠❛❞❡ ❜② t❤❡ ♣r♦❣r❛♠✳
❋✐❣✉r❡ ✹✳✶✸✿ ❚❤❡ ♣r♦❣r❛♠ ♣♦s✐t✐♦♥s t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❛t t❤❡ ❞❡♣t❤ δz ✇❤❡r❡ t❤❡
✇❡✐❣❤t ♦❢ t❤❡ str✉❝t✉r❡ ✐s ❡q✉✐❧✐❜r❛t❡❞ ✇✐t❤ t❤❡ ❤②❞r♦st❛t✐❝ ❛❝t✐♦♥
❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s ♣❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❛❜❧❡ δz ✇❤✐❝❤ ❝❤❛r✲
❛❝t❡r✐③❡s t❤❡ ✢♦❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ str✉❝t✉r❡✳ ❚♦ ❝❛❧❝✉❧❛t❡ ✐t✱ t❤❡
♣r♦❣r❛♠ ♠✉st s♦❧✈❡ ❛ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛✲
t✐♦♥✳
W = A (δz) ✭✹✳✹✼✮
❲✐t❤ W ❛♥❞ A t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝ ❧♦❛❞✳
❚❤❡ ♣r♦❜❧❡♠ t❤❛t ♠✉st ❜❡ s♦❧✈❡❞ ✐s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ δz t❤❛t s❛t✐s✜❡s
t❤❡ ❡q✉❛❧✐t② r❡♣r❡s❡♥t❡❞ ✐♥ ❡q✉❛t✐♦♥ ✹✳✹✼✳ ❇❡❢♦r❡ st❛rt✐♥❣ t❤❡ ❡①♣❧❛♥❛t✐♦♥✱ s♦♠❡ ❝♦♥s✐❞✲
❡r❛t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡✳
■t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❢✉♥❝t✐♦♥s A (δz) ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ δz✳
■♥❞❡❡❞✱ t❤❡ ❆r❝❤✐♠❡❞❡✬s ❧♦❛❞ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ str✉❝t✉r❡ ✭V ✮
✉♥❞❡r t❤❡ ✢✉✐❞ ❛s
A (δz) = γfV (δz) ✭✹✳✹✽✮
✽✻ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✇✐t❤ γf t❤❡ s❡❧❢✇❡✐❣❤t ♦❢ t❤❡ ✢✉✐❞✳
❈♦♥s✐❞❡r✐♥❣ ❛♥ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡ δz✱ t❤❡ ♥❡✇ ❤②❞r♦st❛t✐❝ ❜✉②❛♥❝② ❢♦r❝❡ ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s
A (δz + ε) = A (δz) + ∆A (ε)︸ ︷︷ ︸
>0
✭✹✳✹✾✮
❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ ♦♥❡ ♠❛② r❡❛❧✐③❡ t❤❛t t❤❡ ✈♦❧✉♠❡ ✉♥❞❡r t❤❡ ✢✉✐❞ ✐s ❛
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❛♥❞ ♠♦♥♦t♦♥❛❧❧② ✐♥❝r❡❛s❡s ✇❤❡♥ ε > 0 ✭s❡❡ ✜❣✉r❡ ✹✳✶✹✮ ❜✉t ✐t ✐s ♥♦t
♥❡❝❡ss❛r② ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ δz✳
❋✐❣✉r❡ ✹✳✶✹✿ ❚❤❡ ❆r❝❤✐♠❡❞❡s ❧♦❛❞ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♠♦♥♦t♦♥❛❧❧② ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡
✈❛r✐❛❜❧❡ δz
❚♦ s♦❧✈❡ t❤✐s ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✱ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ❤❛s ❜❡❡♥ ❝❤♦s❡♥
❝♦♥s✐❞❡r✐♥❣ ❛ ❧✐♥❡❛r✐③❛t✐♦♥ t❤❡ ❢✉♥❝t✐♦♥ A (δz) ❛s
A (δz + ε) ≃ A (δz) + ε dA
d (δz)
✭✹✳✺✵✮
❆s ✐t ❤❛s ❜❡❡♥ s❛✐❞ ❜❡❢♦r❡✱ t❤❡ ❢✉♥❝t✐♦♥ A ♠❛② ♥♦t ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡✱ t❤❡r❡❢♦r❡ ❛♥
❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✳
A (δz) ≃ A (δz) + ε ∆A
∆(δz)
✭✹✳✺✶✮
❚❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ✢♦✇❝❤❛rt ✹✳✶✺✳
❖♥❝❡ t❤❡ ✢♦❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ ♣r♦❣r❛♠ ♣r♦❝❡❡❞s t♦
t❤❡ ♥❡①t st❡♣✱ t❤❛t ✐s t♦ ❝♦♥♥❡❝t t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✇✐t❤ t❤❡ s❡❛❜❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡
❝❛❜❧❡ ❛♥❝❤♦r❛❣❡ s②st❡♠✳
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✽✼
❙❚❆❘❚
❈♦♠♣✉t❡ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ str✉❝t✉r❡✿
V
❋✐rst ❛♣♣r♦①✐♠❛t✐♦♥s✿
δz0 δz1
A0 = 0 A1 = γfV
■t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
▲✐♥❡❛r✐③❡ ❢✉♥❝t✐♦♥✿ D =
A1 − A0
δz1 − δz0
❈♦♠♣✉t❡ ♥❡✇ ✐♥❝r❡♠❡♥t✿ ε =
W − A0
D
❈♦♠♣✉t❡ ♥❡✇ ✈❛❧✉❡✿ δz2 = δz1 + ε
❈♦♠♣✉t❡ ❡rr♦rs✿
eδz =
δz2 − δz1
δz2
ew =
W − A1
W
❉❡✜♥❡ s♦❧✉t✐♦♥✿
δz∗ = δz2
❯♣❞❛t❡ ✈❛r✐❛❜❧❡s✿
δz0 = δz1 δz1 = δz2
A0 = A (δz0) A1 = A (δz1)
❊◆❉
❙❚❖P ❊♥❞ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
❝♦♥✈❡r❣❡♥❝❡
♥♦ ❝♦♥✈❡r❣❡♥❝❡
k = nIterMax
k < nIterMax
❋✐❣✉r❡ ✹✳✶✺✿ ◆✉♠❡r✐❝❛❧ s❝❤❡♠❡ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✢♦❛t✐♥❣ ♣♦s✐t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡
❝♦♥s✐❞❡r✐♥❣ t❤❡ s❡❧❢✇❡✐❣❤t
✽✽ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❯s✉❛❧❧②✱ t❤❡ ♦✛s❤♦r❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛r❡ ✜rst ❝♦♥str✉❝t❡❞ ❛♥❞ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ s❡❛✳
❚❤❡♥✱ ♦♥❝❡ t❤❡ str✉❝t✉r❡ ❤❛s r❡❛❝❤❡❞ ✐ts ✢♦❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥✱ t❤❡ ✢♦❛t✐♥❣ ❜❡❛♠
✐s ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛❜❡❞ ✉s✐♥❣ ❝❛❜❧❡ s②st❡♠s✳ ❚❤❡ ♣r♦❣r❛♠ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❡♠✉✲
❧❛t✐♥❣ t❤✐s ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❋✐rst✱ t❤❡ str✉❝t✉r❡ ✐s ♣♦s✐t✐♦♥❡❞ ♦♥ t❤❡ ✢✉✐❞ s✉r❢❛❝❡
❛♥❞ ❛ ♥✉♠❡r✐❝❛❧ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ✐s ❧❛✉♥❝❤❡❞ t♦ ✜♥❞ t❤❡ ✢♦❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥
❝♦♥s✐❞❡r✐♥❣ t❤❡ str✉❝t✉r❡ ❛s ❛ r✐❣✐❞ ❜♦❞②✳ ❚❤❡♥✱ t❤❡ ❝❛❜❧❡s ✭♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✐♥ t❤❡
✐♥♣✉t ✜❧❡ ❜② t❤❡ ✉s❡r✮ ❛r❡ ❛tt❛❝❤❡❞ t♦ t❤❡ ❜❡❛♠ ❛♥❞ ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛✢♦♦r ✐♥ s♣❡❝✐✜❝
♣♦✐♥ts ❞❡✜♥❡❞ ❜② t❤❡ ✉s❡r✳
❚♦ ♣♦s✐t✐♦♥ t❤❡ ❝❛❜❧❡s ✭st❡♣ ♥✉♠❜❡r ✹✱ ❉❡✜♥❡ ❛♥❞ ♠❡s❤ ❝❛❜❧❡ str✉❝t✉r❡s✮ t❤❛t ✇✐❧❧ ❜❡
✉s❡❞ ❛s ❛♥❝❤♦r❛❣❡ s②st❡♠ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜❡❛♠✱ ❛ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠ ❤❛s t♦ ❜❡ s♦❧✈❡❞✳ ❈♦♥✲
s✐❞❡r ✜rst t❤❡ ✜❣✉r❡ ✹✳✶✻✱ ✇❤❡r❡ ❛ ✢♦❛t✐♥❣ ❜❡❛♠ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ♣♦s✐t✐♦♥❡❞ ❛❞♦♣t✐♥❣
t❤❡ ✢♦❛t✐♥❣ ❛♥❛❧②s✐s✳
❋✐❣✉r❡ ✹✳✶✻✿ ❙✐t✉❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❜❡❢♦r❡ ❛♥❝❤♦r✐♥❣ t❤❡ s②st❡♠ t♦ t❤❡ s❡❛❜❡❞
❖♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✢♦❛t✐♥❣ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡
♣r♦❣r❛♠ ✐s ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣♦✐♥ts ✐♥ t❤❡ ❜❡❛♠ str✉❝t✉r❡ ✇❤❡r❡
t❤❡ ❝❛❜❧❡s ✇✐❧❧ ❜❡ ❛tt❛❝❤❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤r♦✉❣❤ t❤❡ ✐♥♣✉t ✜❧❡✱ t❤❡ ♣r♦❣r❛♠ ❛❧✲
r❡❛❞② ❦♥♦✇s t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛❧❧ t❤❡ ❛♥❝❤♦r❛❣❡ ♣♦✐♥ts s✐t✉❛t❡❞ ✐♥ t❤❡ s❡❛❜❡❞✳ ◆♦✇✱ ❢♦r
❡❛❝❤ ❝❛❜❧❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ✐♥♣✉t ✜❧❡✱ t❤❡ ♣r♦❣r❛♠ ♠✉st ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛
❝❛❜❧❡ ✇✐t❤ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❡♥❞ ♣♦✐♥ts ❞❡✜♥❡❞✳
❚❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❜✉t t❤❡ s✐♠♣❧❡st ♣r♦❝❡❞✉r❡ ❤❛s ❜❡❡♥
❝♦♥s✐❞❡r❡❞✳ ■t ♠✉st ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❣♦❛❧ ✐s t♦ ❞❡✜♥❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
❝❛❜❧❡s ❛♥❞ t❤❡♥ ♠❡s❤ t❤❡♠ t♦ ♦❜t❛✐♥ t❤❡ ♥♦❞❡s ❛♥❞ ❡❧❡♠❡♥ts t❤❛t ✇✐❧❧ ❞❡✜♥❡ t❤❡ ❝❛❜❧❡
str✉❝t✉r❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝❛t❡♥❛r② ♠♦❞❡❧ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ❇✳✶✳✶ ❝❛♥ ❜❡ ✉s❡❞✳
■♠❛❣✐♥❡ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❛♥❝❤♦r❛❣❡ ♣♦✐♥t ✭♣♦✐♥t ❆✮ ❛♥❞ t❤❡ ♣♦✐♥t ✇❤❡r❡
t❤❡ ❝❛❜❧❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❜❡❛♠ str✉❝t✉r❡ ✭♣♦✐♥t ❇✮ ❛r❡ ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ❛s ❢♦❧❧♦✇s✳
ra =
[
xa
za
]
; rb =
[
xb
zb
]
✭✹✳✺✷✮
❈♦♥s✐❞❡r✐♥❣ ❛ r❡❢❡r❡♥❝❡ s②st❡♠✱ ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✻✱ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✽✾
❛♥❝❤♦r❛❣❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ x′ ❛①✐s ✐s ❤♦r✐③♦♥t❛❧ ❛♥❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ✇❤❡r❡ t❤❡ ♣♦✐♥t ❇
✐s ♣♦s✐t✐♦♥❡❞ ❛♥❞ t❤❡ z′ ❣♦❡s ✉♣s✐❞❡✱ t❤❡ ♣r♦❣r❛♠ ♠✉st ❞❡t❡r♠✐♥❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢
t❤❡ ✉♥❞❡r❢♦r♠❛❜❧❡ ❝❛❜❧❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ♣♦✐♥t ❛t ❝♦♦r❞✐♥❛t❡s (0, 0) ❛♥❞ t❤❡ s❡❝♦♥❞
♣♦✐♥t ❛t ❝♦♦r❞✐♥❛t❡s
l0 = xb − xa h = zb − za ✭✹✳✺✸✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦♠❡♥❝❧❛t✉r❡ ✉s❡❞ ✐♥ s❡❝t✐♦♥ ❇✳✶✳✶✱ t❤❡ ♣r♦❣r❛♠ ❞❡t❡r♠✐♥❡s ❛❧❧ t❤❡
✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥ts ✐♥ ❡q✉❛t✐♦♥ ❇✳✺✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s
f1 =
pl0
2H
f2 = sinh β cosh (α− β) ✭✹✳✺✹✮
y = ln (H) g1 = ln (f1) = ln
pl0
2
− y g2 = ln (f2) = ln (sinh β cosh (α− β)) ✭✹✳✺✺✮
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠ t❤❛t t❤❡ ♣r♦❣r❛♠ ✐♥t❡r♥❛❧❧② s♦❧✈❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
g1 (H) = g2 (H) ✭✹✳✺✻✮
❚❤❡ s♦❧✉t✐♦♥ ❛❞♦♣ts ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ ❡q✉❛t✐♦♥ t♦ ❜❡ s♦❧✈❡❞ ✐s str♦♥❣❧② ♥♦♥❧✐♥❡❛r ❛♥❞ ❛ ♣❛rt✐❝✉❧❛r s❝❤❡♠❡ ✐s r❡q✉✐r❡❞✳ ❈♦♥✲
s✐❞❡r✐♥❣ ❛♥ ✐♥✐t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ y0✱ t❤❡ ♣r♦❣r❛♠ ✐s ❛❜❧❡ t♦ ✐t❡r❛t❡ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡❝✉rs✐✈❡
❢♦r♠ r❡♣r❡s❡♥t❡❞ ❤❡r❡✳
g2 (yi) +
dg2
dy
(yi)∆y = g1 (yi)−∆y → ∆y = g1 (yi)− g2 (yi)dg2
dy
(yi) + 1
✭✹✳✺✼✮
❋✐❣✉r❡ ✹✳✶✼✿ ■t❡r❛t✐✈❡ ♠❡t❤♦❞ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ❡q✉❛t✐♦♥✳
❚❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s g1 ❛♥❞ g2 ✇✐t❤ r❡s♣❡❝t ♦❢ y ❛♥❞ H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s✿
✾✵ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
dg2
dy
=
dg2
dH
dH
dy
dg1
dy
= −1 ✭✹✳✺✽✮
dg2
dH
=
cosh β
sinh β
dβ
dH
+
sinh (α− β)
cosh (α− β)
(
dα
dH
− dβ
dH
)
dH
dy
= ey ✭✹✳✺✾✮
dβ
dH
= − pl
2H2
dα
dH
=
dβ
dH
(
h
l
sinh β − β cosh β
cosh (α− β) sinh2 β + 1
)
✭✹✳✻✵✮
❚❤❡ r❡❛❞❡r ♠❛② r❡❛❧✐③❡ t❤❛t t❤❡ ♠❡t❤♦❞ r❡q✉✐r❡s ❛♥ ✐♥✐t✐❛❧ ✭❛♥❞ ❛❝❝✉r❛t❡✮ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❢♦r t❤❡ ✈❛r✐❛❜❧❡ H✳ ■❢ t❤❡ ♣r♦❝❡❞✉r❡ ♠✉st ❜❡ ❝♦♠♣❧❡t❡❧② ❛✉t♦♠❛t✐❝✱ t❤❡ ✐♥✐t✐❛❧
❛♣♣r♦①✐♠❛t✐♦♥ ♠✉st ❜❡ ❞❡✜♥❡❞ ❡✐t❤❡r ✐♥ t❤❡ ✐♥♣✉t ✜❧❡ ❜② t❤❡ ✉s❡r ❡✐t❤❡r ❜② t❤❡ ♣r♦❣r❛♠
✐♥t❡r♥❛❧❧②✳ ❚❤❡ ✜rst ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❝❡rt❛✐♥❧② ✈❡r② ❞✐✣❝✉❧t t♦ ❞❡✜♥❡ ❜❡❝❛✉s❡ ✐t ❞❡♣❡♥❞s
♦♥ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❡❛❝❤ ❝❛❜❧❡✳ ❍♦✇❡✈❡r✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❧♦❣❛r✐t✲
♠✐❝❛❧ s♣❛❝❡ ♠❛❞❡ ✐♥ ❡q✉❛t✐♦♥ ✹✳✺✺ ♣r♦❞✉❝❡s ✐♥ t❤❡ ❢✉♥❝t✐♦♥s g1 ❛♥❞ g2 ❛ ✈❡r② ♣❛rt✐❝✉❧❛r
❢♦r♠✳ ■❢ ❜♦t❤ ❢✉♥❝t✐♦♥s ❛r❡ ♣❧♦tt❡❞✱ ❛s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✉r❡ ✹✳✶✽✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ♣♦✐♥t
✇❤❡r❡ ❜♦t❤ ❢✉♥❝t✐♦♥s ✐♥t❡rs❡❝t ❛♥❞✱ ✐♥ ❛❞❞✐t✐♦♥✱ t❤❡② ❛r❡ ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣✳ ❚❤✐s
❛❧❧♦✇s t❤❡ ♣r♦❣r❛♠ t♦ ♣❡r❢♦r♠ ❛♥ ❛✉t♦♠❛t✐❝ ♣r♦❝❡❞✉r❡ t♦ ❞❡t❡r♠✐♥❡ ❛ ✈❛❧✉❡ ✐♥ t❤❡ ❧❡❢t
♣❛rt ♦❢ t❤❡ ❝✉r✈❡ ✭✇❤❡r❡ g2 > g1✮ ❛♥❞ ✐t❡r❛t❡ ❢r♦♠ t❤❛t ♣♦✐♥t✳
❉✉❡ t♦ t❤❡ q✉❛❞r❛t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞✱ t❤❡ s♦❧✉t✐♦♥ ❝❛♥ ❜❡
❢♦✉♥❞ q✉✐❝❦❧②✳ ❖♥❝❡ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ✉♥❡①t❡♥s✐❜❧❡ ❝❛t❡♥❛r② ✐s ❢♦✉♥❞✱
t❤❡ ♣r♦❣r❛♠ r❡❛❞s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ ✇❤✐❝❤ t❤❡ ❝❛❜❧❡ ✐s ❞✐✈✐❞❡❞ ❛♥❞ ❝♦♠♣✉t❡s
t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♥♦❞❡s✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ✐s r❡♣❡❛t❡❞ ❢♦r ❡❛❝❤ ❝❛❜❧❡ ✐♥ t❤❡ str✉❝t✉r❡
❛♥❞ t❤❡ ♣r♦❣r❛♠ ❛✉t♦♠❛t✐❝❛❧❧② ✉♣❞❛t❡s t❤❡ ♥❡❝❡ss❛r② ✈❛r✐❛❜❧❡s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡
♥♦❞❡s ❛♥❞ ❡❧❡♠❡♥ts t❤❛t ♣r♦❣r❡ss✐✈❡❧② ❛♣♣❡❛r ❢♦r ❡❛❝❤ ❝❛❜❧❡ ❞❡s❝r❡t✐③❛t✐♦♥✳
❚❤❡ ♣r♦❣r❛♠ ❣❡ts ❢r♦♠ t❤❡ ✐♥♣✉t t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❛♥❞ ❝♦♠♣✉t❡s t❤❡ ❝♦♦r❞✐♥❛t❡s
♦❢ ❛❧❧ ♦❢ t❤❡♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡② ❛r❡ ✉♥✐❢♦r♠❧② s♣❛❝❡❞ ✐♥ t❤❡ x′ ❛①✐s✳
x =
[
x1 ... xn
]→ zi = H
p
[
coshα− cosh
(
2β
l
xi − α
)]
∀i = 1, · · · , n ✭✹✳✻✶✮
❆❧t❤♦✉❣❤ t❤✐s ♣r♦❝❡❞✉r❡ s❡❡♠s ❛ r✉❞❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r②
❡✛❡❝t✐✈❡ ❛♥❞ ✈❡r② ❛❝❝✉r❛t❡✳ ■♥❞❡❡❞✱ ♦♥❝❡ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ ❛❧❧ ❝❛❜❧❡ ❤❛s ❜❡❡♥ ❞❡t❡r✲
♠✐♥❡❞✱ t❤❡ ✐t❡r❛t✐✈❡ ❡❧❛st✐❝ ♣r♦❜❧❡♠ ❝❛♥ st❛rt ❝♦♥s✐❞❡r✐♥❣ t❤❡ tr✉❡ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥ts✳ ❚❤❡ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ✜rst ❛♣♣r♦①✐♠❛✲
t✐♦♥ ❢♦r s♦❧✈✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ❛❧❧♦✇s t❤❡ ♣r♦❣r❛♠ t♦ ❛✈♦✐❞ ✐❧❧✲❝♦♥❞✐t✐♦♥✐♥❣ ♣r♦❜❧❡♠s
r❡❧❛t❡❞ ✇✐t❤ ♣♦ss✐❜❧❡ ✉♥str❡ss❡❞ ❝❛❜❧❡ ❡❧❡♠❡♥ts✳
❚❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ st❡♣ ✹ ✭❉❡✜♥❡ ❛♥❞ ♠❡s❤ ❝❛❜❧❡ str✉❝t✉r❡✮ ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥
✢♦✇❝❤❛rt ✹✳✶✾✳
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✾✶
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s
g 1
❛♥
❞
g 2
g1 = ln
(
pl0
2
)− y
g2 = ln [sinh (β) cosh (α− β)]
✭❛✮ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s g1 ❛♥❞ g2 ✐♥ t❤❡ ❧♦❣❛r✐t♠✐❝ s♣❛❝❡
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g1 = ln
(
pl0
2
)− y
g2 = ln [sinh (β) cosh (α− β)]
✭❜✮ ❩♦♦♠ ✐♥ t❤❡ ③♦♥❡ ♦❢ ✐♥t❡r❡st
❋✐❣✉r❡ ✹✳✶✽✿ ❚❤❡ ❢✉♥❝t✐♦♥s g1 ❛♥❞ g2 ♦♥❧② ✐♥t❡rs❡❝t ♦♥❡ t✐♠❡ ❛♥❞ t❤❡② ❜♦t❤ ❛r❡ ♠♦♥♦t♦♥✲
❛❧❧② ❞❡❝r❡❛s✐♥❣
✾✷ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✷❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❙❚❆❘❚
▲♦♦♣ ♦♥ ❝❛❜❧❡s
l0, l, h, lm =
√
l2 + h2
z(x) =
h
l
x; N0 =
EA
l0
(lm − l0)
N0 = 0 ❊◆❉
▲♦♦♣ y0
k = k + 1; g1(k); g2(k) y0 = k − 1
▲♦♦♣ ❈❛t❡♥❛r②
❊♥❞ ❧♦♦♣ y0 g
′
2 (y0) ; g1 (y0) ; g2 (y0)
❙❚❖P ❊q✉❛t✐♦♥✿ ✹✳✺✼❀ y1 = y0 +∆y
H = ey1 ❈♦♠♣✉t❡ ❡rr♦rs
❊q✉❛t✐♦♥✿ ✹✳✻✶
❊♥❞ ❧♦♦♣ ❝❛❜❧❡s ❊♥❞ ❧♦♦♣ ❝❛t❡♥❛r②
❊◆❉ ❙❚❖P
lm ≥ l0
lm < l0
g1 ≥ g2
g1 < g2
k = nIterMax
k < nIterMax
❝♦♥✈❡r❣❡♥❝❡
♥♦ ❝♦♥✈❡r❣❡♥❝❡
n < nCables
m <
nIterMax2
n = nCables m = nIterMax2
n < nCables
n = nCables
❋✐❣✉r❡ ✹✳✶✾✿ ❋❧♦✇❝❤❛rt ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❝r❡❛t❡ t❤❡ ❡❧❡♠❡♥ts ❛♥❞ ♥♦❞❡s ♦❢ t❤❡ ❝❛❜❧❡
str✉❝t✉r❡
✹✳✺ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✾✸
❚❤❡ ♣r♦❣r❛♠ ♣❧♦ts t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❜❡❢♦r❡ st❛rt✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✳
❙✐♥❝❡ t❤❡ ✉s❡r ❞♦❡s ♥♦t ❝❤♦♦s❡ ❞✐r❡❝t❧② t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ s②st❡♠✱ t❤❡
♣r♦❣r❛♠ ♣❧♦ts ✐t t♦ ❛❧❧♦✇ t❤❡ ✉s❡r t♦ ❛♥❛❧②s❡ ♣♦ss✐❜❧❡ ♣r♦❜❧❡♠s✳ ❚❤❡ ✢♦✇❝❤❛rt ♦❢ t❤✐s ♣❛rt
✐s ♦♠✐tt❡❞ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t r❡♣r❡s❡♥t ❛♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ✐♥ t❤❡ r❡s♦❧✉t✐✈❡ ♣r♦❝❡❞✉r❡✳
❖♥❝❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ str✉❝t✉r❡ ❤❛s ❜❡❡♥ ♣❧♦tt❡❞✱ t❤❡ ♣r♦❣r❛♠
st❛rts t❤❡ s♦✲❝❛❧❧❡❞ ■t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✳ ❆ st✐✛♥❡ss ♣r♦❝❡❞✉r❡ t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉✐✲
❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐s ❧❛✉♥❝❤❡❞✳
❚❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ✐s t❤❡ ♠♦st ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ ♣❛rt ♦❢ t❤❡ ❝♦❞❡ ❛♥❞
t❤❡ ♣r♦❣r❛♠ ❛✉t♦♠❛t✐❝❛❧❧② s❛✈❡s t❤❡ ✈❛r✐❛❜❧❡s ❡✐t❤❡r t❤❡r❡ ✐s ❡✐t❤❡r t❤❡r❡ ✐s ♥♦t ❝♦♥✈❡r✲
❣❡♥❝❡✳
❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ♣r♦❣r❛♠✱ t❤❡ P♦st♣r♦❝❡ss✐♥❣✱ ✐s ❞❡✈♦t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ str❡ss❡s
♦❢ ❡❛❝❤ ❝❛❜❧❡ ❛♥❞ ❜❡❛♠ ❡❧❡♠❡♥t ❛♥❞ ♣r✐♥t t❤❡ ♦✉t♣✉t ✜❧❡✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t♦ ❝♦♠♣✉t❡
t❤❡ str❡ss❡s ✐s ✈❡r② s✐♠♣❧❡✳ ❋♦r ❡❛❝❤ ❜❡❛♠ ❡❧❡♠❡♥t✱ ✜rst t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ ✐ts ♥♦❞❡s
❛r❡ ✐❞❡♥t✐✜❡❞ ❢r♦♠ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r✳ ❆❢t❡r✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ tr❛♥s❢♦r♠❡❞
❝♦♥s✐❞❡r✐♥❣ t❤❡ ♦✛s❡ts t❤❛t t❤❡ ❡❧❡♠❡♥ts ♠❛② ❤❛✈❡ ❛♥❞ ❝♦♥✈❡rt❡❞ ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡
s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t✳ ❈♦♥s✐❞❡r✐♥❣Ke✱ t❤❡ ❧♦❝❛❧ st✐✛♥❡ss ♠❛tr✐① ♣r❡✈✐♦✉s❧② st♦r❡❞ ❞✉r✐♥❣
t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✱ ve t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ ❡❛❝❤ ♥♦❞❡ ❛♥❞ fe t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧
❧♦❛❞s ✈❡❝t♦r ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ t❤❡ str❡ss❡s ♠❛② ❜❡ ❝♦♠♣✉t❡❞
✐♥ t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛s
σ =Keve − fe ✭✹✳✻✷✮
❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛①✐❛❧ str❡ss ♦♥ ❡❛❝❤ ❝❛❜❧❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞✳ ■♥❞❡❡❞✱
♦♥❡ ♦♥❧② ♥❡❡❞s t♦ ❦♥♦✇ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ ❜♦t❤ ♥♦❞❡s ♦❢ t❤❡ ❡❧❡♠❡♥t✱ ❝♦♠♣✉t❡
t❤❡ ✐♥❝r❡♠❡♥t ✭♦r ❞❡❝r❡♠❡♥t✮ ♦❢ ❧❡♥❣t❤ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❛①✐❛❧ str❛✐♥ ❛♥❞ t❤❡ ❛①✐❛❧ str❡ss
✇✐t❤ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♠❛t❡r✐❛❧✳
N = N0 +
EA
l0
∆l ✭✹✳✻✸✮
❚♦ ❝❤❡❝❦ t❤❡ r❡❧✐❛❜✐❧✐t② ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠✱ s♦♠❡ ❜❡♥❝❤♠❛r❦s ❛r❡
❝♦♥s✐❞❡r❡❞✳
❚❤❡ ❜❡♥❝❤♠❛r❦s ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✳ ❋✐rst✱ ❜❡❛♠ str✉❝✉r❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤
❛ ✢✉✐❞ ❛♥❞ ✇✐t❤ ♥♦ ❝❛❜❧❡s ❛♥❝❤♦r❛❣❡ s②st❡♠ ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞✳ ❙❡❝♦♥❞✱ ❢r❛♠❡ ✢♦❛t✐♥❣
str✉❝t✉r❡s ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞ ✉♥❞❡r ✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧ ❧♦❛❞s✳

5 ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛✲
❜❧❡ ❛♥❞ ❢r❛♠❡ ❢❧♦❛t✐♥❣ str✉❝t✉r❡s
■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ❣❡♥❡r❛❧ ✸❉ ♠♦❞❡❧ ❢♦r ❝♦♠❜✐♥❡❞ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐❧❧
❜❡ ♣r❡s❡♥t❡❞✳ ❆s s❡❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r✱ t❤❡ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ t♦ ❛♥❛❧②s❡ ✢♦❛t✐♥❣
str✉❝t✉r❡s ✐♥ ❛ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ✭✇❤❡r❡ ♦♥❧② ❛①✐❛❧ ❛♥❞ ❜❡♥❞✐♥❣ ❜❡❤❛✈✐♦✉r ✇❡r❡ t❛❦❡♥ ✐♥t♦
❝♦♥s✐❞❡r❛t✐♦♥✮ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② s✉✐t❛❜❧❡ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❜✉t ♥♦t r❡❧✐❛❜❧❡ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♠❜✐♥❡❞ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s✳
■♥❞❡❡❞✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❝❛❜❧❡s str✉❝t✉r❡s ✐s ♠♦r❡ ❝♦♠♣❧❡① t❤❛♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣
str✉❝t✉r❡s ✉♥❞❡r ✈❡rt✐❝❛❧ ❧♦❛❞s✳ ▼♦r❡♦✈❡r✱ ❛ st✐✛❡♥✐♥❣ ❜❡❤❛✈✐♦✉r ❛♣♣❡❛rs ❛s t❤❡ ♣❡♥❡tr❛✲
t✐♦♥ ✐♥ t❤❡ ✢✉✐❞ ✐♥❝r❡❛s❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st✐✛♥❡ss ♦❢ ❝❛❜❧❡s ❞❡♣❡♥❞s ♦♥ t❤❡ str❡ss
✜❡❧❞ ✐♥s✐❞❡ t❤❡♠ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ ✐t ❞♦❡s ♥♦t ❤❛✈❡ ❛ st✐✛❡♥✐♥❣ ♦r s♦❢t❡♥✐♥❣ ❜❡❤❛✈✐♦✉r ❛♥❞
t❤❡ st✐✛♥❡ss ♠❡t❤♦❞ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ s✉✐t❛❜❧❡ ❢♦r t❤❡✐r ❛♥❛❧②s✐s✳
❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ❛ ❣❡♥❡r❛❧✐③❡❞ ✸❉ ♠♦❞❡❧ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r✲
❛❝t✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡rs ✸ ❛♥❞ ✹ ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞✳ ❚❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ❞❡✈❡❧♦♣❡❞
✐♥ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇✐❧❧ ❜❡ ✉♥✐✜❡❞ t♦ ❞❡✈❡❧♦♣ ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡
✢♦❛t✐♥❣ str✉❝t✉r❡s ✉♥❞❡r ❛r❜✐tr❛r② ❧♦❛❞s ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳
❋✐rst✱ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❙❛✐♥t ❱❡♥❛♥t ❜❡❛♠ ♠♦❞❡❧ ✉♥❞❡r ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts
❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ❇✳✷✳✷✳✷ ✇✐❧❧ ❜❡ ♠♦❞✐✜❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♣r♦❞✉❝❡❞ ❜② t❤❡ ✐♥✲
t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡ ✢✉✐❞ ✐♥ t❤❡ ✸❉ s♣❛❝❡✳
▲❛t❡r✱ t❤❡ ❛ss♦❝✐❛t❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ✇✐❧❧
❜❡ ❣✐✈❡♥ t♦ t❤❡ ♣❛rt ✇❤❡r❡ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥ st✐✛♥❡ss ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ t❛♥❣❡♥t
st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t✳
❋✐♥❛❧❧②✱ ❛ s♣❡❝✐❛❧ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❤♦✇ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥
✐♥t❡r❛❝t✐♦♥ st✐✛♥❡ss ✐s ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❛♥❞ ❤♦✇ ✐t ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ r❡❢❡r❡♥❝❡
s②st❡♠ ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤ ♦❢ t❤❡ str✉❝t✉r❡✳
❚❤❡ ♠♦❞❡❧ ✐s ❛❧s♦ ❛❜❧❡ t♦ ❛♥❛❧②s❡ ❝❛❜❧❡ ❡❧❡♠❡♥ts t❤❛t ❛♥❝❤♦r❡ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ t♦
✾✻ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
t❤❡ s❡❛❜❡❞✳ ❆ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡
t❤❡ ❝❛❜❧❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❞ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♥❡✇ ❛
❝♦♥t❛❝t ❡❧❡♠❡♥t ❛❜❧❡ t♦ st✉❞② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s❡❛✢♦♦r✳
❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❤✐❣❤❧✐❣❤t t❤❡ ♥✉♠❡r✲
✐❝❛❧ ♣r♦❜❧❡♠s ❢♦✉♥❞ ❞✉r✐♥❣ t❤❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ t♦ s♦❧✈❡ t❤❡♠✳ ■t ✇✐❧❧ ❜❡
s❤♦✇♥ t❤❛t t❤❡ ♣r❡❝♦♥❞✐t✐♦♥✐♥❣ ♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ❤❛✈❡ ❛♥ ✐♠♣♦rt❛♥t ✐♥✢✉❡♥❝❡✳
■♥ ❝♦♥❝❧✉s✐♦♥s✱ s♦♠❡ ❜❡♥❝❤♠❛r❦s ❛♥❞ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ t❡st t❤❡ ♥❡✇ ♠♦❞❡❧ ✇✐❧❧ ❜❡
❝❛rr✐❡❞ ♦✉t t♦ ♣r♦✈❡ t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞✳ ❚❤❡ r❡❛❞❡r ♠❛② ✜♥❞ t❤❡♠ ♦♥
❛♥♥❡① ❋✳
✺✳✶ ▼♦❞✐❢✐❡❞ ♥♦♥❧✐♥❡❛r ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❙❛✐♥t ❱❡♥❛♥t ❜❡❛♠
♠♦❞❡❧
❚♦ ❢♦r♠✉❧❛t❡ t❤❡ ♥❡✇ ❜❡❛♠ ❡❧❡♠❡♥t ✉s✐♥❣ t❤❡ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✱ ❝♦♥s✐❞❡r
❡q✉❛t✐♦♥ ❇✳✶✼✷✳ ❆s ✐t ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ✐♥ ❝❤❛♣t❡r ❇✱ t❤✐s ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ♠♦st
❝♦♠♣❛❝t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ❢♦r ❛ ❜❡❛♠ ❡❧❡♠❡♥t ✉♥❞❡r ♥♦ r❡str✐❝✲
t✐♦♥s ♦❢ ❛♥② t②♣❡ ✭♠❛t❡r✐❛❧ ❜❡❤❛✈✐♦✉r ♦r ❞✐s♣❧❛❝❡♠❡♥ts ♠❛❣♥✐t✉❞❡✮ ❢♦r♠✉❧❛t❡❞ ✇✐t❤ t❤❡
✉♣❞❛t❡❞ ✐♥❝r❡♠❡♥t❛❧ ❧❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♣✉r♣♦s❡ ✐s t♦ ✐♥❝❧✉❞❡ ❛ ❝♦♥tr✐❜✉t✐♦♥ t❤❛t
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ✇♦r❦ ❝♦♠♣✉t❡❞ ❜② t❤❡ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ t❤❡ ❜❡❛♠✳
❚❤❡ ♠♦❞❡❧ ✐s ❢♦r♠✉❧❛t❡❞ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s✐s✿ ✸❉ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✱ ♥♦
r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♠❛❣♥✐t✉❞❡ ❛♥❞ ❧✐♥❡❛r ❡❧❛st✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♠❛t❡r✐❛❧s✳
❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ s✉rr♦✉♥❞✐♥❣ t❤❡ ❜❡❛♠ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✇✐❧❧ ❜❡
♦♣♣♦rt✉♥❡❧② ❧✐♥❡❛r✐③❡❞ ❛♥❞ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❡q✉✐✈❛❧❡♥t s♣r✐♥❣s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦❝❡✲
❞✉r❡ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐♥ t❤❡ ✷❉ s♣❛❝❡✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢
t❤❡ ✢✉✐❞ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛❞♦♣t✐♥❣ ❛ s♣r✐♥❣ ♠❛tr✐①✳
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ ❛ s❡❝t✐♦♥ ❛❧❧♦✇ t♦ ✇r✐t❡ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝t✐♦♥
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ✐ts❡❧❢✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤♦s❡
❢♦r❝❡s ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❛t t❤❡ s❡❝t✐♦♥ ❞♦❡s ♥♦t ❞❡❢♦r♠ ✐ts❡❧❢✭✶✮t❤❡
t❤r❡❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ s❡❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳ ❚❤❡s❡
❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛r❡✿ Fys✱ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ✜rst ♣r✐♥❝✐♣❛❧ ❛①❡s ♦❢ t❤❡ s❡❝t✐♦♥ ✭ys✮❀
Fzs✱ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝♦♥❞ ♣r✐♥❝✐♣❛❧ ❛①❡s ♦❢ t❤❡ s❡❝t✐♦♥ ✭zs✮ ❛♥❞Mxs✱ t✇✐st✐♥❣ ♠♦♠❡♥t
❛❝t✐♥❣ ♦♥ t❤❡ ❛①❡s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ s❡❝t✐♦♥ ✭xs✮✳
❚❤❡s❡ t❤r❡❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❛❝t✐♦♥s ♦❢ t❤❡ ✢✉✐❞ t♦ t❤❡
s❡❝t✐♦♥ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ✐ts❡❧❢✳ ❈♦♥s✐❞❡r ♥♦✇ ✜❣✉r❡ ✺✳✶✱
✇❤❡r❡ ❛ ❞❡❢♦r♠❡❞ ❜❡❛♠ ❡❧❡♠❡♥t ✐♥ ❛ ❝❡rt❛✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ✐♥❝r❡♠❡♥t ♦❢
✈✐rt✉❛❧ ✇♦r❦ t❤❛t ♠✉st ❜❡ ❛❞❞❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✼✷ ❝❛♥ ❜❡ ❡①♣r❡ss ✐♥ t❡r♠s ♦❢ t❤❡ ✈✐rt✉❛❧
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ t❤r❡❡ ❛①❡s ♦❢ t❤❡ s❡❝t✐♦♥✳
✭✶✮❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❤②♣♦t❤❡s✐s ✐♥ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ s❡❝t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞
✉♥❞❡❢♦r♠❛❜❧❡ ❛♥❞ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❞❡❢♦r♠❡❞ ♠❛✐♥ ❧✐♥❡ ♦❢ t❤❡ ❜❡❛♠✳
✺✳✶ ▼♦❞✐✜❡❞ ♥♦♥❧✐♥❡❛r ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❙❛✐♥t ❱❡♥❛♥t ❜❡❛♠ ♠♦❞❡❧ ✾✼
❋✐❣✉r❡ ✺✳✶✿ ❙❦❡t❝❤ ♦❢ ❛ ❞❡❢♦r♠❡❞ ❜❡❛♠ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞
δ∆Wf =
∫ l
0
∆Fysδ (∆uys) + ∆Fzsδ (∆uzs) + ∆Mxsδ (∆ϕxs) dx ✭✺✳✶✮
■♥ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ✭s❡❝t✐♦♥ ❇✳✷✳✷✳✷✮ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛✲
t✐♦♥s ✭❛♥❞ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦✮ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✲
✉r❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❛♥❞ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤✐s ♠❡❛♥s t❤❛t
t❤❡ ✉♥❦♥♦✇♥s ❛r❡ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts t❤❛t t❤❡ ❜❡❛♠ s✉✛❡rs ❞✉r✐♥❣ ✐ts ♠♦t✐♦♥
❢r♦♠ t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥ t♦ t❤❡ ♥❡①t ♦♥❡✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥✱ t❤❡ s②♠❜♦❧ ∆
❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✳
❯s✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts
✐♥ t❡r♠s ♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ s❡❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿
∆Fys =
∂Fys
∂uxs
∆uxs+
∂Fys
∂uys
∆uys+
∂Fys
∂uzs
∆uzs+
∂Fys
∂ϕxs
∆ϕxs+
∂Fys
∂ϕys
∆ϕys+
∂Fys
∂ϕzs
∆ϕzs ✭✺✳✷✮
∆Fzs =
∂Fzs
∂uxs
∆uxs+
∂Fzs
∂uys
∆uys+
∂Fzs
∂uzs
∆uzs+
∂Fzs
∂ϕxs
∆ϕxs+
∂Fzs
∂ϕys
∆ϕys+
∂Fzs
∂ϕzs
∆ϕzs ✭✺✳✸✮
∆Mxs =
∂Mxs
∂uxs
∆uxs +
∂Mxs
∂uys
∆uys +
∂Mxs
∂uzs
∆uzs +
∂Mxs
∂ϕxs
∆ϕxs +
∂Mxs
∂ϕys
∆ϕys +
∂Mxs
∂ϕzs
∆ϕzs
✭✺✳✹✮
❆❞♦♣t✐♥❣ ❛ ♠❛tr✐① ♥♦t❛t✐♦♥✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s✐① ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts t❤❛t t❤❡
✢✉✐❞ ❛♣♣❧✐❡s t♦ t❤❡ s❡❝t✐♦♥ ❛r❡✿
✾✽ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
Kfs =

∂Fxs
∂uxs
∂Fxs
∂uys
∂Fxs
∂uzs
∂Fxs
∂ϕxs
∂Fxs
∂ϕys
∂Fxs
∂ϕzs
∂Fys
∂uxs
∂Fys
∂uys
∂Fys
∂uzs
∂Fys
∂ϕxs
∂Fys
∂ϕys
∂Fys
∂ϕzs
∂Fzs
∂uxs
∂Fzs
∂uys
∂Fzs
∂uzs
∂Fzs
∂ϕxs
∂Fzs
∂ϕys
∂Fzs
∂ϕzs
∂Mxs
∂uxs
∂Mxs
∂uys
∂Mxs
∂uzs
∂Mxs
∂ϕxs
∂Mxs
∂ϕys
∂Mxs
∂ϕzs
∂Mys
∂uxs
∂Mys
∂uys
∂Mys
∂uzs
∂Mys
∂ϕxs
∂Mys
∂ϕys
∂Mys
∂ϕzs
∂Mzs
∂uxs
∂Mzs
∂uys
∂Mzs
∂uzs
∂Mzs
∂ϕxs
∂Mzs
∂ϕys
∂Mzs
∂ϕzs

✭✺✳✺✮
❚❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s
♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ s❡❝t✐♦♥ ✐ts❡❧❢ ❛s✿
∆Fs =Kfs∆Us ✭✺✳✻✮
✇✐t❤ ∆Fs ❛♥❞ ∆Us ❞❡✜♥❡❞ ❛s
∆Fs =
[
Fxs Fys Fzs Mxs Mys Mzs
]T
✭✺✳✼✮
∆Us =
[
∆uxs ∆uys ∆uzs ∆ϕxs ∆ϕys ∆ϕzs
]T
✭✺✳✽✮
❚❤❡ ✐♥❝r❡♠❡♥t ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❞✉❡ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ♦♥ ❡❛❝❤ s❡❝t✐♦♥ ❛❧♦♥❣ t❤❡
❜❡❛♠ ❛①✐s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
δ∆Wf =
∫ l
0
δ∆UTs ∆Fs dx =
∫ l
0
δ∆UTs Kfs∆Us dx ✭✺✳✾✮
❚❤❡ ✐♥❝r❡♠❡♥t ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞
♦♥ ❡❛❝❤ s❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✳ ❆s ✐t ♠✐❣❤t ❜❡ r❡❛❧✐③❡❞✱ t❤✐s ❝♦♥tr✐❜✉t✐♦♥ ❤❛s ♥♦t ❜❡❡♥
❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ❜❡❛♠ ✭❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t u✱
t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts v ❛♥❞ w ❛♥❞ t♦rs✐♦♥❛❧ r♦t❛t✐♦♥ ϕx✮✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦t r❡q✉✐r❡❞ ✐♥
t❤❡ t❤❡♦r❡t✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ❜❡❝❛✉s❡ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛t ❡❛❝❤ s❡❝t✐♦♥ ♦❢
t❤❡ ❜❡❛♠ ❛①✐s ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡
❡❧❡♠❡♥t✳
✺✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧
❚❤❡ ❛tt❡♥t✐♦♥ ✐s ♥♦✇ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❛ss♦❝✐❛t❡❞ t♦
t❤✐s ♥❡✇ ❜❡❛♠ ❡❧❡♠❡♥t✳
✺✳✷ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✾✾
❈♦♥s✐❞❡r✐♥❣ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ♠❛tr✐① ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✸✼✱ t❤❡
❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❡❛❝❤ ♣♦✐♥t ❛❧♦♥❣ t❤❡ ❜❡❛♠ ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡
❝♦♠♣✉t❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ ❡❛❝❤ s❡❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✐♥ t❡r♠s ♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛❧♦♥❣ t❤❡ ❜❡❛♠✭✷✮✳
∆Us = Tbs∆U
′ ✭✺✳✶✵✮
✇❤❡r❡ t❤❡ ♠❛tr✐① Tbs ✐s ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① t❤❛t r❡❧❛t❡s t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢
t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❜❡❛♠ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ❛①❡s ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥ t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳
❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✺✳✶✵ ✐♥ ❡q✉❛t✐♦♥ ✺✳✾✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✐♥❝r❡♠❡♥t ♦❢
✇♦r❦ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
δ∆Wf =
∫ l
0
δ (Tbs∆U
′)
T
Kfs (Tbs∆U
′) dx ✭✺✳✶✶✮
❘❡❛rr❛♥❣✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥✿
δ∆Wf =
∫ l
0
δ∆U ′T T TbsKfsTbs︸ ︷︷ ︸
Kfb
∆U ′ dx =
∫ l
0
∆U ′TKfb∆U
′ dx ✭✺✳✶✷✮
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♠❛tr✐① Nb ❞❡✜♥❡❞ ❛s
Nb (x) =

Nu1 0 0 0 0 0 Nu2 0 0 0 0 0
0 Nv1 0 0 0 Nv3 0 Nv2 0 0 0 Nv4
0 0 Nw1 0 Nw3 0 0 0 Nw2 0 Nw4 0
0 0 0 Nϕ1 0 0 0 0 0 Nϕ2 0 0
0 0 −N ′w1 0 −N ′w3 0 0 0 −N ′w2 0 −N ′w4 0
0 N ′v1 0 0 0 N
′
v3 0 N
′
v2 0 0 0 N
′
v4

✭✺✳✶✸✮
✇❤❡r❡ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✸✾✳
❚❤✐s ♠❛tr✐① ❛❧❧♦✇s t♦ ❡①♣r❡ss t❤❡ s✐① ✈❛r✐❛❜❧❡s✱ t❤r❡❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ t❤r❡❡ r♦t❛t✐♦♥s✱
♦❢ ❛♥② ♣♦✐♥t ♦❢ t❤❡ ❜❡❛♠ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts (∆U ) ✐♥ t❤❡ ❧♦❝❛❧
r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❜❡❛♠✳
∆U ′ =Nb (x)∆U ✭✺✳✶✹✮
■t s❤♦✉❧❞ ❜❡ r❡♠❡♠❜❡r t❤❛t t❤❡ ✈❡❝t♦r ∆U ✐s t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ✈❡❝t♦r ♣r❡✈✐♦✉s❧②
❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✸✽✳
❙✉❜st✐t✉t✐♥❣ t❤❡ ❧❛st ❡①♣r❡ss✐♦♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ✈✐rt✉❛❧
✇♦r❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
δ∆Wf =
∫ l
0
δ (Nb (x)∆U )
T
Kfb (Nb (x)∆U ) dx ✭✺✳✶✺✮
✭✷✮■t ♠✉st ❜❡ r❡❛❧✐③❡ t❤❛t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✉s❡❞ ❝♦♥s✐❞❡rs s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡
✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡♣♦♥❞✐♥❣ ♣♦✐♥t ♦❢ t❤❡ ❜❡❛♠ ❛①✐s ♦♥❧② ❞✐✛❡r ✐♥ t❤❡
❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ ❡①♣r❡ss❡❞
✶✵✵ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❚❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ♦♣♣♦rt✉♥❡❧② r❡❛rr❛♥❣❡❞ ❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❞✉❡
t♦ t❤❡ ✢✉✐❞ ❛❝t✐♦♥ ❛❧♦♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ✜♥❛❧❧② ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✳
δ∆Wf = δ∆U
T
∫ l
0
NTb (x)KfbNb (x) dx︸ ︷︷ ︸
Kf
∆U = δ∆UTKf∆U ✭✺✳✶✻✮
❚❤❡ ♠❛tr✐① Kf r❡♣r❡s❡♥ts t❤❡ st✐✛♥❡ss ❝♦♥tr✐❜✉t✐♦♥ ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥
t❤❡ ❜❡❛♠ ❛♥❞ t❤❡ ✢✉✐❞✳ ❚❤✐s ♠❛tr✐① ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✐♥❝❧✉❞❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✽✺ t♦ ❞❡✜♥❡
❛ ♥❡✇ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ✐♥ ❛ ♠❛tr✐① ❢♦r♠ ❢♦r t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t✳
(Ke +Kg +Ki +Kf )∆U =
2
1f − 11f ✭✺✳✶✼✮
❚❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❜❡❛♠ ❛♥❞ t❤❡ ✢✉✐❞ ♦♥❧② ❛✛❡❝ts t❤❡ st✐✛♥❡ss ♦❢ t❤❡ str✉❝✲
t✉r❡ ❛♥❞ ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ❛♥② ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s✳ ■♥❞❡❡❞✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r
t♦ ✐♥t❡❣r❛t❡ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❜❡❛♠ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉✐✈✲
❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ❛♥❞ st✉❞② t❤❡ ❜❡❛♠✲✢✉✐❞ ✐♥t❡r❛❝t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡
s❡❝♦♥❞ ✐♥ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s✳ ❚❤✐s ✐s ❛ ♠✐st❛❦❡ ❜❡❝❛✉s❡ t❤❡ str✉❝t✉r❡ ♥❡❡❞s✱ ✐♥ ♣❛rt✱ t❤❡
✢✉✐❞ t♦ r❡s✐st✭✸✮ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s✳ ❆❧t❤♦✉❣❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ❧♦❛❞ ✐♥
t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ✐s ♣❤②s✐❝❛❧❧② ❝♦♥s✐st❡♥t✱ t❤❡ ❧✐♥❡❛r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠
❡q✉❛t✐♦♥s ❧❡❛❞s t♦ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ♠❛tr✐❝❡s ❛♥❞ t❤❡ s②st❡♠ ❞♦❡s ♥♦t ❤❛✈❡ ❡♥♦✉❣❤ st✐✛♥❡ss
t♦ ❝♦✉♥t❡r❛❝t ❛♥② ❦✐♥❞ ♦❢ ❧♦❛❞✳
✺✳✸ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ❡❧❡♠❡♥t ❢♦r t❤❡ s❡❛❜❡❞✲❝❛❜❧❡ ✐♥✲
t❡r❛❝t✐♦♥
❆s ✐t ❤❛s ❜❡❡♥ ❞♦♥❡ ❢♦r t❤❡ ✷❉ ♠♦❞❡❧✱ ❝❛❜❧❡s ❛r❡ ✉s❡❞ t♦ ❛♥❝❤♦r❡ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
t♦ t❤❡ s❡❛❜❡❞✳ ❚♦ ❛♥❛❧②s❡ t❤❡♠✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ s❡❝t✐♦♥ ❇✳✶✳✹ ✇✐❧❧ ❜❡ ✉s❡❞
❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ ❛♥ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥
❛♣♣r♦❛❝❤✳
■♥ ❛❞❞✐t✐♦♥✱ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❛❜❡❞ ❛♥❞ t❤❡ ❝❛❜❧❡
❡❧❡♠❡♥ts ✐♥ ❝♦♥t❛❝t ♦♥❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ ❛ ♥❡✇ ❝♦♥t❛❝t ❡❧❡♠❡♥t ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ t♦ t❛❦❡
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ t♦♣♦❣r❛♣❤② ♦❢ t❤❡ s❡❛✢♦♦r✳
✺✳✸✳✶ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❡❛❜❡❞ st✐❢❢♥❡ss
❈♦♥s✐❞❡r ✜❣✉r❡ ✺✳✷✱ ✇❤❡r❡ ❛ ❝❛❜❧❡ ❡❧❡♠❡♥t ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s❡❛✢♦♦r ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡
♠♦❞❡❧ ✉s❡❞ t♦ st✉❞② t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❛❜❡❞ ❛♥❞ t❤❡ ❝❛❜❧❡ ✐s ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡
♠♦❞❡❧ tr❛❞✐t✐♦♥❛❧❧② ✉s❡❞ ❢♦r t❤❡ st✉❞② ♦❢ s♦✐❧✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ s♦✐❧ ✐s ❝♦♥s✐❞❡r❡❞
❛s ❡❧❛st✐❝ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ st✐✛♥❡ss ❝♦♥st❛♥t✳
✭✸✮❆s ②♦✉ ♠❛② r❡♠❡♠❜❡r✱ t❤❡ ✈❡rt✐❝❛❧ st✐✛♥❡ss ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐s ❞✉❡ t♦ t❤❡ ❛r❝❤✐♠❡❞❡✬s ❧♦❛❞
♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞✳
✺✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✶✵✶
❋✐❣✉r❡ ✺✳✷✿ ❈❛❜❧❡ ❡❧❡♠❡♥t ♠❛❦✐♥❣ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s❡❛❜❡❞
❚❤❡ st✐✛♥❡ss ❝♦♥st❛♥t ❝❛♥ ❜❡ ❝❤♦s❡♥ t♦ ❞❡✜♥❡ ❛ r❡❛❧✐st✐❝ ♣❡♥❡tr❛t✐♦♥ ❧❡♥❣t❤ ✭s❡❡ ❬P❛❧
●✳ ❇❡r❣❛♥ ❛♥❞ ❙❛♥❞s♠❛r❦✱ ✶✾✽✺❪✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡❧❛st✐❝ ❝♦♥st❛♥t t❤❛t ❝❤❛r❛❝t❡r✐③❡s
t❤❡ s♦✐❧ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r ❛ ❝❛❜❧❡ ❡❧❡♠❡♥t t❤❛t ❤♦r✐③♦♥t❛❧❧② ❧✐❡s ✐♥
t❤❡ s❡❛✢♦♦r ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✺✳✸✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛❜❧❡ ❛♥❞ t❤❡ ♣r❡s❝r✐❜❡❞ ♣❡♥❡tr❛t✐♦♥✱ t❤❡ st✐✛♥❡ss ♣❡r ✉♥✐t ❧❡♥❣t❤ t❤❛t
t❤❡ s♦✐❧ ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
Ksc =
γA
∆z∗
✭✺✳✶✽✮
❋✐❣✉r❡ ✺✳✸✿ ❈❛❜❧❡ ❡❧❡♠❡♥t ❤♦r✐③♦♥t❛❧❧② ❧②✐♥❣ ♦♥ t❤❡ s❡❛❜❡❞
❚❤❡ st✐✛♥❡ss ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❛❝ts ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞ ✐s ❞✐r❡❝t❧② s✉♠♠❡❞
t♦ t❤❡ ✈❡rt✐❝❛❧ st✐✛♥❡ss ♦❢ ❡❛❝❤ ❝❛❜❧❡ ♥♦❞❡ ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ s❡❛✢♦♦r✳
✺✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts
■♥ t❤✐s s❡❝t✐♦♥✱ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ♣r♦❣r❛♠ t♦ ❛♥❛❧②s❡ ✸❉ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✐s ♣r❡s❡♥t❡❞✳ ❆❧s♦✱ t❤❡ ♥❡✇ ❛♣♣r♦❛❝❤ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❛r❝✲❧❡♥❣t❤ t❡❝❤♥✐❝ t♦ ✐♥❝r❡❛s❡
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ♦s ❡①♣❧❛✐♥❡❞✳
✺✳✹✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❣r❛♠
❚❤❡ ♣r♦❣r❛♠ ✐s ❞✐✈✐❞❡❞ ✐♥ s❡✈❡♥ ✐♥❞❡♣❡♥❞❡♥t ♣❛rts✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✢♦✇❝❤❛rt s❤♦✇s ❡❛❝❤
♦♥❡ ♦❢ t❤❡♠✳
✶✵✷ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❙❚❆❘❚
▲♦❛❞ ✐♥♣✉t ♣❛r❛♠❡t❡rs
❘❡❛❞ ✐♥♣✉t ✜❧❡
❋❧♦❛t✐♥❣ ❛♥❛❧②s✐s
❉❡✜♥❡ ❛♥❞ ♠❡s❤ ❝❛❜❧❡ str✉❝t✉r❡s
P❧♦t ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
■t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
P♦st♣r♦❝❡ss✐♥❣
❊◆❉
❋✐❣✉r❡ ✺✳✹✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✸❉ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❆❧t❤♦✉❣❤ t❤❡ ♠❛✐♥ str✉❝t✉r❡ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡ ✷❉ ♣r♦❣r❛♠✱ s❡✈❡r❛❧ ❞✐✛❡r❡♥❝❡s
❤❛✈❡ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✳
❚❤❡ ✜rst ✜✈❡ ♣❛rts ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡s ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✳ ❉❡s♣✐t❡
✐t✱ s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ ✐♥ ❡❛❝❤ ♦❢ t❤❡♠ t♦ ❞❡❛❧ ✇✐t❤ ✸❉ ✢♦❛t✐♥❣ str✉❝t✉r❡s✳
■♥❞❡❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs r❡q✉✐r❡❞ ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦❣r❛♠ ✭▲♦❛❞ ✐♥✲
♣✉t ♣❛r❛♠❡t❡rs✮ ✐♥❝r❡❛s❡s✳ ❉✐✛❡r❡♥t ♠♦❞❡❧s ❝❛♥ ❜❡ ♣r❡s❝r✐❜❡❞ ❜② t❤❡ ✉s❡r t♦ st✉❞② ❜♦t❤
❜❡❛♠ ❛♥❞ ❝❛❜❧❡ ❡❧❡♠❡♥ts ✭❞❡ ❙❛✐♥t ❱❡♥❛♥t ❛♥❞ ❲❛❣♥❡r ❱❧❛s♦✈ ❢♦r t❤❡ t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r✱
❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❚✐♠♦s❤❡♥❦♦ ❢♦r t❤❡ ❜❡♥❞✐♥❣ ❛♥❞ s❤❡❛r ❜❡❤❛✈✐♦✉r✱ ❞✐r❡❝t ❛♥❞ ✜♥✐t❡
❡❧❡♠❡♥t ❛♣♣r♦❛❝❤ ❢♦r t❤❡ st✉❞② ♦❢ ❝❛❜❧❡ ❡❧❡♠❡♥ts✱ ✳✳✳✮✳ ❆ ❞❡❡♣ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤✐s ♣❛rt ✐s
♦♠✐tt❡❞ ❜❡❝❛✉s❡ t❤❡ r❡❛❞❡r ✐s ♥♦t s✉♣♣♦s❡❞ t♦ ✉s❡ t❤❡ ♣r♦❣r❛♠ ❛♥❞ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ❞♦❡s
♥♦t ❝♦♥tr✐❜✉t❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t t❤✐s ❝❤❛♣t❡r t❛❧❦s ❛❜♦✉t✳
■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❘❡❛❞ ✐♥♣✉t ✜❧❡✱ t❤❡ ♣r♦❣r❛♠ r❡❛❞s t❤❡ ✐♥♣✉t ✜❧❡✳ ❚❤❡ ♠❛✐♥ ❞✐❢✲
❢❡r❡♥❝❡s ❢♦r ✷❉ ❛♥❞ ✸❉ ♣r♦❜❧❡♠s ❛r❡ r❡❢❡rr❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t❤❛t
✺✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✶✵✸
❡❛❝❤ ♥♦❞❡ ♥♦✇ ❤❛s✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t st✐✛♥❡ss t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ s♦✐❧ ❜❡✲
❤❛✈✐♦✉r ❛♥❞ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ❧✐st ♦❢ ❛✉①✐❧✐❛r② ✈❡❝t♦rs ❛♥❞ ♣♦✐♥ts t❤❛t ❛❧❧♦✇ t❤❡ ♣r♦❣r❛♠
t♦ ✐♥t❡r♥❛❧❧② ❝♦♠♣✉t❡ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❡❛❝❤ ❜❡❛♠ ❡❧❡♠❡♥t✳
❚❤❡ t❤✐r❞ ♣❛rt✱ ❋❧♦❛t✐♥❣ ❛♥❛❧②s✐s✱ ✇♦r❦s ❡①❛❝t❧② ❛s t❤❡ ♦♥❡ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥❡ ✹✳✺✳
❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣r♦❝❡❞✉r❡s ✐♥ t❤❡ ✇❛② t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉❛✲
t✐♦♥ t❤❛t ❞❡✜♥❡s t❤❡ ✢♦❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✐s s♦❧✈❡❞✳
❚❤❡ ❢♦✉rt❤ ♣❛rt✱ ❉❡✜♥❡ ❛♥❞ ♠❡s❤ ❝❛❜❧❡ str✉❝t✉r❡s✱ ✇♦r❦s ❡①❛❝t❧② ✐♥ t❤❡ s❛♠❡ ✇❛② ♦❢
❡q✉✐✈❛❧❡♥t ♣❛rt ♦❢ t❤❡ ✷❉ ♣r♦❣r❛♠✳ ❚❤❡ ❝❛❜❧❡s ❛r❡ ✜rst ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ s♣❛❝❡ ❜② ♠❡❛♥s
♦❢ t❤❡ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥ ❛♥❞ t❤❡♥ ❛r❡ ♠❡s❤❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s t❤❛t t❤❡
✉s❡r r❡q✉✐r❡s✳
❋✐♥❛❧❧②✱ t❤❡ ♣r♦❣r❛♠ ♣❧♦ts t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ♦✈❡r❛❧❧ str✉❝t✉r❡ ❛♥❞ s❛✈❡ ✐t
✐♥ t❤❡ ❞❡s✐r❡❞ ❢♦❧❞❡r t❤❡ ✉s❡r ❤❛s ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✳
❖♥❝❡ t❤❡ ✜✈❡ ✜rst ♣❛rts ❤❛✈❡ ❜❡❡♥ ❛❝❝♦♠♣❧✐s❤❡❞✱ t❤❡ ♣r♦❣r❛♠ st❛rts t❤❡ ■t❡r❛t✐✈❡
♣r♦❝❡❞✉r❡✳ ❍❡r❡✱ t❤❡ ♣r♦❣r❛♠ ✐s ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t t♦ ♣❡r❢♦r♠ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡
s❝❤❡♠❡ t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♦❢ t❤❡ str✉❝t✉r❡ ✉♥❞❡r ❧❛r❣❡ ❞✐s♣❧❛❝❡✲
♠❡♥ts✭✹✮✳ ■♥ t❤✐s ♣❛rt✱ t❤❡ ♣r♦❣r❛♠s ❝♦♠♣✉t❡s ✜rst t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r t❤❛t ✇✐❧❧
♣r♦❣r❡ss✐✈❡❧② ✐♥❝r❡♠❡♥t❡❞ ✭❜② ♠❡❛♥s ♦❢ t❤❡ ❧♦❛❞ ❢❛❝t♦r λ✮ ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✢♦✇❝❤❛rt s❤♦✇s ❤♦✇ t❤✐s ♣❛rt ✇♦r❦s✳
❙❚❆❘❚
❈♦♠♣✉t❡ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r
❊①❡❝✉t❡ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡
❊◆❉
❋✐❣✉r❡ ✺✳✺✿ ❋❧♦✇❝❤❛rt ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ✐♥ t❤❡ ✸❉ ♣r♦❣r❛♠
■♥ t❤❡ ✜rst ♣❛rt t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r ✐s ❝♦♠♣✉t❡❞✳ ❆ ❧♦♦♣ ❛❧♦♥❣ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥ts✱
❝❛❜❧❡ ❡❧❡♠❡♥ts ❛♥❞ ♥♦❞❡s ✐s ♣❡r❢♦r♠❡❞ ❛♥❞ ❡❛❝❤ ❝♦♥tr✐❜✉t✐♦♥ ✭s❡❧❢✇❡✐❣❤t✱ ❝♦♥❝❡♥tr❛t❡❞
❧♦❛❞ ✐♥ t❤❡ ♥♦❞❡s✱ ♣r❡str❡ss✐♥❣ ❝❛❜❧❡s✱ ✐♠♣♦s❡❞ ❞❡❢♦r♠❛t✐♦♥s✱✳✳ ❡t❝✮ ✐s s✉♠♠❡❞ t♦ t❤❡ r❡❢✲
❡r❡♥❝❡ ♥♦❞❛❧ ❧♦❛❞ t❤❛t ✐s ❛❧r❡❛❞② ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠✳ ❋❧♦✇❝❤❛rt ✺✳✻
✭✹✮❘❡♠❡♠❜❡r t❤❛t t❤❡ ✸❉ ♣r♦❣r❛♠ ✉s❡s ❛♥❞ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ✇❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠
❡q✉❛t✐♦♥s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿ R+Kτ∆U = (λ+∆λ)fr✳ ❲❤❡r❡ fr ✐s ❛ r❡❢❡r❡♥❝❡
❧♦❛❞ ✈❡❝t♦r ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✳
✶✵✹ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
s❤♦✇s ❤♦✇ t❤❡ ♣r♦❝❡❞✉r❡ ✇♦r❦s✳
❆s ✐t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ✢♦✇❝❤❛rt✱ t❤❡ ♣r♦❣r❛♠ ♣❡r❢♦r♠s t❤r❡❡ ❧♦♦♣s✳ ❖♥❡
❧♦♦♣ ♦♥ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥ts✱ ♦♥❡ ♦♥ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥ts ❛♥❞ ♦♥❡ ♦♥ t❤❡ ♥♦❞❡s✳ ❚❤❡ ❜❡❛♠
❡❧❡♠❡♥ts ❝♦♥tr✐❜✉t❡ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r ✇✐t❤ t❤❡✐r s❡❧❢ ✇❡✐❣❤t✱ ♣♦ss✐❜❧❡ ❡①t❡r♥❛❧
❧♦❛❞s ❛♣♣❧✐❡❞ t♦ t❤❡♠✱ ✐♠♣♦s❡❞ ❞❡❢♦r♠❛t✐♦♥s ✭t❤❡r♠❛❧ ✈❛r✐❛t✐♦♥s ❢♦r ❡①❛♠♣❧❡✮ ❛♥❞ ♣r❡✲
str❡ss✐♥❣✳ ❚❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥ts ♦♥❧② ❝♦♥tr✐❜✉t❡ t♦ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✇✐t❤ t❤❡✐r s❡❧❢ ✇❡✐❣❤t
✇❤✐❧❡ t❤❡ ♥♦❞❡s ♦♥❧② ❝♦♥tr✐❜✉t❡ ✐❢ ❝♦♥❝❡♥tr❛t❡❞ ❡①t❡r♥❛❧ ❧♦❛❞s ❛r❡ ❛♣♣❧✐❡❞✳
❚❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ❛r❡ ❝♦♠♣✉t❡❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ s❡❝t✐♦♥ ✹✳✷✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ✇❛s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ✷❉ ❝❛s❡✱ ❜✉t ✐t ❝❛♥
❜❡ ❡❛s✐❧② ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ✸❉✳
❚❤❡ ❝❛s❡ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ❞✉❡ t♦ t❤❡ s❡❧❢ ✇❡✐❣❤t ♦❢ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t
❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ t♦t❛❧ ✇❡✐❣❤t ♦❢ ✐t ❞✐str✐❜✉t❡❞ t♦ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡
❡❧❡♠❡♥t✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s ♦❢ t❤❡ s❡❧❢ ✇❡✐❣❤t ♦♥ ❛ ❝❛❜❧❡ ❡❧❡♠❡♥t ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞
❛s ❢♦❧❧♦✇s✳
fc =
γmAcl
2
[
0 0 −1 0 0 −1 ] ; γm = γc − γf ✭✺✳✶✾✮
■♥ t❤✐s ❡q✉❛t✐♦♥ γm ✐s t❤❡ ❡q✉✐✈❛❧❡♥t s❡❧❢ ✇❡✐❣❤t ♣❡r ✉♥✐t ✈♦❧✉♠❡ ✭❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ s❡❧❢ ✇❡✐❣❤t ♦❢ t❤❡ ❝❛❜❧❡✱ γc ❛♥❞ t❤❡ s❡❧❢ ✇❡✐❣❤t ♦❢ t❤❡ ✢✉✐❞ γf ✮✱ Ac ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡
❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ❛♥❞ l ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t✳
❖♥❝❡ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r fr ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ ♣r♦❣r❛♠ st❛rts ❛♥ ✐♥❝r❡♠❡♥✲
t❛❧ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ t♦ ❝♦♠♣✉t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ♦♥ ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡✜♥❡❞
❜② t❤❡ ❧♦❛❞ ❢❛❝t♦r λ ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤✳ ❚❤❡ ♣r♦❝❡❞✉r❡ st♦♣s ✐❢ ❛ ♠❛①✐♠✉♠ ♦r
♠✐♥✐♠✉♠ ❧♦❛❞ ❢❛❝t♦r ✐s ❛❝❤✐❡✈❡❞ ♦r ✉♥t✐❧ t❤❡ ♣r♦❣r❛♠ ✐s ♥♦t ❛❜❧❡ t♦ ❝♦♥✈❡r❣❡ ❛♥②♠♦r❡✳
❚❤❡ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡ ❢♦❧❧♦✇s t❤❡ ♣r♦❝❡❞✉r❡ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ❈✳✶✳✹✳
✺✳✹ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✶✵✺
❙❚❆❘❚
▲♦♦♣ ❢♦r ❜❡❛♠
❡❧❡♠❡♥ts
❘❡❢❡r❡♥❝❡ s②st❡♠
▼❛t❡r✐❛❧ ❛♥❞ s❡❝t✐♦♥
❈♦♠♣✉t❡ ❡①t❡r♥❛❧ ❧♦❛❞s✱ s❡❧❢✇❡✐❣❤t ❛♥❞ ♣r❡str❡ss✐♥❣
■♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✿∫ l
0
NTp dx
❱❡❝t♦r ♦❢ ✐♠♣♦s❡❞ ❞❡❢♦r♠❛t✐♦♥s✿ q0 ▲♦♦♣ ❝❛❜❧❡ ❡❧❡♠❡♥ts
■♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✿
A
∫ l
0
BT dxDq0
❈♦♠♣✉t❡ s❡❧❢ ✇❡✐❣❤t
❯♣❞❛t❡ ❧♦❛❞ ✈❡❝t♦r✿ fr ❯♣❞❛t❡ ❧♦❛❞ ✈❡❝t♦r✿ fr
❊♥❞ ❧♦♦♣
❜❡❛♠ ❡❧❡♠❡♥ts
❊♥❞ ❧♦♦♣ ❝❛✲
❜❧❡ ❡❧❡♠❡♥ts
❯♣❞❛t❡ ❧♦❛❞ ✈❡❝t♦r✿ fr ▲♦♦♣ ♥♦❞❡s
❊♥❞ ❧♦♦♣ ♥♦❞❡s
❊◆❉
n < nBeamEle
n
=
n
B
ea
m
E
le
n < nCableEle
n = nCableEle
n = nNodes
n <
nNo
des
❋✐❣✉r❡ ✺✳✻✿ ❋❧♦✇❝❤❛rt ♦❢ t❤❡ ♣❛rt ✇❤❡r❡ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r ✐s ❝♦♠♣✉t❡❞
✶✵✻ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✺✳✹✳✷ ▼♦❞✐❢✐❡❞ ❆r❝✲▲❡♥❣t❤ ♠❡t❤♦❞
❆s t❤❡ r❡❛❞❡r ♠❛② r❡♠❡♠❜❡r ❢r♦♠ s❡❝t✐♦♥ ❈✳✶✳✹✱ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ t♦
❝♦♥tr♦❧ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ str✉❝t✉r❡ ❞✉r✐♥❣ t❤❡ ❝♦♥tr♦❧ ♣r♦❝❡❞✉r❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡s
❛♥❞ ❞✐s❛❞✈❛♥t❛❞❣❡s ♦❢ t❤✐s ♠❡t❤♦❞ ❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss❡❞ ❛♥❞ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ✇❡r❡ ❣✐✈❡♥
t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ❝♦♥s✐sts ♦♥ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❧✐♠✐t❛t✐♦♥ ♦♥ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts✳ ■♥❞❡❡❞✱ t❤❡ ♠♦❞✉❧❡ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐s r❡str✐❝t❡❞ ♦♥ ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ❚❤✐s
❧❡❛❞s t♦ ❛♥ ✐♥❝♦♥s✐st❡♥t ❝♦♠♣❛t✐❜✐❧✐t② ❡q✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
✐s ❞✐r❡❝t❧② ✐♠♣♦s❡❞ ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ r♦t❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❛♥❞✴♦r
❝❛❜❧❡ str✉❝t✉r❡ ✭s❡❡ ❡q✉❛t✐♦♥ ❈✳✶✸ ❛♥❞ ❈✳✶✾✮✳
■t ♠✐❣❤t ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ♠❡❛♥s
t❤❡ r❡str✐❝t✐♦♥ ❝♦♥❞✐t✐♦♥ ✐s ❜❡✐♥❣ ✐♠♣♦s❡❞ t♦ ❛ ✈❡❝t♦r t❤❛t ❤❛s ❜♦t❤ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞
r♦t❛t✐♦♥ ❛s ❝♦♠♣♦♥❡♥ts ❡①♣r❡ss❡❞ ✐♥ ❞✐✛❡r❡♥t ✉♥✐ts ✭❧❡♥❣t❤ ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ r❛✲
❞✐❛♥s ❢♦r t❤❡ r♦t❛t✐♦♥s✮✳ ❚❤✐s ♠❛❦❡s t❤❡ ❛r❝ ❧❡♥❣t❤ ♠❡t❤♦❞ ✈❡r② ✉♥❛♣♣r♦♣✐❛t❡ ❢♦r ❝❡rt❛✐♥
♣r♦❜❧❡♠s✳
❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠✱ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦♥ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❢♦r♠✉❧❛t❡❞
t♦ ♠❛❦❡ t❤❡ ♠❡t❤♦❞ ♠♦r❡ r♦❜✉st✳
❋r♦♠ ❛ ♣❤②s✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ♦♥ ❡✈❡r② ♣r♦❜❧❡♠ ♦❢ t❤❡ str✉❝t✉r❛❧ ❛♥❛❧②s✐s ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❞❡✜♥❡ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ Lc✱ ❢♦r❝❡ Fc ❛♥❞ ♠♦♠❡♥tMc✳ ❚❤❡s❡ t❤r❡❡ ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡
✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛r❝✲❧❡♥❣t❤ ❡q✉❛t✐♦♥s✳ ❚❤❡ ♥♦r♠❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t
❛♥❞ ❢♦r❝❡ ✈❡❝t♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s✿
va =Hdv ✭✺✳✷✵✮
fra =Hffr ✭✺✳✷✶✮
✇✐t❤ t❤❡ ♠❛tr✐❝❡s Hd ❛♥❞ Hf ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳
Hdij =
1
Lc
δijF (i) ✭✺✳✷✷✮
Hf ij =
1
Mc
δijF (i) ✭✺✳✷✸✮
■♥ t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ δij ✐s t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❑r♦♥❡❝❦❡r✬s ❢✉♥❝t✐♦♥✱ ❞❡✜♥❡❞ ❛s✿
δij =
{
1 i = j
0 i 6= j ✭✺✳✷✹✮
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢✉♥❝t✐♦♥ F (i) ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠
✭r♦t❛t✐♦♥ ♦r ❞✐s♣❧❛❝❡♠❡♥t✮ ♦❢ t❤❡ ✈❡❝t♦r vi✳
F (i) =
{
1 vi displacement
Lc vi rotation
✭✺✳✷✺✮
■♠♣♦s✐♥❣ ❡q✉❛t✐♦♥s ❈✳✶✸ ❛♥❞ ❈✳✶✾ ♦♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❢♦r❝❡ ✈❡❝t♦r✱
t❤❡ ♥❡✇ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❛r❝✲❧❡♥❣t❤ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡s ♠❛② ❜❡
♦❜t❛✐♥❡❞✳
✺✳✺ ❆❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❢♦r ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✶✵✼
1∆λ =
±∆l√
∆vTt Dd∆vt + β
2fTr Dffr
;
Dd =H
T
dHd
Df =H
T
fHf
✭✺✳✷✻✮
a1δλ2 + b1δλ+ c = 0
a = δvTt Ddδvt + β
2fTr Dffr
b = −2δvTrDdδvr − 21∆vTDdδvt − 21∆λβ2frDffr
c = −∆l2 + 1∆vTDd1∆v + δvTrDdδvr + 21∆vTDdδvr + 1∆λ2β2fTr Dffr
✭✺✳✷✼✮
❚❤❡ ✐♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛r❝✲❧❡♥❣t❤ ✐♥ ❜♦t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥s ♣❤❛s❡s ❤❛s
❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ❡✣❝✐❡♥t ❛♥❞ ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛t✐♦♥✳
■♥❞❡❡❞✱ t❤❡ ♥❡✇ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ✐♠♣♦s❡s ❛ r❡str✐❝t✐♦♥ ✐♥ ❛ ♥♦r♠❛❧✐③❡❞
❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ✇❤✐❝❤ ❛❧❧♦✇s ❛ ❜❡tt❡r ❝♦♥tr♦❧ s✐♥❝❡ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✉♥✐ts
♦❢ ♠❡❛s✉r❡ ✉s❡❞✳
✺✳✺ ❆❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❢♦r ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ ❢❧♦❛t✐♥❣ str✉❝✲
t✉r❡s
❉✉❡ t♦ t❤❡ str♦♥❣ ♥♦♥❧✐♥❡❛r✐t② t❤❛t ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛♥❝❤♦r❡❞ t♦ t❤❡ s❡❛❜❡❞ ♣r❡s❡♥t✱ ❛
❣❡♥❡r❛❧ ♣♦r♣♦s❡ ✸❉ ✜♥✐t❡ ❡❧❡♠❡♥t ♣r♦❣r❛♠ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢
❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❡①♣r❡ss❡s t❤❡ ✐♥❝r❡✲
♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t❤❡ ❧❛st ❦♥♦✇♥ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡✳
❚❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s r❡q✉✐r❡ t❤❛t✱ ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡✱ ❜♦t❤ t❤❡
r❡❢❡r❡♥❝❡ s②st❡♠s ♦❢ ❝❛❜❧❡ ❛♥❞ ❜❡❛♠ ❡❧❡♠❡♥ts ❛r❡ ✉♣❞❛t❡❞✳ ❆❧s♦✱ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡
s②st❡♠ ♠✉st ❛❧✇❛②s ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✭✇❤❡r❡ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞
✈❡❝t♦r ✐s ❡①♣r❡ss❡❞✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ♣r❡✈✐♦✉s❧② ❡①♣❧❛✐♥❡❞✱
t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❤❛s t♦ ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ♥♦❞❛❧ r❡❛❝t✐♦♥ ♦❢ ❡❛❝❤
❡❧❡♠❡♥t ♦❢ t❤❡ str✉❝t✉r❡✳ ❚❤❡s❡ ♥♦❞❛❧ r❡❛❝t✐♦♥s ❞✐r❡❝t❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❡❢♦r♠❛t✐✈❡ st❛t❡
t❤❛t t❤❡ ❡❧❡♠❡♥t ✐s s✉✛❡r✐♥❣ ❛♥❞ ❤❛✈❡ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛✲
t✐♦♥s ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ♦♥ ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥✳
■♥ s✉♠♠❛r②✱ t♦ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ str✉❝t✉r❡ ♦♥ ❡❛❝❤ ❝♦♥✲
✜❣✉r❛t✐♦♥ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠✱ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❢♦r❝❡s
❛❝t✐♥❣ ♦♥ ❡❛❝❤ ❡❧❡♠❡♥t ♠✉st ❜❡ ❝♦♠♣✉t❡❞✳
❋✐rst✱ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❤♦✇ t♦ ✉♣❞❛t❡ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠✱ ❝♦♠♣✉t❡ t❤❡ ❞✐s♣❧❛❝❡✲
♠❡♥t ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ❝♦♥s✐❞❡r✐♥❣ ✐ts r✐❣✐❞ ❜♦❞② ❛♥❞ ❞❡❢♦r♠❛t✐✈❡ ♠♦t✐♦♥ ❛♥❞ ❝♦♠♣✉t❡ t❤❡
str❡ss❡s ♦♥ ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❡①♣❧❛✐♥❡❞✳ ▲❛t❡r✱ t❤❡ ❛ss❡♠❜❧② ♦❢ ❡❛❝❤ ♥♦❞❛❧ ❧♦❛❞s ❢r♦♠
❡❛❝❤ ❡❧❡♠❡♥ts t♦ ♦❜t❛✐♥ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ❜❡ ❡①♣♦s❡❞✳ ❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞
t❤❡ ♣r♦❝❡❞✉r❡✱ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ✇✐❧❧ ❜❡ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ♦t❤❡rs
❜❡❝❛✉s❡ ✐t ✐s t❤❡ ♦♥❧② ♦♥❡ ❢♦r ✇❤✐❝❤ t❤❡ r❡❛❝t✐♦♥ ❞❡♣❡♥❞s ❝♦♠♣❧❡t❡❧② ♦♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥
❛♥❞ ♥♦t ♦♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡✳
■♥ t❤✐s ♣❛rt✱ t❡❝❤♥✐q✉❡s ❛♥❞ ♠❡t❤♦❞s t♦ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛✲
t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ❛r❡ ❡①♣♦s❡❞✳ ❋✐rst✱ t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❝❛❜❧❡
✶✵✽ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❛♥❞ ❜❡❛♠ ❡❧❡♠❡♥ts ✐s ✉♣❞❛t❡❞ ✐s ♣r❡s❡♥t❡❞✳ ❙❡❝♦♥❞✱ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ str❡ss❡s
♦♥ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧ ❧♦❛❞s
❞❡r✐✈❡❞ ❢r♦♠ t❤❡♠✳ ❋✐♥❛❧❧②✱ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❛s t❤❡ ❛ss❡♠❜❧②
♦❢ ❡❛❝❤ ♥♦❞❛❧ r❡❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ str✉❝t✉r❡✳
▲❡t ✉s ❛ss✉♠❡ ❛ ❣❡♥❡r✐❝ ✐♥❝r❡♠❡♥t❛❧ st❡♣✱ ✇❤❡r❡ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢
t❤❡ str✉❝t✉r❡∆U ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥✱
✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t∆u ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠✲
♣✉t❡❞✳ ❚❤❡ ♣r♦❜❧❡♠ ♥♦✇ ✐s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♥♦❞❛❧ ❢♦r❝❡s 2f ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ ♥❡✇
❝♦♥✜❣✉r❛t✐♦♥✱ ❣✐✈❡♥ t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ∆u✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛♥ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r✐❣✐❞ ❜♦❞② ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥s ✐s ♣r❡s❡♥t❡❞✳ ■♥
t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❡♥❞s ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ❛r❡ ✉♣❞❛t❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥s ∆un✳
✺✳✺✳✶ ❘❡❢❡r❡♥❝❡ ❛①❡s ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts ♥♦❞❡s
❋♦r ❛ s♣❛❝❡ ❢r❛♠❡ ❡❧❡♠❡♥t✱ s✐① ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ ♥❡❡❞❡❞ ♦♥ ❡❛❝❤ ❡♥❞ ♦❢ t❤❡ ❡❧❡✲
♠❡♥t✳ ❚♦ t❤✐s ♣♦r♣♦s❡✱ ❛♥ ♦rt❤♦❣♦♥❛❧ r❡❢❡r❡♥❝❡ ❛①✐s ✐s ❛tt❛❝❤❡❞ ♦♥ ❡❛❝❤ ♥♦❞❡ ❜❡❧♦♥❣✐♥❣
t♦ t❤❡ ❢r❛♠❡ str✉❝t✉r❡✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ♥♦❞❡ i ❛♥❞ t❤❡ ❛①❡s ❛tt❛❝❤❡❞ ♦♥ t❤❡ ♥♦❞❡ i ❛t
❝♦♥✜❣✉r❛t✐♦♥ kC ❛r❡ ❞❡♥♦t❡❞ ❛s kri =
[
kxi,
kyi,
kzi
]T
❛♥❞ kQi =
[
kξi,
kηi,
kςi
]
r❡s♣❡❝t✐✈❡❧②✳
✭❛✮ ❘❡❢❡r❡♥❝❡ s②st❡♠ ❛tt❛❝❤❡❞ t♦ t❤❡
♥♦❞❡✱ ❝♦♥✜❣✉r❛t✐♦♥ ✵
✭❜✮ ❘❡❢❡r❡♥❝❡ s②st❡♠ ❛tt❛❝❤❡❞ t♦ t❤❡
♥♦❞❡✱ ❝♦♥✜❣✉r❛t✐♦♥ ✶
✭❝✮ ❘❡❢❡r❡♥❝❡ s②st❡♠ ❛t✲
t❛❝❤❡❞ t♦ t❤❡ ♥♦❞❡✱ ❝♦♥✜❣✲
✉r❛t✐♦♥ ✷
❋✐❣✉r❡ ✺✳✼✿ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❡❛❝❤ ❜❡❛♠ ♥♦❞❡ ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥
♦❢ t❤❡ str✉❝t✉r❡
❉✉❡ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ r♦t❛t✐♦♥ ♦♥ ❡❛❝❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ ♥♦❞❡ ❢r♦♠
❝♦♥✜❣✉r❛t✐♦♥ 1C t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C✱ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ✇✐❧❧ s✉✛❡r ❛
✈❛r✐❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥♦❞❡ ❝❛♥ ❜❡
✉♣❞❛t❡ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✳
2ri =
1ri +∆Ui ✭✺✳✷✽✮
✺✳✺ ❆❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❢♦r ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✶✵✾
∆Ui =
[
∆ux ∆uy ∆uz
]T
i
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♥❡✇ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥♦❞❡ ♠✉st ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡
❊✉❧❡r✬s ✜♥✐t❡ r♦t❛t✐♦♥ ❢♦r♠✉❧❛✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✈❡❝t♦r ♦❢ r♦t❛t✐♦♥s
∆θi =
[
∆θx ∆θy ∆θz
]T
✭✺✳✷✾✮
t❤❡ t♦t❛❧ r♦t❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ♥♦r♠ ♦❢ t❤✐s ✈❡❝t♦r ❛♥❞ t❤❡ r♦t❛t✐♦♥ ✈❡❝t♦r
❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✈❡❝t♦r✳
∆θ = |∆θ| ✭✺✳✸✵✮
n =
∆θ
∆θ
✭✺✳✸✶✮
◆♦✇✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛①❡s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛s ❢♦❧❧♦✇s✳
2Qi = [cosαI3 + sinαA+ (1− cosα)B] 1Qi ✭✺✳✸✷✮
A =
 0 −nz nynz 0 −nx
−ny nx 0
 B = nnT
✺✳✺✳✷ ❘❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛①❡s ❛♥❞ ♥♦❞❛❧ s❡❝t✐♦♥ ❛①❡s ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ♦❢
♠❡♠❜❡r ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳ ❚❤❡ s❡❝t✐♦♥ ❛①❡s ❢♦r ♥♦❞❡ i = a, b ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ❛t
❝♦♥✜❣✉r❛t✐♦♥ kC ❛r❡ ❞❡♥♦t❡❞ ❜② kPi =
[
kαi,
kβi,
kγi
]
❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡
❜❡❛♠ ❡❧❡♠❡♥t ❛s kR =
[
kx′, ky′, kz′
]
✳
✭❛✮ ❘❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❡♥❞ s❡❝t✐♦♥s ❛♥❞ ❡❧❡✲
♠❡♥t✱ ❝♦♥✜❣✉r❛t✐♦♥ ✵
✭❜✮ ❘❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❡♥❞ s❡❝t✐♦♥s ❛♥❞ ❡❧❡♠❡♥t✱ ❝♦♥✲
✜❣✉r❛t✐♦♥ ✶
❋✐❣✉r❡ ✺✳✽✿ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❡❛❝❤ ❜❡❛♠ ❡❧❡♠❡♥t ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥
♦❢ t❤❡ str✉❝t✉r❡
❉✉r✐♥❣ ✐ts ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤✱ t❤❡ ❝❡♥tr♦✐❞❛❧ ❛①❡s ♦❢ t❤❡ ❡❧❡♠❡♥t ✇✐❧❧ ❜❡❝♦♠❡ ❝✉r✈❡❞ ❛♥❞
t❤❡ t✇♦ ❡♥❞ s❡❝t✐♦♥s ✐♥ ❣❡♥❡r❛❧ ✇✐❧❧ ♥♦t r❡♠❛✐♥ ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤ ♦t❤❡r✳ ❖♥ ❡❛❝❤ ❝♦♥✜❣✉r❛✲
t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ t❤❡ ❡❧❡♠❡♥t ❛①✐s kx′ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❛①✐s ♣❛ss✐♥❣ t❤r♦✉❣❤t t❤❡
✶✶✵ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
❝❡♥tr♦✐❞ ♦❢ ❜♦t❤ ❡♥❞ s❡❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❜② ❛ss✉♠✐♥❣ ❛ ❝❡rt❛✐♥ ♣❧❛♥❡ kS ♣❡r♣❡♥❞✐❝✉❧❛r
t♦ t❤❡ kx′ ❛①✐s✱ t❤❡ t✇♦ ♦t❤❡r ❛①✐s ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ✭ky′ ❛♥❞
kz′✮ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ♠❛❥♦r ❛♥❞ ♠✐♥♦r ♣r✐♥❝✐♣❛❧
❞✐r❡❝t✐♦♥s✱ r❡♣❡❝t✐✈❡❧②✱ ♦❢ t❤❡ t✇♦ ❡♥❞ s❡❝t✐♦♥s ♦♥ t❤❡ ♣❧❛♥❡ kS✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t♦ ♦❜t❛✐♥
t❤❡ ♥❡✇ r❡❢❡r❡♥❝❡ ❛①❡s ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s ♣r❡s❡♥t❡❞✳
❚❤❡ s❡❝t✐♦♥ ❛①❡s ♦❢ ❜♦t❤ ❡♥❞ ♥♦❞❡s ❛t ❝♦♥✜❣✉r❛t✐♦♥ 0C ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ r❡❢❡r❡♥❝❡
❛①❡s ❛s ❢♦❧❧♦✇s✳
0Pa,b =
0R0Qa,b ✭✺✳✸✸✮
❇❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ r✐❣✐❞ ❥♦✐♥ts✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛①❡s
❛♥❞ s❡❝t✐♦♥ ❛①❡s ♦❢ t❤❡ ❡❧❡♠❡♥t ♥♦❞❡s ✇✐❧❧ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❢❡r❡♥❝❡ ❛①❡s ♦❢ ❡❛❝❤ ♥♦❞❡ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ❛①❡s ♦❢ ❡❛❝❤ ❡♥❞
s❡❝t✐♦♥ ♦♥ ❡✈❡r② ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥✳
kPa,b =
0RkQa,b ✭✺✳✸✹✮
❚❤❡ kx′ ❛①✐s ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ kC ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛❝t✉❛❧ ♣♦s✐t✐♦♥
♦❢ ❜♦t❤ ❡♥❞ ♥♦❞❡s ♦❢ t❤❡ ❡❧❡♠❡♥t✳
kx′ =
krb − kra
kl
kl =
∣∣krb − kra∣∣ ✭✺✳✸✺✮
❇② ❞❡✜♥✐♥❣ kS ❛s ❛ ♣❧❛♥❡ ♥♦r♠❛❧ t♦ t❤❡ ❛①❡s kx′✱ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥s ❛①❡s
kβ ❛♥❞ kγ ❢♦r ♥♦❞❡s a ❛♥❞ b ♦♥ kS ♣❧❛♥❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✳
kβ∗a,b =
kβa,b −
(
kβTa,b
kx′
)
kx′ kγ∗a,b =
kγa,b −
(
kγTa,b
kx′
)
kx′ ✭✺✳✸✻✮
◆♦r♠❛❧✐③✐♥❣ t❤♦s❡ ✈❡❝t♦rs
k
βa,b =
kβ∗a,b∣∣kβ∗a,b∣∣ kγa,b =
kγ∗a,b∣∣kγ∗a,b∣∣ ✭✺✳✸✼✮
■♥ ❣❡♥❡r❛❧✱ t❤❡ s❡❝t✐♦♥ ❛①❡s ✇✐❧❧ ♥♦t ❜❡ ♣❛r❛❧❧❡❧ s♦ t❤❡✐r ♣r♦❥❡❝t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ t❤❡ s❛♠❡✳
❚❛❦❡♥ t❤❡✐r ❛✈❡r❛❣❡✱ t❤❡ t✇♦ ♦t❤❡r ❛①❡s ♦❢ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
key =
k
βa +
k
βb
kez =
kγa +
kγb ✭✺✳✸✽✮
◆♦r♠❛❧✐③✐♥❣ t❤❡♠✳
key =
key
|key|
kez =
kez
|kez| ✭✺✳✸✾✮
❇❛s❡❞ ♦♥ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ❞✐❛❣♦♥❛❧s ♦❢ t❤❡ r❤♦♠❜✉s ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ❡❛❝❤
♦t❤❡r ❛♥❞ t❤❛t t❤❡② ❞✐✈✐❞❡ t❤❡ ✐♥t❡r✐♦r ❛♥❣❧❡s ♦❢ t❤❡ r❤♦♠❜✉s ✐♥t♦ t✇♦ ❡q✉❛❧ ♣❛rts✱ t❤❡
❞✐❛❣♦♥❛❧s ♦❢ t❤❡ r❤♦♠❜✉s ❢♦r♠❡❞ ❜② t❤❡ ✈❡❝t♦rs key ❛♥❞
kez ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
ke1 =
key +
kez
ke2 =
key − kez ✭✺✳✹✵✮
✇❤✐❝❤ ❝❛♥ ❜❡ ♥♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✳
✺✳✺ ❆❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❢♦r ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✶✶✶
ke1 =
ke1
|ke1|
ke2 =
ke2
|ke2| ✭✺✳✹✶✮
❘♦t❛t✐♥❣ t❤❡ ✉♥✐t ✈❡❝t♦rs ke1 ❛♥❞
ke2 ❝♦✉♥t❡r❝❧♦❝❦✇✐s❡ ❜②
pi
4
r❛❞✐❛♥s t❤❡ s❡❝t✐♦♥ ❛①❡s
❢♦r t❤❡ ❢r❛♠❡ ❡❧❡♠❡♥t ❜❡❝♦♠❡s ❛s ❢♦❧❧♦✇s✳
ky =
1√
2
(
ke1 +
ke2
)
kz =
1√
2
(
ke1 − ke2
)
✭✺✳✹✷✮
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ✈❡❝t♦rs t❤❛t ❞❡✜♥❡ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥
t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ❛❧❧♦✇s t♦ ✉♣❞❛t❡ t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① t❤❛t ❞❡✜♥❡s t❤✐s r❡❢❡r❡♥❝❡
s②st❡♠✳
kR =
[
kx′ ky′ kz′
]
✭✺✳✹✸✮
✺✳✺✳✸ ❙tr❡ss❡s ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts
❚❤✐s s❡❝t✐♦♥ r❡❣❛r❞s t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t❧② ♥♦❞❛❧ ❢♦r❝❡s ♦♥ ❡❛❝❤
❡❧❡♠❡♥t ♦❢ t❤❡ str✉❝t✉r❡✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐♥❝r❡♠❡♥ts ∆u ♦❜t❛✐♥❡❞
❢r♦♠ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉❛t✐♦♥s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ t❤❡
r✐❣✐❞ ❜♦❞② ❞✐s♣❧❛❝❡♠❡♥ts ∆ur ❛♥❞ t❤❡ ♥❛t✉r❛❧ ♠❡♠❜❡r ❞❡❢♦r♠❛t✐♦♥s ∆un✳
❋♦r ❛ ❢r❛♠❡ ❡❧❡♠❡♥t ✇✐t❤ s✐① ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❢♦r ❡❛❝❤ ♥♦❞❡✱ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥
✈❡❝t♦r ∆un ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇s✳
∆un =
[
0 0 0 θxa θya θza ub 0 0 θxb θyb θzb
]T
✭✺✳✹✹✮
❚❤❡ s✐♠♣❧❡st ♦♥❡ t♦ ❝❛❧❝✉❧❛t❡❞ ✐s t❤❡ ❛①✐❛❧ ❞❡❢♦r♠❛t✐♦♥✱ t❤❛t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② ✐ts
❞❡✜♥✐t✐♦♥✳
ub =
kl − k−1l ✭✺✳✹✺✮
❚❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥ ✈❡❝t♦r ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡
♥♦❞❛❧ s❡❝t✐♦♥ ❛①❡s ❛♥❞ ❡❧❡♠❡♥t ❛①❡s ❛t k−1C ❛♥❞ kC✳ ❋✐rst✱ t❤❡ ✈❡❝t♦rs t❤❛t ❞❡✜♥❡
t❤❡ r❡❢❡r❡♥❝❡ ❛①❡s ♦❢ t❤❡ ❡♥❞ s❡❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❡❧❡♠❡♥t ❛①❡s ✐♥
❝♦♥✜❣✉r❛t✐♦♥ kC ✇✐t❤ r❡s♣❡❝t t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛s
k
kP =
k
0R
T k
0P ✭✺✳✹✻✮
✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t ✧✵✧ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s 0C✱ ❛♥❞ kR ✐s
t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❢♦r t❤❡ ❡❧❡♠❡♥t ❛t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ kC ✇✐t❤ r❡s♣❡❝t t❤❡ ❣❧♦❜❛❧
r❡❢❡r❡♥❝❡ s②st❡♠✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ str❛✐♥ ✐♥❝r❡♠❡♥ts ♦❢ t❤❡ ❡❧❡♠❡♥t ❛t ❜♦t❤ ♥♦❞❡s ❞✉r✐♥❣ t❤❡ ✐♥❝r❡✲
♠❡♥t❛❧ st❡♣ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ k−1C s❡❝t✐♦♥ ❛①❡s ❛s ❢♦❧❧♦✇s✿
k−1,k
k−1 Pa,b =
k
kPa,b
k−1
k−1P
T
a,b ✭✺✳✹✼✮
✶✶✷ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ❛s t❤❡ ❡❧❡♠❡♥t ♠♦✈❡s ❢r♦♠ k−1C t♦ kC✱ t❤❡ t❤r❡❡ ❛①❡s k0Pa,b
❡♠❜❡❞❞❡❞ ❛t ♥♦❞❡ a ❛♥❞ b r♦t❛t❡ ❛♥❞ ❜❡❝♦♠❡ kk−1Pa,b✳ ■♥ t❤✐s ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡
❛♠♦✉♥t ♦❢ r♦t❛t✐♦♥ θa,b ❛t ♥♦❞❡s a ❛♥❞ b ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r
k
k−1na,b =
[
n1 n2 n3
]T
✭✺✳✹✽✮
s✉❜❥❡❝t❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥
∣∣k
k−1na,b
∣∣ = 1✳
❋✉rt❤❡r✱ ❜② ❧❡tt✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠s ♦❢ ❜♦t❤ ❡♥❞ s❡❝t✐♦♥s ❜❡
k−1
0 αa,b =
[
1 0 0
]T k
k−1αa,b =
[
α1 α2 α3
]T
✭✺✳✹✾✮
k−1
0 βa,b =
[
0 1 0
]T k
k−1βa,b =
[
β1 β2 β3
]T
✭✺✳✺✵✮
k−1
0 γa,b =
[
0 0 1
]T k
k−1γa,b =
[
γ1 γ2 γ3
]T
✭✺✳✺✶✮
❛♥❞ ✐♠♣♦s✐♥❣ t❤❡ ❊✉❧❡r✬s ❢♦r♠✉❧❛ t♦ t❤❡ t❤r❡❡ ❡q✉❛t✐♦♥s✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t t❤❡
✈❡❝t♦r kk−1n ❛♥❞ r♦t❛t✐♦♥ θa,b s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳
k
k−1na,b = −
1
λ
[
γ2 − β3 α3 − γ1 β1 − α2
]T
✭✺✳✺✷✮
λ2 = (γ2 − β3)2 + (α3 − γ1)2 + (β1 − α2)2 ✭✺✳✺✸✮
sin θa,b =
λ
2
✭✺✳✺✹✮
❚❤❡ ✈❡❝t♦r k−1na,b ❤❛s ❜❡❡♥ r❡❢❡rr❡❞ t♦ t❤❡ s❡❝t✐♦♥ ❛①❡s
k−1
0 P ✳ ■t ❝❛♥ ❛❧s♦ ❜❡ tr❛♥s✲
❢♦r♠❡❞ ✐♥t♦ t❤❡ ❡❧❡♠❡♥t ❛①❡s ❛s ❢♦❧❧♦✇s✿
k
0na,b =
k−1
0 P
k
k−1n ✭✺✳✺✺✮
❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ❡①♣r❡ss✐♦♥✱ t❤❡ ♥❛t✉r❛❧ r♦t❛t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
❛s [
θxa θya θza
]T
= θa
k
0na ✭✺✳✺✻✮[
θxb θyb θzb
]T
= θb
k
0nb ✭✺✳✺✼✮
❖♥❝❡ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥t ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ ❢♦r❝❡s ❛❝t✐♥❣
♦♥ t❤❡ ♥♦❞❡s ❞✉❡ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ✭fnd✮ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s
k
kfnd =
k−1
k−1fnd +
k−1
k−1Kτ∆un ✭✺✳✺✽✮
✇❤❡r❡ k−1k−1Kτ ✐s t❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t st✐✛♥❡ss ♠❛tr✐① ❞❡✜♥❡❞ ❛s✿
k−1
k−1Kτ =
k−1
k−1Ke +
k−1
k−1Kg +
k−1
k−1Ki ✭✺✳✺✾✮
❚❤✐s ❢♦r♠✉❧❛ ♠❡❛♥s t❤❛t t❤❡ ♥♦❞❛❧ ❢♦r❝❡s ❞✉❡ t♦ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ❛❝t✐♥❣ ♦♥ t❤❡ ❡❧❡♠❡♥t
❛t t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ kC ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ s✉♠ ♦❢ t❤❡ ♥♦❞❛❧ ❢♦r❝❡s ✐♥ t❤❡ ♣r❡✈✐♦✉s
❝♦♥✜❣✉r❛t✐♦♥ ♣❧✉s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✳
✺✳✺ ❆❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❢♦r ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✶✶✸
❚♦ ❝♦♠♣✉t❡ t❤❡ str❡ss❡s ❛❝t✐♥❣ ♦♥ ❡❛❝❤ ❡♥❞ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ ✐t ✐s r❡q✉✐r❡❞ t♦ ✐♥❝❧✉❞❡
t❤❡ ♥♦❞❛❧ ❢♦r❝❡s ❞✉❡ t♦ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ✭fel✮✱ t❤❡ s❡❧❢ ✇❡✐❣❤t ✭fsw✮ ❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❜❡❛♠ ❛♥❞ t❤❡ ✢✉✐❞ ✭fhl✮✳
❚❤❡ ❡❛s✐❡st ♦♥❡ t♦ ❜❡ ❝♦♠♣✉t❡❞ ✐s t❤❡ ♥♦❞❛❧ ❢♦r❝❡ ❞✉❡ t♦ t❤❡ s❡❧❢ ✇❡✐❣❤t ♦❢ t❤❡ ❜❡❛♠✳
❉✉r✐♥❣ t❤❡ ❧♦❛❞ ♣r♦❝❡❞✉r❡✱ t❤❡ str✉❝t✉r❡ ❞❡❢♦r♠s ✐ts❡❧❢ ❛♥❞ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢
t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ❝❤❛♥❣❡s✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s❡❧❢ ✇❡✐❣❤t ✐♥ t❤❡ ♥♦❞❛❧ ❢♦r❝❡s ♠✉st ❜❡
r❡❢❡r❡❞ t♦ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t✳ ❈♦♥s✐❞❡r✐♥❣ ❛ ❣❡♥❡r✐❝ ❝♦♥✜❣✉r❛t✐♦♥
♦❢ ❛ ❜❡❛♠ ❡❧❡♠❡♥t ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❧♦❛❞ ♣❛r❛♠❡t❡r λ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡
✇r✐tt❡♥✿
fsw =
[
px′l
2
py′l
2
pz′l
2
0 −pz′l
2
12
py′l
2
12
px′l
2
py′l
2
pz′l
2
0
pz′l
2
12
−py′l
2
12
]T
✭✺✳✻✵✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s px′ ✱ py′ ❛♥❞ pz′ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s
px′ = −λγmAl0
l
(
zTx′
)
✭✺✳✻✶✮
py′ = −λγmAl0
l
(
zTy′
)
✭✺✳✻✷✮
pz′ = −λγmAl0
l
(
zTz′
)
✭✺✳✻✸✮
✇❤❡r❡ t❤❡ ✈❡❝t♦rs x′✱ y′ ❛♥❞ z′ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡
❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✱ γm st❛♥❞s ❢♦r t❤❡ s❡❧❢ ✇❡✐❣❤t ♦❢ t❤❡ ♠❛t❡r✐❛❧✱ A ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡
s❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ l ✐s t❤❡ ❛❝t✉❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛♥❞ l0 ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
❡❧❡♠❡♥t ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥♦❞❛❧ ❢♦r❝❡s ♣r♦❞✉❝❡❞ ❜② t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ❛♥❞ ❤②❞r♦st❛t✐❝ ❧♦❛❞s ❝❛♥
❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ✇✐t❤ ❛♥ ✐♥t❡❣r❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t ❛s ❢♦❧❧♦✇s✿
fel =
∫ l
0
NTf dx′ ✭✺✳✻✹✮
fhl =
∫ l
0
NTfh dx
′ ✭✺✳✻✺✮
✇❤❡r❡ t❤❡ ♠❛tr✐① N ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✸✼ ❛♥❞ t❤❡ ✈❡❝t♦rs fel ❛♥❞ fhl
❛r❡ t❤❡ ❡①t❡r♥❛❧ ❛♥❞ ❤②❞r♦st❛t✐❝ ❧♦❛❞s ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t✳
f =
[
n p′y p
′
z mt
]T
(x′) ✭✺✳✻✻✮
fh =
[
0 phy′ phz′ mht
]T
(x′) ✭✺✳✻✼✮
❖♥❝❡ t❤❡ s❡✈❡r❛❧ ♥♦❞❛❧ ❢♦r❝❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛t t❤❡
❡♥❞s ♦❢ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❜② s✐♠♣❧❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐❞❡r❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿
σ = fnd − (fsw + fel + fhl) ✭✺✳✻✽✮
✶✶✹ ❆❞✈❛♥❝❡❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✸❉ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s
✺✳✺✳✹ ❘❡❛❝t✐♦♥ ❢♦r❝❡s ♦❢ t❤❡ s②st❡♠
❚❤❡ ❛tt❡♥t✐♦♥ ✐s ♥♦✇ ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ R✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ❤❛s t♦ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❈♦♥s✐❞❡r✐♥❣
t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ Te ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t✱ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛t t❤❡ ❡♥❞s ❞✉❡ t♦ t❤❡
❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t fnd ❛♥❞ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛t ❡♥❞s ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞
fhl ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ r❡❛❝t✐♦♥
♦❢ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿
R = R0 +
Ne∑
e=1
LTe T
T
e (fnd − fhl) ✭✺✳✻✾✮
✇❤❡r❡ t❤❡ ♠❛tr✐① Le ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♠❛tr✐① ❛♥❞ r❡❧❛t❡s t❤❡ ❣❧♦❜❛❧ ❞❡❣r❡❡s
♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ str✉❝t✉r❡ ✇✐t❤ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ❛s
ue = LeU ✭✺✳✼✵✮
6 ❈♦♥❝❧✉s✐♦♥s
✻✳✶ ●❡♥❡r❛❧ ❈♦♥❝❧✉s✐♦♥s
❚❤✐s t❤❡s✐s ❤❛s ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ st❛t✐❝ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s✱ ✇✐t❤ ❡♠♣❤❛✲
s✐s ♦♥ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❛♥❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❛♥❝❤♦r❡❞ ❜② ❝❛❜❧❡s t♦ t❤❡ s❡❛❜❡❞✳ ❚♦
t❤✐s ♣✉r♣♦s❡✱ ❛ ♥❡✇ ✜♥✐t❡ ❜❡❛♠ ❡❧❡♠❡♥t ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✱ ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜♦t❤ t❤❡ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ t❤❡ ❧❛r❣❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts ❞✉❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥s ♦❢ t❤❡ ❛♥❝❤♦r✐♥❣ ❝❛❜❧❡s ❤❛s ❜❡❡♥ ❢♦r♠✉❧❛t❡❞
❛♥❞ s✉❜s❡q✉❡♥t❧② ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ❝♦❞❡ ❢♦r str✉❝t✉r❛❧ ❛♥❛❧②s✐s✳ ❚❤❡ ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥
st✉❞✐❡❞ ❝♦♥s✐❞❡r✐♥❣ ❞✐✛❡r❡♥t ❧❡✈❡❧s✱ ❢r♦♠ s❡❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✉♣ t♦ t❤❡ str✉❝t✉r❛❧ ❛♥❛❧②s✐s✳
❚❤❡ ❡✛❡❝ts ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✢✉✐❞ str✉❝t✉r❡✲✐♥t❡r❛❝t✐♦♥ ❤❛✈❡ ❜❡❡♥ ✜rst ❡✈❛❧✉❛t❡❞ ❛t t❤❡
s❡❝t✐♦♥❛❧ ❧❡✈❡❧ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛r❜✐tr❛r② ❣❡♦♠❡tr② ❛♥❞ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧ ❛❧❧♦✇s t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ❧♦❛❞ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢
t❤❡ s❡❝t✐♦♥ ❛♥❞ ✐♠♣♦s❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❡❝t✐♦♥ ❛s ❛♥ ✉♥❞❡❢♦r♠❛❜❧❡ ❜♦❞②✳
❚❤✐s ♥❡✇ s❡❝t✐♦♥❛❧ ♠♦❞❡❧ ❤❛s ❜❡❡♥ t❡st❡❞ ❛♥❞ s✉❜s❡q✉❡♥t❧② ✈❛❧✐❞❛t❡❞ t❤r♦✉❣❤ s❡✈❡r❛❧ ❝❛s❡
st✉❞✐❡s✳
❚❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ ❛t t❤❡ str✉❝t✉r❛❧ ❧❡✈❡❧ ❜❛s❡❞ ♦♥ t❤❡
♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥ts t♦ ♦❜t❛✐♥ t❤❡ st✐✛♥❡ss ♠❛tr✐❝❡s ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t ♥♦❞❛❧
❢♦r❝❡ ✈❡❝t♦rs ♦❢ ❜♦t❤ t❤❡ ❜❡❛♠ ✜♥✐t❡ ❡❧❡♠❡♥t ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ❛♥❞ t❤❡ ❝❛❜❧❡ ✜♥✐t❡
❡❧❡♠❡♥t ✉♥❞❡r ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ❢♦r♠✉❧❛t✐♦♥ t♦ r❡♣r♦❞✉❝❡ t❤❡ ❝♦♥t❛❝t
❡✛❡❝ts ❜❡t✇❡❡♥ ❝❛❜❧❡ str✉❝t✉r❡s ❛♥❞ t❤❡ s❡❛❜❡❞ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞✳
❋✐♥❛❧❧②✱ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ♥♦♥❧✐♥❡❛r✐t② ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠✱ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ❤❛s
❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢
♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠s✱ s✉❝❤ ❛s t❤❡ ❛r❝✲❧❡♥❣t❤ ❛♥❞ ✇♦r❦ ❝♦♥tr♦❧ ♣r♦❝❡❞✉r❡s✳
❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ❤❛s ❜❡❡♥ ✈❛❧✐❞❛t❡❞ t❤r♦✉❣❤ s❡✈❡r❛❧ ❜❡♥❝❤✲
♠❛r❦s ❛♥❞ ❛♣♣❧✐❝❛t✐✈❡ ❡①❛♠♣❧❡s✱ ❛♥❞ ✐♥ ❛❧❧ ❝❛s❡s t❤❡ ❢r❛♠❡✇♦r❦ ❞❡✈❡❧♦♣❡❞ ♣r♦✈✐❞❡❞ r❡✲
❧✐❛❜❧❡ ❛♥❞ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts✳ ❚❤❡ ❡✛❡❝t✐✈❡♥❡ss ❛♥❞ ❛♣♣❧✐❝❛❜✐❧✐t② ✐♥ ❡♥❣✐♥❡❡r✐♥❣ ♣r❛❝t✐❝❡
♦❢ t❤❡ ♣r❡s❡♥t❡❞ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ t❤r♦✉❣❤ t❤❡ str✉❝t✉r❛❧ ❛♥❛❧②s✐s ♦❢ ❛♥
❡①✐st✐♥❣ ❛♥❝❤♦r❡❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✉♥❞❡r ❞✐✛❡r❡♥t ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s✳
✶✶✻ ❈♦♥❝❧✉s✐♦♥s
✻✳✷ ❋✉t✉r❡ ❉❡✈❡❧♦♣♠❡♥ts
❆❧t❤♦✉❣❤ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤ ♣r♦✈✐❞❡❞ ❛❝❝✉r❛t❡ r❡s✉❧ts ✐♥ ❛ ✈❛r✐❡t② ♦❢ ♣r♦❜❧❡♠s✱ t❤❡r❡
❛r❡ s❡✈❡r❛❧ ❛s♣❡❝ts t❤❛t ♥❡❡❞ t♦ ❜❡ ❢✉rt❤❡r ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♠♣r♦✈❡❞✱ s✉❝❤ ❛s✿
• ❉②♥❛♠✐❝ ❛♥❛❧②s✐s✿ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡ st❛t✐❝
r❡s♣♦♥s❡ ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs ❛♥❞ ✢♦❛t✐♥❣ ❜r✐❞❣❡s✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s ♥❡❡❞ t♦
❜❡ ✐♥❝♦r♣♦r❛t❡❞ ✐♥ ❛ ❢r❛♠❡✇♦r❦ ❢♦r ❞②♥❛♠✐❝ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ♦❢ t❤❡ ✢✉✐❞✲str✉❝t✉r❡
✐♥t❡r❛❝t✐♦♥ t♦ st✉❞② t❤❡ r❡s♣♦♥s❡ ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✉♥❞❡r ❞②♥❛♠✐❝ ❧♦❛❞✐♥❣s✱ s✉❝❤
❛s ✇❛✈❡s ❛♥❞ ♠♦✈✐♥❣ ✈❡❤✐❝❧❡s✳ ❚❤✐s s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠❛❥♦r ♥❡❡❞ ❢♦r ❢✉t✉r❡
❞❡✈❡❧♦♣♠❡♥ts✳
• ❑✐♥❡♠❛t✐❝ ♠♦❞❡❧✿ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♠♦❞❡❧ ❛❞♦♣t❡❞ ❛ss✉♠❡❞ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
♠♦❞❡❧ ❢♦r ❜❡♥❞✐♥❣ ❛♥❞ ❛①✐❛❧ ❜❡❤❛✈✐♦r t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡ ❙❛✐♥t ❱❡♥❛♥t ♠♦❞❡❧ t♦
❞❡s❝r✐❜❡ t❤❡ t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡rs ♣❧❛♥❛r✐t②
❛♥❞ ✐♥❞❡❢♦r♠❛❜✐❧✐t② ♦❢ t❤❡ s❡❝t✐♦♥s ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✳ ▼♦r❡ ❛❝✲
❝✉r❛t❡ ❞✐s♣❧❛❝❡♠❡♥t ♠♦❞❡❧s✱ s✉❝❤ ❛s ❚✐♠♦s❤❡♥❦♦✬s ♠♦❞❡❧ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ s❤❡❛r
❞❡❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ❲❛❣♥❡r✲❱❧❛s♦✈✬s ♠♦❞❡❧ t♦ ❝♦♥s✐❞❡r t❤❡ t♦rs✐♦♥❛❧ ✇❛r♣✐♥❣✱ ❝❛♥
❜❡ ♥❡❝❡ss❛r② ✉♥❞❡r ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤❡s❡ ✐♠♣r♦✈❡♠❡♥ts ✇✐❧❧ ❛❧s♦ ✐♥✈♦❧✈❡ ❛
♣r♦♣❡r r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✳
• ❊❧❡♠❡♥ts ✇✐t❤ ✈❛r②✐♥❣ ❝r♦ss s❡❝t✐♦♥s✿ ❚❤❡ s❡❝t✐♦♥❛❧ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦♥❧② ❞❡✲
♣❡♥❞ ♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s r✐❣♦r♦✉s❧② tr✉❡ ♦♥❧② ✉♥❞❡r
t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❜❡❛♠s ✇✐t❤ ❝♦♥st❛♥t ❝r♦ss✲s❡❝t✐♦♥✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❜❡❛♠
❡❧❡♠❡♥ts ✇✐t❤ ✈❛r②✐♥❣ ❝r♦ss✲s❡❝t✐♦♥✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❞❡♣❡♥❞ ❛❧s♦ ♦♥ t❤❡
❣❡♦♠❡tr② ♦❢ t❤❡ ❜❡❛♠✳
• ▼❛t❡r✐❛❧ ♥♦♥❧✐♥❡❛r✐t②✿ ❚❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤✐s ✇♦r❦ ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t
✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❧✐♥❡❛r ❡❧❛st✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠❛t❡r✐❛❧s✳ ❆❧t❤♦✉❣❤ t❤✐s ✐s ❛
r❡❛s♦♥❛❜❧❡ ❛ss✉♠♣t✐♦♥ t♦ st✉❞② t❤❡ str✉❝t✉r❛❧ ❜❡❤❛✈✐♦r ♦❢ ❛ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✉♥❞❡r
s❡❧❢✲✇❡✐❣❤t ❛♥❞ s❡r✈✐❝❡ ❧♦❛❞✐♥❣s✱ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ❛r❡ r❡q✉✐r❡❞ t♦ ❝♦♥s✐❞❡r t❤❡
♥♦♥❧✐♥❡❛r str✉❝t✉r❛❧ ❜❡❤❛✈✐♦r ❛t t❤❡ ✉❧t✐♠❛t❡ ♦r ❡①tr❡♠❡ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s✱ s✉❝❤ ❛s
t❤❡ ❡✛❡❝ts ♦❢ ❡①tr❡♠❡ ✇❛✈❡ ❧♦❛❞✐♥❣✱ ✐♠♣❛❝t ❞✉❡ t♦ ✈❡ss❡❧s ♦r s✉❞❞❡♥ ❢❛✐❧✉r❡ ♦❢ t❤❡
✐s♦❧❛t✐♦♥ s②st❡♠s ✇✐t❤ ♣❡♥❡tr❛t✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ✐♥s✐❞❡ t❤❡ str✉❝t✉r❡✳
• ❉❡t❡r✐♦r❛t✐♦♥ ❡✛❡❝ts ❛♥❞ ❧✐❢❡✲❝②❝❧❡ ❛♥❛❧②s✐s✿ ❋❧♦❛t✐♥❣ str✉❝t✉r❡s ❛r❡ ❣❡♥❡r❛❧❧② ✐♠✲
♠❡rs❡❞ ✐♥ ❛♥ ❛❣❣r❡ss✐✈❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ❛r❡ ♣r♦♥❡ t♦ ❞❡t❡r✐♦r❛t❡ ♦✈❡r t❤❡ str✉❝t✉r❛❧
❧✐❢❡t✐♠❡✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ✐♥ ❛ ♠❛r✐♥❡ ❡♥✈✐r♦♥♠❡♥t r❡✐♥❢♦r❝❡❞ ❝♦♥❝r❡t❡ ♠❡♠❜❡rs ❛r❡
❡①♣♦s❡❞ t♦ t❤❡ ❞✐✛✉s✐✈❡ ❛tt❛❝❦ ♦❢ ❛❣❣r❡ss✐✈❡ ❛❣❡♥ts✱ s✉❝❤ ❛s ❝❤❧♦r✐❞❡s✱ ✇❤✐❝❤ ♠❛②
❧❡❛❞ ♦✈❡r t✐♠❡ t♦ ❝♦rr♦s✐♦♥ ♦❢ r❡✐♥❢♦r❝❡♠❡♥t ❛♥❞ ❞❡t❡r✐♦r❛t✐♦♥ ♦❢ ❝♦♥❝r❡t❡✳ ❋✉rt❤❡r
❞❡✈❡❧♦♣♠❡♥ts t♦✇❛r❞s ❛ ❧✐❢❡✲❝②❝❧❡ ❛♣♣r♦❛❝❤ t♦ ❞❡s✐❣♥ ❛♥❞ ❛ss❡ss♠❡♥t ♦❢ ✢♦❛t✐♥❣
❞❡t❡r✐♦r❛t✐♥❣ str✉❝t✉r❡s ❛r❡ t❤❡r❡❢♦r❡ ♥❡❡❞❡❞✳
❘❡❢❡r❡♥❝❡s
❆✳ ◆✳ ❲✐❧❧✐❛♠s✱ P✳ ❚✳ ●✳ ❛♥❞ ▼❝❉♦✉❣❛❧✱ ❲✳ ●✳ ❋❧❡①✐❜❧❡ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡rs✳ ❏✳ ❲❛t❡r✲
✇❛②✱ P♦rt✱ ❈♦❛st❛❧✱ ❖❝❡❛♥ ❊♥❣✐♥♥❡r✐♥❣✳✱ ✶✶✼✳
❆❞❡❡✱ ❇✳ ❍✳ ✭✶✾✼✺✮✳ ❆♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ♣❡r❢♦r♠❛♥❝❡✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢
❙②♠♣♦s✐✉♠ ♦♥ ▼♦❞❡❧✐♥❣ ❚❡❝❤♥✐q✉❡s✱ ❆❙❈❊✱ ♣❛❣❡s ✶✺✽✺✕✶✻✵✷✳
❆❞❡❡✱ ❇✳ ❍✳ ✭✶✾✼✼✮✳ ❆♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ♠♦♦r✐♥❣ t♦r❝❡s✳ ❖❝❡❛♥ ❊♥❣✐♥❡❡r✐♥❣
▼❡❝❤❛♥✐❝s✱ ♣❛❣❡s ✼✼✕✾✷✳
❆❞❡❡✱ ❇✳ ❍✳ ❛♥❞ ▼❛rt✐♥✱ ❲✳ ✭✶✾✼✹✮✳ ❚❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ♣❡r❢♦r✲
♠❛♥❝❡✳ ❋❧♦❛t✐♥❣ ❇r❡❛❦✇❛t❡rs ❈♦♥❢❡r❡♥❝❡ P❛♣❡rs✱ ❯♥✐✈❡rs✐t② ♦❢ ❘❤♦❞❡ ■s❧❛♥❞✱ ✷✹✿✷✶✕✸✾✳
❇✳❆✳ ■③③✉❞❞✐♥✱ ❆✳ ❊✳ ❊✉❧❡r✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❛❧②s✐s ♦❢ s♣❛❝❡ ❢r❛♠❡s✳
❈❛r✈❡r✱ ❘✳ ❉✳✱ ▼✳ ❉✳ ●✳ ❉✳ ❲✳ ●✳ ❛♥❞ ❏❡♥s❡♥✱ ❘✳ ❊✳ ✭✷✵✵✹✮✳ ❙❧♦♣✐♥❣ ✢♦❛t ❜r❡❛❦✇❛t❡r
st✉❞②✱ ♦r❡❣♦♥ ✐♥❧❡t✱ ♥♦rt❤ ❝❛r♦❧✐♥❛✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯✳❙✳ ❆r♠② ❊♥❣r✳ ❲❛t❡r✇❛②s
❊①♣❡r✐♠❡♥t ❙t❛t✐♦♥✱ ❱✐❝❦s❜✉r❣✱ ▼✐ss✳
❈❛r✈❡r✱ ❘✳ ❉✳ ✭✶✾✼✾✮✳ ❋❧♦❛t✐♥❣ ❜r❡❛❦✇❛t❡r ✇❛✈❡✲❛tt❡♥✉❛t✐♦♥ t❡sts ✳❪♦r ❡❛st ❜❛② ♠❛r✐♥❛
♦❧②♠♣✐❛ ❤❛r❜♦✉r✱ ✇❛s❤✐♥❣t♦♥✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯❙ ❆r♠② ❊♥❣✐♥❡❡r ❲❛t❡r✇❛②s ❊①♣❡r✲
✐♠❡♥t ❙t❛t✐♦♥✱ ❱✐❝❦s❜✉r❣✱ ▼✐ss✳
❈❤❡♥ ❳❏✱ ❏❡♥s❡♥ ❏❏✱ ❈✳ ❲✳ ❋✳ ❙✳ ✭✷✵✵✸❛✮✳ ❍②❞r♦❡❧❛st✐❝✐t② ♦❢ ❛ ✢♦❛t✐♥❣ ♣❧❛t❡ ✐♥ ♠✉❧t✐✲
❞✐r❡❝t✐♦♥❛❧ ✇❛✈❡s✳ ❖❝❡❛♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✸✵✭✶✺✮✿✶✾✾✼✕✷✵✶✼✳
❈❤❡♥ ❳❏✱ ❲✉ ❨❙✱ ❈✳ ❲✳ ❚✳ ❳✳ ✭✷✵✵✸❜✮✳ ◆♦♥❧✐♥❡❛r ❤②❞r♦❡❧❛st✐❝ ❛♥❛❧②s✐s ♦❢ ❛ ♠♦♦r❡❞
✢♦❛t✐♥❣ ❜♦❞②✳ ❖❝❡❛♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✸✵✭✽✮✿✾✻✺✕✶✵✵✸✳
❈❤✉♥①✐❛✱ ❙✳ ✭✷✵✶✸✮✳ Pr♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ s❡✐s♠✐❝ ❜❡❤❛✈✐♦✉r ♦❢ s✉❜♠❡r❣❡❞ ✢♦❛t✐♥❣ t✉♥✲
♥❡❧s✳ P❤❉ t❤❡s✐s✱ P♦❧✐t❡❝♥✐❝♦ ❞✐ ▼✐❧❛♥♦✳
❈✳❘✳✱ ❙✳ ❇❡❛♠s ❛♥❞ s❤❡❧❧s ✇✐t❤ ♠♦✈✐♥❣ ❧♦❛❞s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞ ❙tr✉❝✲
t✉r❡s✱ ✼✳
❉❛✇s♦♥✱ ❚✳ ❍✳ ✭✶✾✽✸✮✳ ❖✛s❤♦r❡ str✉❝t✉r❛❧ ❡♥❣✐♥❡❡r✐♥❣✳ Pr❡♥t✐❝❡✲❍❛❧❧✱ ■♥❝✳
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str✉tt✉r❡ str❛❧❧❛t❡ ❡ s♦s♣❡s❡✳ ▼❛st❡r✬s t❤❡s✐s✱ P♦❧✐t❡❝♥✐❝♦ ❞✐ ▼✐❧❛♥♦✳
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❜❡❤❛✈✐♦✉r s✐♥❝❡✱ ♦t❤❡r✇✐s❡✱ ❛ ❞❛♠❛❣❡ ♦❢ t❤❡ str✉❝t✉r❡ ♦❝❝✉rs ♦r s♦♠❡ ✉♥❞❡r✐s❛❜❧❡ ♣❤❡✲
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❛r❡ r❡q✉✐r❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ s♣❡❝✐✜❝ ♣❤❡♥♦♠❡♥❛ ✇❤❡r❡ t❤❡ ❧✐♥❡❛r ❛♥❛❧②s✐s ❧♦s❡s ✐ts ❛♣♣❧✐✲
❝❛❜✐❧✐t② s✐♥❝❡ ✐t ✐s ♥♦t ❛❜❧❡ t♦ ❝❛t❝❤ t❤❡ ♥♦♥❧✐♥❡❛r ♥❛t✉r❡ ♦❢ t❤❡s❡ str✉❝t✉r❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱
❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s r❡q✉✐r❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ♣r♦♣❡r❧② t❤❡ ♥♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦r✳
❚✇♦ ❝❧❛ss❡s ♦❢ ♥♦♥❧✐♥❡❛r✐t② ❝❛♥ ❛♣♣❡❛r ✐♥ ❛ str✉❝t✉r❡✿ t❤❡ ♠❛t❡r✐❛❧ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞
t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t② ✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❞✉❡ t♦ t❤❡ ♠❛t❡r✐❛❧s t❤❛t
❝♦♠♣♦s❡ t❤❡ str✉❝t✉r❡ ❛♥❞ ✐s ♣r♦❞✉❝❡❞ ❜② ❝❤❛♥❣❡s ✐♥ t❤❡ ♣❤②s✐❝❛❧ r❡s♣♦♥s❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧
❢♦r ✐♥❝r❡❛s✐♥❣ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ ✐t ❛♣♣❡❛rs ✐♥ t❤❡ ❢♦r♠ ♦❢ ♣❛t❤✲❞❡♣❡♥❞❡♥t ❛♥❞ ♥♦♥✉♥✐q✉❡
❝♦♥st✐t✉t✐✈❡ ❧❛✇s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ r❡♣r❡s❡♥ts ❛❧❧ t❤❡ ❡❡❢❡❝ts t❤❛t ✜♥✐t❡ ❞❡❢♦r♠❛t✐♦♥s ❛♥❞
❞✐s♣❧❛❝❡♠❡♥ts ✐♥❞✉❝❡ ♦♥ t❤❡ ❣❧♦❜❛❧ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡ ✉♥❞❡r ❛♣♣❧✐❡❞ ❧♦❛❞s✳
❚❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s r❡q✉✐r❡s t❤❛t t❤❡ ❡q✉❛t✐♦♥ ❤❛✈❡ t♦ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❞❡❢♦r♠❡❞
❝♦♥✜❣✉r❛t✐♦♥✱ ✇❤✐❝❤ ❛ ♣r✐♦r② ✐s ✉♥❦♥♦✇♥✳ ❖♥❧② ✐❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ t❤❡ str❛✐♥s ❝❛♥
❜❡ ❝♦♥s✐❞❡r❡❞ s♠❛❧❧ t❤❡ ❞❡❢♦r♠❡❞ ❛♥❞ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❛❧♠♦st t❤❡ s❛♠❡
❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤✐s t❤❡s✐s ✇✐❧❧ ❞❡✈♦t❡❞ t♦ ❢r❛♠❡❞ str✉❝t✉r❡s✳ ❋r❛♠❡❞ str✉❝✲
t✉r❡s ❛r❡ str✉❝t✉r❡s ❝♦♠♣♦s❡❞ ❜② ❡❧❡♠❡♥ts t❤❛t ❛r❡ ❧♦♥❣ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
t❤❡✐r s❡❝t✐♦♥✳
✶✷✹ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
❆✳✶ ❑✐♥❡♠❛t✐❝ ♠♦❞❡❧
❚❤❡r❡ ❛r❡ t✇♦ ❞✐✛❡r❡♥t ❢♦r♠✉❧❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ str✉❝t✉r❛❧ ❛♥❛❧②s✐s✱ t❤❡
❊✉❧❡r✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ✜rst ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ s♣❛✲
❝✐❛❧ ❝♦♦r❞✐♥❛t❡s ✭t❤❡ ❝♦♦r❞✐♥❛t❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✉♥❞❡❢♦r♠❡❞ ❜♦❞②✮ ❛s t❤❡ r❡❢❡r❡♥❝❡
s②st❡♠ t♦ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ♠❛t❡r✐❛❧
❝♦♦r❞✐♥❛t❡s ❛s t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠✳
❚♦ ❜r✐❡✢② ❞❡s❝r✐❜❡ t❤❡ t❤❡♦r② ❜❡❤✐♥❞ t❤❡ ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤ ❧❡t✬s ❝♦♥s✐❞❡r ❛ tr✐❞✐♠❡♥✲
s✐♦♥❛❧ ❜♦❞② ✐♥ ❛ ❝❡rt❛✐♥ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛s t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ❆✳✶✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢
❛ ❝❡rt❛✐♥ ♣♦✐♥t ♦❢ t❤❡ ❝♦♥t✐♥✉✉♠ ✐♥ ❛ ❝❡rt❛✐♥ ❝♦♥✜❣✉r❛t✐♦♥ tC ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✈❡❝t♦r
tX =
[
tx1
tx2
tx3
]
❛♥❞ ✐s ❝❛❧❧❡❞ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ♣♦✐♥t P ✳
❋✐❣✉r❡ ❆✳✶✿ ❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❊✉❧❡r✐❛♥ ❢♦r♠✉❧❛t✐♦♥
❚♦ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t P ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❞❡✜♥❡ ❛♥ ♦rt♦❣✲
♦♥❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✇✐t❤ t❤❡ ✈❡❝t♦rs {X1,X2,X3} t❤❛t ❞❡✜♥❡s t❤❡ s♣❛❝✐❛❧ ❝♦♦r❞✐♥❛t❡s✳
■❢ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ s♣❛❝✐❛❧ ❝♦♦r❞✐♥❛t❡s ❝♦✐♥❝✐❞❡✱ ✐t ❝❛♥ ❜❡
❡♥s✉r❡❞ t❤❛t t❤❡ ❝♦♦r❞✐♥❛t❡s t0X r❡♣r❡s❡♥t t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛♥② ♣♦✐♥t ♦❢ t❤❡ ❞♦♠❛✐♥
r❡❢❡r❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ 0C ❛t t❤❡ t✐♠❡ t✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❜♦❞② ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ t♦ ❛♥♦t❤❡r
❝♦♥✜❣✉r❛t✐♦♥ ❝❛❧❧❡❞ tC ✐♥ ❛ ❝❡rt❛✐♥ t✐♠❡ t✳ ❚❤❡ ♣♦✐♥t P ✇✐❧❧ ♠♦✈❡ ❢r♦♠ ✐ts ✐♥✐t✐❛❧ ❝♦♥✜❣✲
✉r❛t✐♦♥ 0P ✭✶✮ t♦ ❛ ♥❡✇ ♦♥❡ t0P
✭✷✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥st❛♥ts τ : (0 ≤ τ ≤ t)✱ t❤❡ ♠♦✈❡♠❡♥t
♦❢ t❤❡ ❜♦❞② ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❞❡♣❡♥❞❛♥❝❡ ❜❡t✇❡❡♥ X ❛♥❞ tX ❛s
✭✶✮❚❤❡ r❡❛❞❡r ✐s r❡♠✐♥❞❡❞ t❤❛t t❤❡ ❧❡❢t ✉♣♣❡r✐♥❞❡① ✇✐❧❧ ❜❡ ♦♠✐tt❡❞ ❢r♦♠ ♥♦✇ ♦♥ ✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ ✐s
❞❡✜♥❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
✭✷✮❚❤❡ r❡❛❞❡r ✐s r❡♠✐♥❞❡❞ t❤❛t t❤❡ ❧❡❢t s✉❜s❝r✐♣t ✇✐❧❧ ❜❡ ♦♠✐tt❡❞ ❢r♦♠ ♥♦✇ ♦♥ ✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ ✐s
r❡❢❡r❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥
❆✳✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❛✐♥s ✶✷✺
X =X (τX, τ)
❛♥❞ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤✐s r❡❧❛t✐♦♥ ♠✉st ❡①✐st ❛♥❞ ❜❡ ✉♥✐✈♦❝❛❧② ❞❡t❡r♠✐♥❡❞✳ ❙✉❝❤ ❝♦♥❞✐t✐♦♥
✐s ❡q✉✐✈❛❧❡♥t t♦ ❞❡✜♥❡ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① J ❛s
J =
∂X (τX, τ)
∂τX
; ∀τ ∈ (0, t)
❛♥❞ t❤❛t t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ ❥❛❝♦❜✐❛♥ ❜❡ ❣r❡❛t❡r t❤❛♥ ③❡r♦✿
|J | > 0
❖♥❝❡ t❤❡ ✈❡❝t♦rs 0P ❛♥❞ tP ✭♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣♦✐♥t P ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥s 0C ❛♥❞
tC✮ ❤❛✈❡ ❜❡❡♥ ❞❡✜♥❡❞✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ✐s ✐❞❡♥t✐✜❡❞ ❛s✿
tu = tX −X ✭❆✳✶✮
❚❤❡ ❊✉❧❡r✐❛♥ ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ✈❡r② ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r str✉❝t✉r❛❧
❛♥❛❧②s✐s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ❤❛s ❢♦✉♥❞ ❛ ❣r❡❛t r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ✐♥ t❤❡ ✢✉✐❞ ♠❡❝❤❛♥✐❝s
✜❡❧❞✱ ✇❤❡r❡ ✉♥♠♦✈❡❞ ✈♦❧✉♠❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥✳
❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤ ✐s ♣❛rt✐❝✉❧❛r❧② s✉✐t❛❜❧❡ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r st❡♣✲❜②✲
st❡♣ ❛♥❛❧②s✐s ❜❡❝❛✉s❡ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❡❛❝❤ ♣♦✐♥t ❞✉r✐♥❣ t❤❡ ❧♦❛❞
♣r♦❝❡❞✉r❡✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ❞✐✈✐❞❡ t❤❡ ❧♦❛❞✐♥❣ ♣❛t❤ ♦❢ ❛ ❝❡rt❛✐♥ ❜♦❞② ✐♥t♦ s❡✈❡r❛❧
❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥s✿ t❤❡ ✐♥✐t✐❛❧ ✉♥❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✭0C✮✱ t❤❡ ❧❛st ❦♥♦✇♥
❝♦♥✜❣✉r❛t✐♦♥ ✭1C✮✱ ✇❤❡r❡ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s s✉❝❤ ❛s ❞✐s♣❧❛❝❡♠❡♥ts✱ str❛✐♥s ❛♥❞ str❡ss❡s ❛r❡
❦♥♦✇♥ ❛♥❞ t❤❡ ✉♥❦♥♦✇♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭2C✮✳ ❚❤❡ ♣r♦❜❧❡♠✱ ✐s t♦ ❞❡✈❡❧♦♣ ❛♥ ✐♥❝r❡♠❡♥t❛❧
t❤❡♦r② ❛❜❧❡ t♦ ❞❡✜♥❡ ❛❧❧ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 2C✱ ❛ss✉♠✐♥❣ t❤❛t ✐♥ t❤❡ ❝♦♥✲
✜❣✉r❛t✐♦♥ 1C t❤❡ ❧♦❛❞ ❤❛s ❜❡❡♥ ✐♥❝r❡❛s❡❞ ❜② ❛ s♠❛❧❧ ❛♠♦✉♥t✳
■t ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ ✉♥❞❡rst❛♥❞ t❤❛t✱ ❡✈❡♥ ✐❢ t❤❡ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts ❢r♦♠ ❝♦♥✲
✜❣✉r❛t✐♦♥s 2C ❛♥❞ 1C ❛r❡ ❝♦♥s✐❞❡r❡❞ s♠❛❧❧✱ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜♦❞②
❢r♦♠ 0C t♦ 2C ❝❛♥ ❜❡ ❛r❜✐tr❛❧② ❧❛r❣❡✳
■♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ t❤❛t ✐s ✉s❡❞✱ 0C
♦r 1C t♦ ❝♦♠♣✉t❡ t❤❡ s✉❜s❡q✉❡♥t ❝♦♥✜❣✉r❛t✐♦♥ 2C✱ t❤❡r❡ ❛r❡ t✇♦ t②♣❡s ♦❢ ❢♦r♠✉❧❛t✐♦♥✿
t❤❡ ❚♦t❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❛❞♦♣ts t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 0C ❛s t❤❡ r❡❢❡r❡♥❝❡ ♦♥❡
❛♥❞ t❤❡ ❯♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❝♦♥s✐❞❡rs 1C ❛s t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛✲
t✐♦♥✳
❆✳✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❛✐♥s
▲❡t ✉s ❝♦♥s✐❞❡r t❤r❡❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥s t❤❛t ❤❡❧♣ ✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦✈❡♠❡♥t
❛❝❝♦r❞✐♥❣ t♦ s❡✈❡r❛❧ ❢♦r♠✉❧❛t✐♦♥s ✭❊✉❧❡r✐❛♥ ♦r ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥s✮✳ ■t ✐s ❦♥♦✇♥ t❤❛t
t❤❡ str❛✐♥s ♦❢ ❛ ❜♦❞② ❛r❡ ✐♥tr✐♥s✐❝❛❧❧② r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ■t
❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ str❛✐♥s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❞✐✛❡r❡♥t r❡❢❡r❡♥❝❡ s②st❡♠s
❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡② ❝❤❛♥❣❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛❞♦♣t❡❞✳ ❋♦r s✐♠♣❧✐❝✐t②✱
✶✷✻ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
♦♥❧② t❤❡ ✈❛r✐❛❜❧❡s r❡❧❛t❡❞ t♦ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞✳
❈♦♥s✐❞❡r t❤❡ ❣r❛❞✐❡♥t✱ ❛s ❛ s❝❛❧❛r ♦♣❡r❛t♦r✱ ♦❢ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥ r❡❢❡rr❡❞ t♦ t❤❡ ♦rt❤♦❣✲
♦♥❛❧ ❝❛rt❡s✐❛♥ ❛①✐s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦♥❡ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤✐s ❣r❛❞✐❡♥t
✐s ❝❛❧❧❡❞ ♠❛t❡r✐❛❧ ❣r❛❞✐❡♥t ❜❡❝❛✉s❡ ✐t ❡①♣r❡ss❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳
∇m =
[
∂
∂X1
∂
∂X2
∂
∂X3
]T
✭❆✳✷✮
■♠❛❣✐♥❡ ♥♦✇ ❛ ❝❡rt❛✐♥ ✐♥✜♥✐t❡s✐♠❛❧ s❡❣♠❡♥t ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ t❤❛t ❤❛s
❝❤❛♥❣❡❞ ❞✉r✐♥❣ ✐ts ❞❡❢♦r♠❛t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s❡❣✲
♠❡♥t ❧❡♥❣t❤ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❛t
✐s✿
tdXi =
∂tXi
∂Xj
dXj =
tFijdXj → tdX = tFdX ✭❆✳✸✮
✇❤❡r❡ t❤❡ ❊✐♥st❡✐♥ ♥♦t❛t✐♦♥ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❡①♣r❡ss t❤❡ s✉♠ ✐♥ t❤❡ ✐♥❞❡① ✧❥✧ ❛♥❞ t❤❡
▲❛❣r❛♥❣✐❛♥ ❉❡❢♦r♠❛t✐♦♥ ●r❛❞✐❡♥t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♠❛tr✐① t❤❛t ❤❛s ✐♥ ✐ts ❝♦♠♣♦♥❡♥ts
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ r❡s♣❡❝t t❤❡ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡s✳
tFij =
∂tXi
∂Xj
; F = tX ⊗∇Tm ✭❆✳✹✮
❚❤❡r❡ ❛r❡ ♠❛♥② ♦t❤❡r ✇❛②s t♦ ♠❡❛s✉r❡ t❤❡ ♠♦✈❡♠❡♥t ♦❢ ❛ ❝♦♥t✐♥✉✉♠✳ ❈♦♥s✐❞❡r✱ ❢♦r
❡①❛♠♣❧❡✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❡r♠s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ♣♦✐♥t
✭❢♦r s✐♠♣❧✐❝✐t② t❤❡ ♣❛t❤ t❤❛t t❤❡ ♣♦✐♥t P ♣❡r❢♦r♠s ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣r♦❝❡ss ✐♥
✜❣✉r❡ ❆✳✶✮✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ♣♦s✐t✐♦♥ ✐s ✇r✐tt❡♥ ✐♥ ❡q✉❛t✐♦♥ ❆✳✶
❛♥❞ ✐ts ✈❛r✐❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡s ❛s✿
tdu =
∂tu
∂X
dX ✭❆✳✺✮
❯s✐♥❣ ❡q✉❛t✐♦♥ ❆✳✶✱ t❤❡ ❞❡r✐✈❛t✐✈❡✭✸✮ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ✇✐t❤ r❡s♣❡❝t t❤❡ ♠❛✲
t❡r✐❛❧ ❝♦♦❞✐♥❛t❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
∂tu
∂X
=
∂tX
∂X
− ∂X
∂X
= tF − I = tJ ✭❆✳✻✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ J ✐s ❝❛❧❧❡❞ ▲❛❣r❛♥❣✐❛♥ ❉✐s♣❧❛❝❡♠❡♥t ●r❛❞✐❡♥t ❛♥❞ ❝❤❛r❛❝t❡r✐③❡s
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❡r♠s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝♦♦r❞✐♥❛t❡s✳
tJij =
tFij − δij; tJ = u⊗∇m = tF − I ✭❆✳✼✮
✭✸✮❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ✈❡❝t♦r a ✇✐t❤ r❡s♣❡❝t ❛ ✈❡❝t♦r b ✐s ❞❡✜♥❡❞ ❛s✿
[
∂a
∂b
]
ij
=
∂ai
∂bj
❆✳✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❛✐♥s ✶✷✼
❆✳✷✳✶ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ t❡♥s♦r
❈♦♥s✐❞❡r t❤❡ ✜❣✉r❡ ❆✳✷✱ ✇❤❡r❡ ❛ s❡❣♠❡♥t P◗ ✐s ❞❡♣✐❝t❡❞ ✐♥ t❤❡ t❤r❡❡ ❝♦♥✜❣✉r❛t✐♦♥s
♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s✳
❋✐❣✉r❡ ❆✳✷✿ ❚❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❜♦❞② ✐♥ t❤❡ ✸ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥s
❞s ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♣♦✐♥ts ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞
tds ❛s t❤❡ ❧❡♥❣t❤ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♣♦✐♥ts ✐♥ ❛ ❝❡rt❛✐♥ ❝♦♥✜❣✉r❛t✐♦♥ tC✳ ❈♦♥s✐❞❡r✐♥❣
❡q✉❛t✐♦♥ ❆✳✸✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤✐s t✇♦ ❧❡♥❣t❤s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿
tds2 − ds2 = tdXT tdX − dXTdX = dXT tF T tFdX − dXTdX
dXT
(
tF T tF − I)︸ ︷︷ ︸
2E
dX = 2dXT tEdX
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ tE ✐s ❝❛❧❧❡❞ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡✬s ❙tr❛✐♥ ❚❡♥s♦r ❡✈❛❧✉❛t❡❞ ✐♥ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ tC ❛♥❞ ✐ts ❡①♣r❡ss✐♦♥ ✐s
tE =
1
2
(
tF T tF − I) ✭❆✳✽✮
❙♦♠❡t✐♠❡s✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❤❛✈❡ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡✬s str❛✐♥ t❡♥s♦r ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❈♦♥s✐❞❡r✐♥❣ ❡q✉❛t✐♦♥ ❆✳✻✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
tE =
1
2
(
tF T tF − I) = 1
2
((
I + tJ
)T (
I + tJ
)− I) = 1
2
(
tJ + tJT + tJT tJ
)
✭❆✳✾✮
❖♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡✬s str❛✐♥ t❡♥s♦r ✐♥ t❡r♠s ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❞✐s♣❧❛❝❡✲
♠❡♥ts ❣r❛❞✐❡♥t✱ t❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ s✉❝❤ ❛s
tE =
1
2
(
∂tu
∂X
+
∂tu
∂X
T
+
∂tu
∂X
T
∂tu
∂X
)
tEij =
1
2
(
∂tui
∂Xj
+
∂tuj
∂Xi
+
∂tuk
∂Xi
∂tuk
∂Xj
) ✭❆✳✶✵✮
✶✷✽ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
❆✳✷✳✷ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ ✐♥❝r❡♠❡♥t t❡♥s♦r
■♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡✬s str❛✐♥ t❡♥s♦r
❡✈❛❧✉❛t❡❞ ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝♦♥✜❣✉r❛t✐♦♥s ✭1C ❛♥❞ 2C✮ ✐s ❝❛❧❧❡❞ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ ❙tr❛✐♥
■♥❝r❡♠❡♥t ❚❡♥s♦r ✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ❆✳✸✿
2ds2 − 1ds2 = 2dXT 2dX − 1dXT 1dX = (2FdX)T (2FdX)− (1FdX)T (1FdX)
=
dXT 2F T 2FdX − dXT 1F T 1FdX = dXT (2F T 2F − 1F T 1F )︸ ︷︷ ︸
2E
dX
✭❆✳✶✶✮
❚❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ ✐♥❝r❡♠❡♥t t❡♥s♦r✭✹✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿
E =
1
2
(
2F T 2F − 1F T 1F ) ✭❆✳✶✷✮
❆s ❞♦♥❡ ❜❡❢♦r❡✱ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ ✐♥❝r❡♠❡♥t t❡♥s♦r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝✲
t✐♦♥s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❣r❛❞✐❡♥t✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ❆✳✻
2E = 2 (J + I)T 2 (J + I)− 1 (J + I)T 1 (J + I)
=
∂2u
∂X
T
− ∂
1u
∂X
T
+
∂2u
∂X
− ∂
1u
∂X
+
∂2u
∂X
T
∂2u
∂X
− ∂
1u
∂X
T
∂1u
∂X
=
∂u
∂X
T
+
∂u
∂X
+
∂ (1u+ u)
∂X
T
∂ (1u+ u)
∂X
=
∂u
∂X
T
+
∂u
∂X
+
∂1u
∂X
T
∂1u
∂X
+
∂1u
∂X
T
∂u
∂X
+
∂u
∂X
T ∂1u
∂X
+
∂u
∂X
T ∂u
∂X
✇❤❡r❡ ✐t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 2C ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s 2u = 1u+ u✳
❚❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✱ t❤❡ ❧✐♥❡❛r ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♠♣♦♥❡♥t✳
E = e+ η
Eij = eij + ηij
✭❆✳✶✸✮
e =
1
2
(
∂u
∂X
T
+
∂u
∂X
+
∂u
∂X
T ∂1u
∂X
+
∂1u
∂X
T
∂u
∂X
)
eij =
1
2
(
∂ui
∂Xj
+
∂uj
∂Xi
+
∂1uk
∂Xj
∂uk
∂Xj
+
∂uk
∂Xj
∂1uk
∂Xj
) ✭❆✳✶✹✮
✭✹✮■t ✐s r❡♠✐♥❞❡❞ t♦ t❤❡ r❡❛❞❡r t❤❛t ✇❤❡♥ t❤❡ ✉♣♣❡r❧❡❢t ✐♥❞❡① ✐♥ ❛ ✈❛r✐❛❜❧❡ a ✐s ♦♠✐tt❡❞ ♠❡❛♥s t❤❛t ✐t
✐s r❡❢❡r❡❞ ❛s t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡ a ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ 1C t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C✿ a
.
= 2a− 1a
❆✳✷ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❛✐♥s ✶✷✾
η =
1
2
(
∂u
∂X
T ∂u
∂X
)
ηij =
1
2
(
∂uk
∂Xi
∂uk
∂Xj
) ✭❆✳✶✺✮
❆✳✷✳✸ ❊✉❧❡r ❙tr❛✐♥ t❡♥s♦r
❙♦♠❡t✐♠❡s ✐s ✉s❡❢✉❧ t♦ ❞❡✜♥❡ t❤❡ str❛✐♥ t❡♥s♦r ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ✐♥ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ 2C✱ t❤✐s ✐s ❝❛❧❧❡❞ ❊✉❧❡r ❙tr❛✐♥ t❡♥s♦r ✳
2ds2 − 1ds2 = 2dXT 2dX − 1dXT 1dXT = 2dXT 2dX −
(
∂1X
∂2X
2dX
)T (
∂1X
∂2X
2dX
)
=
2dXT
(
I +
∂2X
∂1X
T
∂2X
∂1X
)
︸ ︷︷ ︸
22E
2dX
✭❆✳✶✻✮
2E =
1
2
(
I +
∂2X
∂1X
T
∂2X
∂1X
)
2Eij =
1
2
(
δij +
∂1Xk
∂2Xi
∂1Xk
∂2Xj
) ✭❆✳✶✼✮
✇❤✐❝❤✱ ❛s ✉s✉❛❧✱ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛❧✐t②
1X = 2X − u
22E = I −
∂
(
2X − u)
∂2X
T
∂
(
2X − u)
∂2X
=
∂u
∂2X
+
∂u
∂2X
T
− ∂u
∂2X
T ∂u
∂2X
✭❆✳✶✽✮
❚❤❡r❡❢♦r❡✱
2E = 2e+ 2η
2Eij = 2eij + 2ηij
✭❆✳✶✾✮
2e =
1
2
(
∂u
∂2X
+
∂u
∂2X
T)
2eij =
1
2
(
∂ui
∂2Xj
+
∂uj
∂2Xi
) ✭❆✳✷✵✮
2η = −
1
2
(
∂u
∂2X
T ∂u
∂2X
)
2ηij = −
1
2
(
∂uk
∂2Xi
∂uk
∂2Xj
) ✭❆✳✷✶✮
✶✸✵ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
❆✳✷✳✹ ❯♣❞❛t❡❞ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ ✐♥❝r❡♠❡♥t t❡♥s♦r
❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ ✐♥❝r❡♠❡♥t t❡♥s♦r ✐s ✈❡r② ✉s❡❢✉❧ ✐♥ t❤❡ t♦t❛❧
▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❜✉t✱ ❛❞❞♦♣t✐♥❣ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❛♣♣r♦❛❝❤✱ ❛ ♥❡✇ ❞❡✜♥✐t✐♦♥ ✐s r❡✲
q✉✐r❡❞✳ ❚❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ t❡♥s♦r ✇✐t❤ r❡s♣❡❝t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥
1C ✉s✐♥❣ ❡q✉❛t✐♦♥ ❆✳✶✻ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛❧✐t② 2dX =
∂2X
∂1X
1dX ❛s ❢♦❧❧♦✇s✿
2ds2 − 1ds2 = 1dXT
(
∂2X
∂1X
T
∂2X
∂1X
− I
)
︸ ︷︷ ︸
21E
1dX ✭❆✳✷✷✮
❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ t❡♥s♦r ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❣r❛❞✐❡♥t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛t✐♦♥ 2X = 1X + u✿
21E =
∂2X
∂1X
T
∂2X
∂1X
− I = ∂
(
1X + u
)
∂1X
T
∂
(
1X + u
)
∂1X
− I
=
∂u
∂1X
+
∂u
∂1X
T
+
∂u
∂1X
T ∂u
∂1X
✭❆✳✷✸✮
▲✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿
1E = 1e+ 1η
1Eij = 1eij + 1ηij
✭❆✳✷✹✮
1e =
1
2
(
∂u
∂1X
+
∂u
∂1X
T)
1eij =
1
2
(
∂ui
∂1Xj
+
∂uj
∂1Xi
) ✭❆✳✷✺✮
1η =
1
2
(
∂u
∂1X
T ∂u
∂1X
)
1ηij =
1
2
(
∂uk
∂1Xi
∂uk
∂1Xj
) ✭❆✳✷✻✮
❈♦♥s✐❞❡r✐♥❣ ❡q✉❛t✐♦♥ ❆✳✶✶ ❛♥❞ ❡q✉❛t✐♦♥ ❆✳✷✷ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡
str❛✐♥ t❡♥s♦r ✭1E✮ ❛♥❞ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ ✐♥❝r❡♠❡♥t t❡♥s♦r ✭E✮ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s✿
E =
∂1X
∂X
T
1E
∂1X
∂X
Eij =
∂1Xk
∂Xi
1Ekl
∂1Xl
∂Xj
✭❆✳✷✼✮
❛♥❞
1E =
∂X
∂1X
T
E
∂X
∂1X
1Eij =
∂Xk
∂1Xi
Ekl
∂Xl
∂1Xj
✭❆✳✷✽✮
❆✳✸ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❡ss❡s ✶✸✶
❆✳✸ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❡ss❡s
❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ str❡ss ✜❡❧❞ ❛❧♦♥❣ ❛ ❝♦♥t✐♥✉✉♠ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ str❡ss t❡♥s♦r
❛♥❞ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s t♦ ❞❡✜♥❡ ✐t✳ ■♥ t❤✐s t❤❡s✐s✱ ♦♥❧② t❤❡ t❡♥s♦r t❤❛t ❛r❡ ❡♥❡r❣❡t✐❝❛❧❧②
❝♦♠♣❛t✐❜❧❡ t♦ t❤❡ str❛✐♥ t❡♥s♦rs ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✇✐❧❧ ❜❡ ✉s❡❞✳
❆✳✸✳✶ ❈❛✉❝❤②✬s str❡ss t❡♥s♦rs
❆❞♦♣t✐♥❣ t❤❡ ❈❛✉❝❤②✬s ❙tr❡ss ❚❡♥s♦r✱ ❛❧s♦ ❦♥♦✇♥ ❛s ❊✉❧❡r✬s ❙tr❡ss ❚❡♥s♦r✱ t❤❡ str❡ss❡s
❛r❡ ❛❧✇❛②s ❞❡✜♥❡❞ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ❈❛✉❝❤②✬s str❡ss σij ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡
✐♥t❡r♥❛❧ ❢♦r❝❡s ♣❡r ✉♥✐t ♦❢ ❛r❡❛ ❛❝t✐♥❣ ❛❧♦♥❣ t❤❡ ♥♦r♠❛❧ ❛♥❞ t✇♦ t❛♥❣❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s ♦❢
❡❛❝❤ ❢❛❝❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ❞❡♣✐❝t❡❞ ✐♥ t❤❡ ✜❣✉r❡ ❆✳✸✳ ❚❤✐s t❡♥s♦r ❤❛s ❛♥ ✐♠♣♦rt❛♥t
♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣ ❜✉t✱ ✉♥❢♦rt✉♥❛t❡❧②✱ ✐s ❧❡ss ❝♦♥✈❡♥✐❡♥t ✇❤❡♥ ❛ ♥♦♥❧✐♥❡❛r st❡♣✲❜②✲st❡♣
❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞✳
❋✐❣✉r❡ ❆✳✸✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤②✬s str❡ss t❡♥s♦r
σ =
 σ11 σ12 σ13σ21 σ22 σ23
σ31 σ32 σ33
 ✭❆✳✷✾✮
❆✳✸✳✷ ❙❡❝♦♥❞ P✐♦❧❛✲❑✐r❝❤❤♦❢❢✬s str❡ss t❡♥s♦r
❚♦ ❞❡✜♥❡ t❤❡ ❙❡❝♦♥❞ P✐♦❧❛✲❑✐❝❤❤♦✛ str❡ss t❡♥s♦r ❝♦♥s✐❞❡r ❛ ❝❡rt❛✐♥ ✐♥✜♥✐t❡s✐♠❛❧ ♣❛r❛❧✲
❧❡❧❡♣✐♣❡❞ t❤❛t ♠♦✈❡s ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ 0C t♦ ❝♦♥✜❣✉r❛t✐♦♥s 1C ❛♥❞ 2C✳ ❈♦♥s✐❞❡r✐♥❣
t❤❡ ❞❡❢♦r♠❛t✐♦♥ t❤❛t t❤❡ ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ✉♥❞❡r❣♦❡s ❞✉r✐♥❣ t❤❡ ♣❛t❤✱ t❤❡ str❡ss❡s ♦❢ t❤❡ s❡❝✲
♦♥❞ P✐♦❧❛✲❑✐r❝❤❤♦✛ str❡ss t❡♥s♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❢♦r❝❡s ♣❡r ✉♥✐t ❛r❡❛ ❛❝t✐♥❣ ❛❧♦♥❣
t❤❡ ♥♦r♠❛❧ ❛♥❞ t✇♦ t❛♥❣❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ♦♥ ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥✱ s❡❡
✜❣✉r❡ ❆✳✹✳ ■♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ st❡♣✲❜②✲st❡♣ ❛♥❛❧②s✐s✱ t❤❡ str❡ss t❡♥s♦r ✇✐❧❧ ❜❡ ❞❡❝♦♠♣♦s❡❞
❛s
2S = 1S + S ✭❆✳✸✵✮
✶✸✷ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
✇❤❡r❡ S ✐s ❝❛❧❧❡❞ ❑✐r❝❤❤♦✛ ❙tr❡ss ■♥❝r❡♠❡♥t ❚❡♥s♦r✳
❋✐❣✉r❡ ❆✳✹✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❙❡❝♦♥❞ P✐♦❧❛✲❑✐r❝❤❤♦✛ ❙tr❡ss ❚❡♥s♦r
■t ❝❛♥ ❜❡ ♣r♦✈❡❞ ✭❨❡♦♥❣✲❇✐♥ ❨❛♥❣ ❬✶✾✾✹❪✮ t❤❛t t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈❛✉❝❤② ❛♥❞
t❤❡ s❡❝♦♥❞ P✐♦❧❛✲❑✐r❝❤❤♦✛ str❡ss t❡♥s♦rs ✐s
2S =
ρ
2ρ
∂X
∂2X
T
2σ
∂X
∂2X
2Sij =
ρ
2ρ
∂Xi
∂2Xk
2σkl
∂Xj
∂2Xl
✭❆✳✸✶✮
❛♥❞
2σ =
2ρ
ρ
∂2X
∂X
T
2S
∂2X
∂X
2σij =
2ρ
ρ
∂2Xi
∂Xk
T
2Skl
∂2Xj
∂Xl
✭❆✳✸✷✮
❆✳✸✳✸ ❯♣❞❛t❡❞ ❑✐r❝❤❤♦❢❢ str❡ss t❡♥s♦r
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C ✇✐t❤ t❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ❛①✐s✳
■♠❛❣✐♥❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ❞❡❢♦r♠❛t✐♦♥ t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C ✇❤❡r❡ t❤❡ ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ✐s ♥♦
❧♦♥❣❡r r❡❝t❛♥❣✉❧❛r✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❛s t❤❡ ♠❛t❡r✐❛❧
❝♦♦r❞✐♥❛t❡s t♦ ❡①♣r❡ss t❤❡ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 2C✳ ❚❤❡ ✉♣❞❛t❡❞ ❑✐r❝❤❤♦✛ str❡ss
t❡♥s♦r ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♠❛tr✐① t❤❛t ❝♦♥t❛✐♥s t❤❡ ❢♦r❝❡s ♣❡r ✉♥✐t ♦❢ ❛r❡❛ ❛❧♦♥❣ t❤❡ ♥♦r♠❛❧
❛♥❞ t❛♥❣❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s ♦❢ ❡❛❝❤ ❢❛❝❡ ♦❢ t❤❡ ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ❛t ❝♦♥✜❣✉r❛t✐♦♥ 2C✳
2
1S =
1σ + 1S ✭❆✳✸✸✮
❆✳✸ ❉❡s❝r✐♣t✐♦♥ ♦❢ str❡ss❡s ✶✸✸
❋✐❣✉r❡ ❆✳✺✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❯♣❞❛t❡❞ ❑✐r❝❤❤♦✛ ❙tr❡ss ❚❡♥s♦r
❆✳✸✳✹ ❚r❛♥s❢♦r♠❛t✐♦♥ r✉❧❡s
❚❤❡ ❈❛✉❝❤② str❡ss t❡♥s♦r 2σ ❛♥❞ t❤❡ ✉♣❞❛t❡❞ ❑✐r❝❤❤♦✛ str❡ss t❡♥s♦r 21S ❝❛♥ ❜❡ r❡❧❛t❡❞
❜② t❤❡ ❢♦r♠✉❧❛s
2
1S =
1ρ
2ρ
∂1X
∂2X
T
2σ
∂1X
∂2X
2
1Sij =
1ρ
2ρ
∂1Xi
∂2Xk
2σkl
∂1Xj
∂2Xl
✭❆✳✸✹✮
❛♥❞
2σ =
2ρ
1ρ
∂2X
∂1X
T
2
1S
∂2X
∂1X
2σij =
2ρ
1ρ
∂2Xi
∂1Xk
2
1Skl
∂2Xj
∂1Xl
✭❆✳✸✺✮
❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ s❡❝♦♥❞ P✐♦❧❛✲❑✐r❝❤❤♦✛ str❡ss t❡♥s♦r ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t
r❡❢❡r❡♥❝❡ s②st❡♠s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥ ❆✳✸✶ ❛♥❞ ❡q✉❛t✐♦♥ ❆✳✸✺
2S =
ρ
1ρ
∂X
∂1X
T
2
1S
∂X
∂1X
2Sij =
ρ
1ρ
∂Xi
∂1Xk
2
1Skl
∂Xj
∂1Xk
✭❆✳✸✻✮
❚❤❡ s❛♠❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C
1S =
ρ
1ρ
∂X
∂1X
T
1σ
∂X
∂1X
1Sij =
ρ
1ρ
∂Xi
∂1Xk
1σkl
∂Xj
∂1Xk
✭❆✳✸✼✮
✇❤❡r❡ t❤❡ str❡ss t❡♥s♦r 11S ❤❛s ❜❡❡♥ s✉❜st✐t✉t❡❞ ❜②
1σ✳
✶✸✹ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
❊①tr❛❝t✐♥❣ ❡q✉❛t✐♦♥ ❆✳✸✼ t♦ ❡q✉❛t✐♦♥ ❆✳✸✻ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
✐♥❝r❡♠❡♥t❛❧ str❡ss❡s S ❛♥❞ 1S ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
S =
0ρ
1ρ
∂X
∂1X
T
1S
∂X
∂1X
Sij =
0ρ
1ρ
∂Xi
∂1Xk
T
1Skl
∂Xj
∂1Xl
✭❆✳✸✽✮
❛♥❞ ✐♥✈❡rs❡❧②
1S =
0ρ
1ρ
∂1X
∂X
T
S
∂1X
∂X
1Sij =
0ρ
1ρ
∂1Xi
∂Xk
T
Skl
∂1Xj
∂Xl
✭❆✳✸✾✮
❊q✉❛t✐♦♥s ❆✳✸✽ ❛♥❞ ❆✳✸✾ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ❛❞❛♣t❡❞ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r✲
♠✉❧❛t✐♦♥ ❛s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳
❙♦♠❡t✐♠❡s✱ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡✈❡r❛❧ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ str❡ss ✜❡❧❞
r❡q✉✐r❡s t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ✐♥s✐❞❡ t❤❡ ❜♦❞②✳ ▲❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♠❛ss ❝❛♥ ♥♦t ✈❛r② ❢r♦♠ ♦♥❡
❝♦♥✜❣✉r❛t✐♦♥ t♦ ❛♥♦t❤❡r ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❜♦❞②✱ s♦ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥✿∫
tΩ
tρdtΩ =
∫
Ω
ρdΩ ✭❆✳✹✵✮
❉✉❡ t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡ ❞❡♥s✐t② ✐♥ t❤❡ ❝♦♥✜❣✉r❛✲
t✐♦♥ 0C ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛ss ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ tC✳ ❉❡✜♥✐♥❣ t❤❡ ❏❛❝♦❜✐❛♥ ❛s
tJA =
∂tX
∂X
tJAij =
∂tXi
∂Xj
✭❆✳✹✶✮
❡q✉❛t✐♦♥ ❆✳✹✵ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s∫
tΩ
tρdtΩ =
∫
Ω
tρ
∣∣tJA∣∣ dΩ ✭❆✳✹✷✮
❚❤✐s ❡①♣r❡s✐♦♥ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥
ρ = tρ
∣∣tJA∣∣ ✭❆✳✹✸✮
❆✳✹ Pr✐♥❝✐♣❧❡ ♦❢ ❱✐rt✉❛❧ ❲♦r❦
❆ ❜♦❞② ✐♥ ❡q✉✐❧✐❜r✐✉♠ s❤♦✉❧❞ s❛t✐s❢② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
✉s✐♥❣ t❤❡ ❈❛✉❝❤②✬s str❡ss t❡♥s♦r ❛❝❝♦r❞✐♥❣ t♦ ❛ ❝❛rt❡s✐❛♥ ❛①✐s ❛♥❞ s❛t✐✜❡s ❛❧s♦ t❤❡ ◆❛t✉r❛❧
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
∇m · tσ + tF = 0 in tΩ
tσtn = tf in tΓσ
✭❆✳✹✹✮
❆✳✹ Pr✐♥❝✐♣❧❡ ♦❢ ❱✐rt✉❛❧ ❲♦r❦ ✶✸✺
✇❤✐❝❤ t❤❡ t❡♥s♦r✐❛❧ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ◆❛❜❧❛ ♦♣❡r❛t♦r ❛♥❞ t❤❡ σ t❡♥s♦r ❝❛♥ ❜❡
❞❡✜♥❡❞ ❛s
[
∇m · tσ
]
i
=
∂tσij
∂tXj
✭❆✳✹✺✮
❛♥❞ tΩ r❡♣r❡s❡♥ts t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦❞②✱ t❤❡ ✈❡❝t♦r tF ❞❡♥♦t❡s t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s
♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❜♦❞②✱ tf ❞❡♥♦t❡s t❤❡ ❢♦r❝❡s ♣❡r ✉♥✐t ❛r❡❛ ❛❝t✐♥❣ ✐♥ t❤❡ tΓσ
❜♦✉♥❞❛r② ❛♥❞ tn r❡♣r❡s❡♥ts t❤❡ ✈❡❝t♦r ♥♦r♠❛❧ t♦ t❤✐s s✉r❢❛❝❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ str❡ss
✜❡❧❞ ✐♥s✐❞❡ ❛ ❜♦❞② t❤❛t s❛t✐s✜❡s ❡q✉❛t✐♦♥ ❆✳✹✹ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❙t❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ str❡ss
✜❡❧❞ ✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ s♦ ❝❛❧❧❡❞ ❦✐♥❡♠❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❝❛♥ ❜❡ ❞❡✜♥❡❞
❛s t❤❡ ♦♥❡ t❤❛t ✈❡r✐✜❡s t❤❡ ●❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
tu = tu in tΓu ✭❆✳✹✻✮
✐♥ ✇❤✐❝❤ t❤❡ ❜♦✉♥❞❛r② tΓu r❡♣r❡s❡♥ts t❤❡ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❜♦❞② ✇❤❡r❡ t❤❡
❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ❛r❡ ✐♠♣♦s❡❞ ✭❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✳
▲❡t ✉s ❝♦♥s✐❞❡r ♥♦✇ ❛ ✈✐rt✉❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s②♠❜♦❧
δu✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t ❝♦♥s✐❞❡r✐♥❣ t❤✐s ✈✐rt✉❛❧ ✐♥❝r❡♠❡♥t ❦✐♥❡♠❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞
tδu = 0 in tΓu ✭❆✳✹✼✮
❈♦♥s✐❞❡r✐♥❣ ♥♦✇ ❛ ❦✐♥❡♠❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❛♥❞ ❛ st❛t✐❝❛❧❧② ❛❞♠✐s✲
s✐❜❧❡ str❡ss ✜❡❧❞✱ t❤❡ Pr✐♥❝✐♣❧❡ ♦❢ ❱✐rt✉❛❧ ❲♦r❦s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞∫
tΩ
tσ : tεdtΩ =
∫
tΩ
tF T tδudtΩ +
∫
tΓσ
tfT tδudtΓσ ✭❆✳✹✽✮
✇❤❡r❡ t❤❡ t❡♥s♦r✐❛❧ ♣r♦❞✉❝t a : b ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
a : b = aijbij
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ Pr✐♥❝✐♣❧❡s ♦❢ ❱✐rt✉❛❧ ❲♦r❦s ✭P❱❲✮ ✐s
❡q✉✐✈❛❧❡♥t t♦ ✐♠♣♦s❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❝♦♠♣❛t✐❜✐❧✐t② t♦ ❛ ❣✐✈❡♥ s②st❡♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ P❱❲ ✐s ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢
❛ s②st❡♠✳
❆s t❤❡ r❡❛❞❡r ♠❛② r❡❛❧✐③❡✱ t❤❡ P❱❲ ❤❛s ❜❡❡♥ ✇r✐tt❡♥ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ ✐♥✐t✐❛❧
❝♦♥✜❣✉r❛t✐♦♥ 0C✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❢♦r♠✉❧❛t❡ ✐t ❝♦♥s✐❞❡r✐♥❣ ❛♥♦t❤❡r ❝♦♥✜❣✉r❛t✐♦♥ ❛s t❤❡
r❡❢❡r❡♥❝❡ ♦♥❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤❡♥ t❤❡ P❱❲ ✐s ❢♦r♠✉❧❛t❡❞ r❡❧❛t❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✲
✉r❛t✐♦♥ t❤❡ ❚♦t❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ❛♥❞ ✇❤❡♥ ✐t ✐s ❢♦r♠✉❧❛t❡❞ r❡❧❛t❡❞
t♦ t❤❡ ❧❛st ❦♥♦✇♥ ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ❯♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞✳
✶✸✻ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
❆✳✹✳✶ ❚♦t❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥
❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❜♦♦❦ ❨❡♦♥❣✲❇✐♥ ❨❛♥❣ ❬✶✾✾✹❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛✲
t✐♦♥ ♥❡❡❞s t♦ ❜❡ ♣r♦✈❡❞ ∫
2
Ω
2σ : 2δe d
2Ω =
∫
Ω
2S : 2δε dΩ∫
2
Ω
2σij2δeij d
2Ω =
∫
Ω
2Sij
2δεij dΩ
✭❆✳✹✾✮
❚♦ ❞♦ s♦✱ ❧❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ str❡ss t❡♥s♦rs 2σ ❛♥❞ 2S ❛♥❞
❜❡t✇❡❡♥ t❤❡ str❛✐♥ t❡♥s♦rs 2δe ❛♥❞
2δε✳ ❊q✉❛t✐♦♥ ❆✳✷✳✶ ❛❧❧♦✇s t♦ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉❛t✐♦♥
δ2ds2 = δ
(
2dXT 2dX
)
= 22dXT 2δdX = 2
(
2FdX
)T (2FdX) = 2dXT 2F T 2δFdX
=
2dXT 2δEdX
2dXT 2δdX = dXT 2δEdX
2dXi
2δdXi = dXi
2δEijdXj
✭❆✳✺✵✮
❆❧s♦✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②
2δdX =
∂δu
∂2X
2dX ✭❆✳✺✶✮
❛♥❞ s✉❜t✐t✉t❡ ✐t ✐♥ ❡q✉❛t✐♦♥ ❆✳✺✵✱ ❧❡❛❞✐♥❣ ✉s t♦
2dXT
∂δu
∂2X
2dX = dXT 2δEdX ✭❆✳✺✷✮
❋✉rt❤❡r✱ s✐♥❝❡ 2δe =
1
2
(
∂δu
∂2X
T
+
∂δu
∂2X
)
✱ ❢r♦♠ ❡q✉❛t✐♦♥ ❆✳✷✵ ✇❡ ❝❛♥ ♦❜t❛✐♥
dXT 2δεdX = 2dXT 2δedX ✭❆✳✺✸✮
❆♥❞ ✉s✐♥❣ t❤❡ ❝❤❛✐♥ r✉❧❡ 2dX = 2FdX✱ ✐t ❧❡❛❞s t♦
2δε = 2F T 2δe
2F
2δεij =
2Fki2δekl
2Flj
✭❆✳✺✹✮
❛♥❞
2δe = 2F−T 2δε
2F−1
2δeij =
2F−Tki 2δεkl
2F−1lj
✭❆✳✺✺✮
❚❤❡ ❧❛st r❡❧❛t✐♦♥s ❛❧❧♦✇ t♦ ♣r♦✈❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❡q✉❛t✐♦♥s ❆✳✹✾ ❛♥❞✱ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱
✐t ❝❛♥ ❜❡ st❛t❡❞ t❤❛t t❤❡ P✐♦❧❛✲❑✐r❝❤❤♦✛ str❡ss❡s 2S ❛♥❞ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥s 2ε
❛r❡ ❡♥❡r❣❡t✐❝❛❧❧② ❝♦♥❥✉❣❛t❡✳
❋✉rt❤❡r✱ ❜② ❞❡✜♥✐♥❣ t❤❡ s✉r❢❛❝❡ t❡♥s✐❧❡ ❢♦r❝❡s ❛♥❞ ❜♦❞② ❢♦r❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ 0C
❝♦♥✜❣✉r❛t✐♦♥ ❛s✿
❆✳✹ Pr✐♥❝✐♣❧❡ ♦❢ ❱✐rt✉❛❧ ❲♦r❦ ✶✸✼
2fdΓσ =
2f 2dΓσ
2F dΩ = 2F 2dΩ
❛♥❞ ✉s✐♥❣ ❡q✉❛t✐♦♥ ❆✳✹✾✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✐♥ t❤❡ 0C r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥
❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞✳ ∫
Ω
2S : 2δε dΩ =
∫
Ω
2F Tδu dΩ +
∫
Γσ
2fTδu dΓσ ✭❆✳✺✻✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ t❡♥s♦r ✐♥ ✐ts ❧✐♥❡❛r ❛♥❞ ♥♦♥✲
❧✐♥❡❛r ♣❛rts✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠∫
Ω
S : δε dΩ +
∫
Ω
1S : δη dΩ = 2R− 1R ✭❆✳✺✼✮
✇❤❡r❡ t❤❡ 2R ❛♥❞ 1R ❛r❡ ❞❡✜♥❡❞ ❛s
2R =
∫
Ω
2F Tδu dΩ +
∫
Γσ
2fTδu dΓσ
1R =
∫
Ω
1S : δe dΩ =
∫
Ω
1F Tδu dΩ +
∫
Γσ
1fTδu dΓσ
✭❆✳✺✽✮
❊q✉❛t✐♦♥ ❆✳✺✼ st❛t❡s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✇♦r❦ ✐s
❡q✉❛❧ t♦ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❡♥❡r❣② ✭❞❡❢♦r♠❛t✐♦♥ ♣❧✉s ♣♦t❡♥t✐❛❧✮ ❞✉r✐♥❣ t❤❡ ♠♦✈❡♠❡♥t ❢r♦♠
❝♦♥✜❣✉r❛t✐♦♥ 1C t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C✳
❚❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ P✐♦❧❛✲❑✐r❝❤❤♦✛ S ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡
t❡♥s♦r ε ❛s
S = C ⊗ ε
Sij = Cijklεkl
✭❆✳✺✾✮
✇❤✐❝❤ ❛❧❧♦✇s t♦ r❡✇r✐t❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ❛s∫
Ω
C ⊗ εδε dΩ +
∫
Ω
1S : δη dΩ = 2R− 1R ✭❆✳✻✵✮
❊q✉❛t✐♦♥ ❆✳✻✵ ✐s ❝♦♠♣❧❡t❡❧② ❣❡♥❡r❛❧ s✐♥❝❡ ♥♦ ❤②♣♦t❤❡s✐s ❤❛s ❜❡❡♥ ♠❛❞❡ ♦♥ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ s♠❛❧❧ str❛✐♥s ❛ss✉♠✐♥❣ t❤❡
❧✐♥❡❛r✐③❡❞ ❢♦r♠ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s✳
δε ≃ δe →
∫
Ω
C ⊗ eδe dΩ +
∫
Ω
1S : δη dΩ = 2R− 1R ✭❆✳✻✶✮
❆✳✹✳✷ ❯♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥
■♥ t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤✱ ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥∫
2Ω
2σ : 2δe d
2Ω =
∫
1Ω
2
1S :
2
1δε d
1Ω ✭❆✳✻✷✮
✶✸✽ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ♥♦♥❧✐♥❡❛r ♠❡❝❤❛♥✐❝s
❚❤❡ ♣r♦❝❡❞✉r❡ t♦ ❞❡r✐✈❡ t❤✐s ♥❡✇ ❡q✉❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❢♦❧❧♦✇❡❞ ♦♥ s✉❜✲
s❡❝t✐♦♥ ❆✳✹✳✶✱ s✐♠♣❧② ❝❤❛♥❣✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥ ❢r♦♠ 0C t♦ 1C✳ ❋♦r ♠♦r❡
✐♥❞✐❝❛t✐♦♥s✱ t❤❡ r❡❛❞❡r ❝❛♥ ✜♥❞ t❤❡ ❞❡♠♦♥str❛t✐♦♥ ♦♥ ❨❡♦♥❣✲❇✐♥ ❨❛♥❣ ❬✶✾✾✹❪✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s r❡❢❡r❡♥❝❡❞ t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C✱ ✐t ❝❛♥
❜❡ ✇r✐tt❡♥ ∫
1Ω
2
1S :
2
1δε d
1Ω =
∫
1Ω
2
1F
Tδu d1Ω +
∫
1Γσ
2
1f
Tδu d1Γσ ✭❆✳✻✸✮
❖♣❡r❛t✐♥❣ ❛s ❜❡❢♦r❡✱ ♦♥❡ ❝❛♥ ❞✐✈✐❞❡ t❤❡ str❛✐♥ t❡♥s♦rs ✐♥ ✐ts ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ♣❛rts
❛♥❞ ✇r✐t❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ❛s∫
1Ω
1S : 1δε d
1Ω +
∫
1Ω
1σ : 1δη d
1Ω = 21R− 11R ✭❆✳✻✹✮
2
1R =
∫
1Ω
2
1F
Tδu d1Ω +
∫
1Γσ
2
1f
Tδu d1Γσ
1
1R =
∫
1Ω
1σ : 1δe d
1Ω =
∫
1Ω
1
1F
Tδu d1Ω +
∫
1Γσ
1
1f
Tδu d1Γσ
✭❆✳✻✺✮
❚❤❡r❡ r❡❛❞❡rs s❤♦✉❧❞ r❡♠❡♠❜❡r t❤❛t ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C t❤❡ P✐♦❧❛✲❑✐r❝❤♦✛ ❛♥❞
❈❛✉❝❤② str❡ss t❡♥s♦rs ❝♦✐♥❝✐❞❡✳ ❆❧s♦✱ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♠❛✲
t❡r✐❛❧ ❝❛♥ ❜❡ ✇r✐tt❡♥ r❡❢❡r❡♥❝❡❞ t♦ t❤❝ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❛s
1S = 1C ⊗ 1ε ✭❆✳✻✻✮
❛♥❞ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s r❡❢❡r❡♥❝❡❞ t♦ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ∫
1Ω
1C ⊗ 1ε : 1δε d1Ω +
∫
1Ω
1σ : 1δη d
1Ω = 21R− 11R ✭❆✳✻✼✮
❈♦♠♣❛r✐♥❣ ❜♦t❤ ❢♦r♠✉❧❛t✐♦♥s ✭t♦t❛❧ ❛♥❞ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥s✮ ♦♥❡ ❝❛♥
r❡❛❧✐③❡ t❤❛t t❤❡② ♦♥❧② ❞✐✛❡r ❢♦r♠ t❤❡ r❡❢❡r❡♥❝❡ ❝♦♥✜❣✉r❛t✐♦♥✳
■♥ ❛❞❞✐t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧ str❛✐♥s ✐♥ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤ ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ 1C
t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C✱ t❤❡ ❧✐♥❡❛r✐③❡❞ ❢♦r♠ ♦❢ P❱❲ ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
δε ≃ δe→
∫
1Ω
1C ⊗ 1e : 1δε d1Ω +
∫
1Ω
1σ : 1δη d
1Ω = 21R− 11R ✭❆✳✻✽✮
B ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡
str✉❝t✉r❡s
▼❛♥② str✉❝t✉r❡s ✐♥ ❝✐✈✐❧ ❡♥❣✐♥❡❡r✐♥❣ ❝❛♥ ❜❡ ❡✛❡❝t✐✈❡❧② ♠♦❞❡❧❧❡❞ ❛s ❛ s❡t ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts✳
■♥ ❛ t②♣✐❝❛❧ str✉❝t✉r❛❧ ❛♥❛❧②s✐s✱ t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ❡❛❝❤ ♠❡♠❜❡r ♦❢ ❛ ❝❡r✲
t❛✐♥ ❢r❛♠❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❣♦✈❡r♥✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❉✐✛❡r❡♥t
t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ ♦❜t❛✐♥ r❡❧✐❛❜❧❡ r❡s✉❧ts
s✐♠♣❧✐❢②✐♥❣ t❤❡ s②st❡♠ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✳
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ✐s t❤❡ ❙tr✉❝t✉r❛❧ ▼❛tr✐① ♠❡t❤♦❞✱ ✇❤✐❝❤ ❝♦♥s✐sts
✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ❜② ❛ s✐♠♣❧✐✜❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ t❤❛t ❤❛s
❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❇② r❡♣❧❛❝✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ s②st❡♠ ♦❢ ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥s ❜② t❤❡ ♠❛tr✐① ❡q✉❛t✐♦♥s✱ ❡♥❣✐♥❡❡rs ❛r❡ ❛❜❧❡ t♦ st✉❞② t❤❡s❡ s②st❡♠s ❡✣❝✐❡♥t❧②✳
■♥ t❤❡ ❙tr✉❝t✉r❛❧ ▼❛tr✐① ♠❡t❤♦❞ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡ ❢♦r♠✉❧❛t✐♦♥s✿ ❉✐r❡❝t ❙t✐✛♥❡ss
♠❡t❤♦❞ ❛♥❞ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠❡t❤♦❞ ✳ ❚❤❡ ✜rst ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❡❧❡♠❡♥t
✐♥ ❛ str♦♥❣ ❢♦r♠✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ❛r❡ ❞✐r❡❝t❧② ✐♠♣♦s❡❞ t♦ t❤❡
❡❧❡♠❡♥t ❛♥❞ t❤❡ ♠❛tr✐① ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛r❡ ❞❡r✐✈❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞ ❝♦♥s✐❞❡rs ❛ ❝❡rt❛✐♥ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t ❛♥❞ ✐♠♣♦s❡s t❤❡
❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ✇❡❛❦ ♦r ❛✈❡r❛❣❡ s❡♥s❡✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ❤♦✇ t❤❡
❞✐r❡❝t st✐✛♥❡ss ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ st✉❞② ❝❛❜❧❡ ❛♥❞ ❜❡❛♠ str✉❝t✉r❡s✳
❇♦t❤ ♠❡t❤♦❞s ❤❛✈❡ ❛ ✈❡r② s✐♠✐❧❛r ❛♣♣r♦❛❝❤✿
• ❉✐✈✐❞❡ t❤❡ ❡♥t✐r❡ str✉❝t✉r❡ ✐♥t♦ ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts✱ r❡❞✉❝✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳
• ◆✉♠❜❡r ❜♦t❤ t❤❡ ♥♦❞❡s ❛♥❞ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♥❡✇ ✐❞❡❛❧✐③❡❞ str✉❝t✉r❡✳
• ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✭❜② ❙t✐✛♥❡ss ♦❢ ❋✐♥✐t❡ ❊❧❡♠❡♥t
♠❡t❤♦❞✮ ❢♦r ❡❛❝❤ ❜❡❛♠ ❡❧❡♠❡♥t ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠✳
• ❆ss❡♠❜❧② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ✐♥ t❤❡ ❣❧♦❜❛❧ str✉❝t✉r❛❧
s②st❡♠ ❛♥❞ ✐♠♣♦s❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
✶✹✵ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
• ❋✐♥❛❧❧②✱ s♦❧✈❡ t❤❡ s②st❡♠ t♦ ♦❜t❛✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✱ str❛✐♥s ❛♥❞ str❡ss❡s ✜❡❧❞✱
✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ ❣♦❛❧ ❢♦r t❤❡ ❡♥❣✐♥❡❡rs ✇❤♦ ❛r❡ st✉❞②✐♥❣ t❤❡ str✉❝t✉r❡✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✐s ❞❡✈♦♣t❡❞ t♦ ❈❛❜❧❡ ❙tr✉❝t✉r❡s ❛♥❞ ❋r❛♠❡ ❙tr✉❝t✉r❡s✳ ❋✐rst✱
t❤❡ ❛♥❛❧②s✐s ❛♥❞ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❝❛❜❧❡ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❞✉❡ t♦ ✐ts s✐♠♣❧✐❝✐t②
❝♦♠♣❛r❡❞ t♦ ❢r❛♠❡ ❡❧❡♠❡♥ts✳ ❚❤❡ st✉❞② ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ❜② ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ ❛❜♦✉t
t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s r❡❣❛r❞✐♥❣ t❤❡ ❞✐r❡❝t ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❛♥❞ ❞✐s❝✉ss✐♦♥s
❛❜♦✉t t❤❡ ❛❞✈❛♥t❛❣❡s ❛♥❞ ❞✐s❛❞✈❛♥t❛❣❡s ✇✐❧❧ ❜❡ ❤❡❧❞✳ ❙❡❝♦♥❞❧②✱ t❤❡ st✉❞② ♦❢ ❢r❛♠❡ s②s✲
t❡♠s ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❧② ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❞✉❡ t♦ ✐ts ♠❛❥♦r
❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛❧s♦ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❞✐r❡❝t st✐✛♥❡ss ♠❡t❤♦❞ ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r
❛♥❛❧②s✐s ♦❢ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❛✐♥s✳
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s
❚❤❡ ❛♥❛❧②s✐s ♦❢ ❝❛❜❧❡ str✉❝t✉r❡s ✐s ❛ ✈❡r② ✐♠♣♦rt❛♥t t♦♣✐❝ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝✐✈✐❧ ❡♥❣✐♥❡❡r✐♥❣
s✐♥❝❡ ✶✻✾✶ ✇❤❡♥ ❍✉②❣❡♥s✱ ▲❡✐❜♥✐③ ❛♥❞ ●✳ ❇❡r♥♦✉❧❧✐ ❢♦✉♥❞ t❤❡ ❝❧♦s❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✉♥✲
❡①t❡♥s✐❜❧❡ ❝❛t❡♥❛r② ✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ ❝❛❜❧❡ s✉s♣❡♥❞❡❞ ❢r♦♠ ✐ts ❡♥❞s ❤❛❞ ❜❡❡♥ st✉❞✐❡❞
❜② ●❛❧✐❧❡♦ ●❛❧✐❧❡✐ ✐♥ ✶✻✾✶✱ ②❡❛r ✐♥ ✇❤✐❝❤ ❤❡ ♣r♦♣♦s❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝❛t❡♥❛r② ❛s ❛
♣❛r❛❜♦❧❛✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥❡✇ t❡❝❤♥✐q✉❡s ❛♣♣❡❛r❡❞ ❞✉r✐♥❣ t❤❡ ❧❛st ❞❡❝❛❞❡s ❞✉❡ t♦ t❤❡ ✐♥✲
❝r❡❛s✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ❝❛♣❛❝✐t② ♦❢ ❝♦♠♣✉t❡rs✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✉s✐♥❣
❞✐r❡❝t st✐✛♥❡ss ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❧❛t❡r✳
❇✳✶✳✶ ❯♥❡①t❡♥s✐❜❧❡ ❝❛t❡♥❛r②
❈♦♥s✐❞❡r ❛ ❝❛❜❧❡ t❤❛t ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✉♥❞❡r t❤❡ s❡❧❢ ✇❡✐❣❤t ❛♥❞ s✉♣♣♦rt❡❞ ❛t ❜♦t❤ ❡♥❞s✳
❈♦♥s✐❞❡r✱ ❛❧s♦✱ ❛ ✈❡r② s♠❛❧❧ ♣✐❡❝❡ ♦❢ t❤✐s ❝❛❜❧❡s ❛s t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ❇✳✶✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡
❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥✿
✭❛✮ ●❡♥❡r❛❧ s❦❡t❝❤ ♦❢ ❛ ❝❛❜❧❡ s✉♣♣♦rt❡❞ ✐♥ ❜♦t❤ ❡♥❞s ✭❜✮ P✐❡❝❡ ♦❢ ❛ ❝❛❜❧❡ ❛♥❞ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥
✐t
❋✐❣✉r❡ ❇✳✶✿ ❊q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛ ❝❛t❡♥❛r②
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✹✶
x : T
dx
ds
+
d
ds
(
T
dx
ds
)
∆s− dx
ds
= 0
z : T
dz
ds
+
d
ds
(
T
dz
ds
)
∆s− T dz
ds
+ p∆s = 0
✭❇✳✶✮
❆♥❞ ❝❛♥ ❜❡ ❞❡r✐✈❡❞
T
dx
ds
= const = H → T = Hdx
ds
d
ds
(
T
dz
ds
)
= −p
✭❇✳✷✮
❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ❡q✉❛t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ① ✐t ♠✐❣❤t ❜❡ ♦❜✲
t❛✐♥❡❞
d
dx
(
H
dz
dx
)
= −pds
dx
✭❇✳✸✮
❛♥❞ r❡♠❡♠❜❡r✐♥❣ t❤❛t H ✐s ❝♦♥st❛♥t ❛❧♦♥❣ t❤❡ ❝❛❜❧❡ ❛♥❞ t❤❛t
ds =
√
dx2 + dz2 =
√
dx2
(
1 +
dz
dx
2)
= dx
√
1 + z′2
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ✜♥❛❧❧② ♦❜t❛✐♥❡❞
H
d2z
dx2
= −p
√
1 + z′2 ✭❇✳✹✮
✇❤✐❝❤ s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ ✭s❡❡ ◗✉❛❣❧✐❛r♦❧✐ ❬✷✵✶✵❪✮ ✉s✐♥❣ ♣r♦♣❡r ✐♥t❡❣r❛t✐♦♥
t❡❝❤♥✐q✉❡s ❛♥❞ ✐♠♣♦s✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
z (x) =
H
p
[
coshα− cosh
(
2β
l
x− α
)]
✭❇✳✺✮
✇❤❡r❡ α ❛♥❞ β ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
β =
pl
2H
; sinh (α− β) = βh
l sinh β
✭❇✳✻✮
❋r♦♠ ❡q✉❛t✐♦♥ ❇✳✺ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡❞✉❝❡ s♦♠❡ ✉s❡❢✉❧❧ r❡❧❛t✐♦♥s ✭s❡❡ ▼❛❧❡r❜❛ ❬✷✵✶✵❪✮
❛s
pl0
2H
= sinh β cosh (α− β) ✭❇✳✼✮
t❤❛t ✐t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❢✉t✉r❡ s❡❝t✐♦♥s ♦❢ t❤✐s t❤❡s✐s✳
❚❤✐s ❡q✉❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡s ❛ ❣♦♦❞ ♠♦❞❡❧ t♦ st✉❞②
❝❛❜❧❡ s②st❡♠s ✐♥ ❛ s✐♠♣❧✐✜❡❞ ✇❛②✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❡q✉❛t✐♦♥ ❇✳✺✱ ✐♥ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✐s ✐♥❝❧✉❞❡❞ t❤❡ ❤♦r✐③♦♥t❛❧ t❡♥s✐♦♥ H ❛❝t✐♥❣ ♦♥ t❤❡ ❝❛❜❧❡✳ ❚❤✐s
✇✐❧❧ ♥❡❡❞ s♦♠❡ s♣❡❝✐✜❝ ❞❡✈❡❧♦♣♠❡♥ts ❜❡❝❛✉s❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ❞❡♣❡♥❞s ❛❧s♦
♦♥ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞✳ ❚❤❡r❡❢♦r❡✱ ❛ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ ✐t❡r❛t✐✈❡❧② t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
✶✹✷ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❝❛❜❧❡ ✉♥❞❡r ❛♥ s♣❡❝✐✜❝ ❧♦❛❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳
❆❧t❤♦✉❣❤t t❤❡ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts ❛ ❣r❡❛t t♦♦❧ t♦ ❛♥❛❧②s❡ ❝❛❜❧❡ s②st❡♠s
✉♥❞❡r ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❧♦❛❞✱ ✐t ❤❛s ❛❧s♦ ❧✐♠✐t❛t✐♦♥s ✐♥ t❤❡ st✉❞② ♦❢ ❝❛❜❧❡ s②st❡♠s ✐♥
❛ ❣❡♥❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❝❛t❡♥❛r② ❡q✉❛t✐♦♥ ❤❛s s❡✈❡r❛❧ ❤②♣♦t❤❡s✐s ❜❡❤✐♥❞ ✐ts
❢♦r♠✉❧❛t✐♦♥✿
• ❚❤❡ ❝❛❜❧❡ ✐s ❛①✐❛❧② ✉♥❡①t❡♥s✐❜❧❡✳
• ❚❤❡ ❧♦❛❞ ✐s ✉♥✐❢♦r♠❧② ❛♣♣❧✐❡❞ ❛❧♦♥❣ t❤❡ ❝❛❜❧❡✳
• ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛❜❧❡ ❛r❡ ❝♦♥st❛♥t ❛❧♦♥❣ ✐ts ❧❡♥❣t❤✳
❚❤❡s❡ ❤②♣♦t❤❡s✐s ♠❛❦❡ t❤❡ ❝❛t❡♥❛r② ♠♦❞❡❧ ♥♦t s✉✐t❛❜❧❡ ❢♦r t❤❡ st✉❞② ♦❢ ❝❛❜❧❡ s②st❡♠s
✉♥❞❡r ❛♥② ❧♦❛❞ ❛♥❞ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛tt❡♠♣t❡❞✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ❡❧❛st✐❝
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❝❛❜❧❡ ❝❛♥ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
❇✳✶✳✷ ❊❧❛st✐❝ ❝❛t❡♥❛r②
❚❤❡ ✉♥❡①t❡♥s✐❜❧❡ ❝❛t❡♥❛r② ♠♦❞❡❧ ❤❛s t❤❡ ❧✐♠✐t❛t✐♦♥ t❤❛t ✐t ❝❛♥ ♥♦t ❞❡❛❧ ✇✐t❤ ❡❧❛st✐❝
s②st❡♠s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ♥❡✇ ♠♦❞❡❧ ✐s ♣r❡s❡♥t❡❞ ❢♦r t❤❡ st✉❞② ♦❢ ❝❛❜❧❡s✳ ❈♦♥s✐❞❡r✐♥❣
❬■r✈✐♥❡✱ ✶✾✾✷❪✱ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❡❧❛st✐❝ ❝❛❜❧❡ s②st❡♠s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
❈♦♥s✐❞❡r✐♥❣ ❛ ❧❛❣r❛♥❣✐❛♥ ❛♣♣r♦❛❝❤ ✇✐t❤ t❤❡ ❧❛❣r❛♥❣✐❛♥ ✈❛r✐❛❜❧❡ p ✭❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡
❝❛❜❧❡ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥✮✱ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿(
dx
dp
)2
+
(
dz
dp
)2
= 1 ✭❇✳✽✮
❈♦♥s✐❞❡r ✜❣✉r❡ ❇✳✷✱ ✇❤❡r❡ ❛♥ ❡❧❛st✐❝ ❝❛❜❧❡ ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥
✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥s ❛r❡✿
T
dx
dp
= H T
dz
dp
= V − Ws
l0
✭❇✳✾✮
✭❛✮ ●❡♥❡r❛❧ s❦❡t❝❤ ♦❢ ❛♥ ❡❧❛st✐❝ ❝❛❜❧❡
s✉♣♣♦rt❡❞ ✐♥ ❜♦t❤ ❡♥❞s
✭❜✮ P❛rt ♦❢ t❤❡ ❝❛❜❧❡ ✉♥✲
❞❡r t❤❡ t❡♥s✐♦♥✱ ❜❡t✇❡❡♥
♣♦✐♥ts ❆ ❛♥❞ ❇
❋✐❣✉r❡ ❇✳✷✿ ❊q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❛♥ ❡❧❛st✐❝ ❝❛t❡♥❛r②
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✹✸
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❍♦♦❦✬s ❧❛✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥✳
T = EAε = EA
dp− ds
ds
= EA
(
dp
ds
− 1
)
✭❇✳✶✵✮
❙q✉❛r✐♥❣ ❜♦t❤ ❡q✉❛t✐♦♥s ♦♥ ❇✳✶✵ ❛♥❞ s✉♠♠✐♥❣ t❤❡♠ t♦ t❤❡ t❡♥s✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ s ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
T (s) =
√
H2 +
(
V − Ws
l0
)2
✭❇✳✶✶✮
❈♦♥s✐❞❡r✐♥❣ t❤❛t
dx
ds
=
dx
dp
dp
ds
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ♠✐❣❤t ❜❡ r❡✇r✐tt❡♥ ❛s
dx
dp
=
H
T
dp
ds
= 1 +
T
EA
✭❇✳✶✷✮
▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ ❡q✉❛t✐♦♥s ❧❡❛❞s
dx
ds
=
H
EA
+
H√
H2 +
(
V − Ws
l0
)2 ✭❇✳✶✸✮
✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ t♦ ♦❜t❛✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ x(s) ❝♦♦r❞✐♥❛t❡✳
x(s) =
H
EA
s+
Hl0
W
[
sinh−1
(
V
H
)
− sinh−1
(
V −Ws/l0
H
)]
✭❇✳✶✹✮
❚❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❢♦r t❤❡ ❝♦♦r❞✐♥❛t❡ z(s)✳
z(s) =
Ws
EA
(
V
H
− s
2l0
)
+
Hl0
W
√1 + (V
H
)2
−
√
1 +
(
V −Ws/l0
H
)2 ✭❇✳✶✺✮
❊q✉❛t✐♦♥s ❇✳✶✹✱ ❇✳✶✺ ❛♥❞ ❇✳✶✶ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝ ❝❛❜❧❡
♣r♦❜❧❡♠ ✉♥❞❡r t❤❡ s❡❧❢ ✇❡✐❣❤t✳ ❖♥❡ ♠❛② r❡❛❧✐③❡ t❤❛t t❤❡ t❤r❡❡ ❡q✉❛t✐♦♥s ❞❡♣❡♥❞ ♦♥ t✇♦
✈❛r✐❛❜❧❡s V ❛♥❞ H t❤❛t ❛r❡ ❞❡♣✐❝t❡❞ ♦♥ ✜❣✉r❡ ❇✳✷✭❜✮✳ ❚❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s ❤❛✈❡ t♦ ❜❡
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✐♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s✳ ❈♦♥s✐❞❡r✐♥❣ l t❤❡ ❧❡♥❣t❤ ♦❢
t❤❡ ❝❛❜❧❡ ✐♥ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ✐♠♣♦s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
s = 0→ x = 0, y = 0, p = 0 ✭❇✳✶✻✮
s = l0 → x = l, y = h, p = l ✭❇✳✶✼✮
t❤❡ ✜♥❛❧ ❡q✉❛t✐♦♥s ✐♥ ♣❛r❛♠❡tr✐❝ ❢♦r♠ ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
x(l0) = l → l = H
EA
l0 +
Hl0
W
[
sinh−1
(
V
H
)
− sinh−1
(
V −W
H
)]
✭❇✳✶✽✮
✶✹✹ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
z(l0) = h→ h = Wl0
EA
(
V
H
− 1
2
)
+
Hl0
W
√1 + (V
H
)2
−
√
1 +
(
V −W
H
)2 ✭❇✳✶✾✮
❊q✉❛t✐♦♥s ❇✳✶✽ ❛♥❞ ❇✳✶✾ ❛r❡ ❛ s②st❡♠ ♦❢ t✇♦ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s t❤❛t ♠✉st ❜❡ s♦❧✈❡❞
✐♥ t❡r♠s ♦❢ H ❛♥❞ V ✳ ❖♥❝❡ H ❛♥❞ V ❛r❡ ❝♦♠♣✉t❡❞✱ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ❝❛♥ ❜❡
❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✳
❚❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r ✐ts ♦✇♥ s❡❧❢ ✇❡✐❣❤t ✐s ✈❡r② ✉s❡❢✉❧ t♦ t❡st t❤❡
❜❡❤❛✈✐♦✉r ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠ t❤❛t ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢
✢♦❛t✐♥❣ str✉❝t✉r❡s✳ ■♥❞❡❡❞✱ t❤❡ ❛♥❝❤♦r❛❣❡ s②st❡♠ ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ❝♦♠♣♦s❡❞
❡ss❡♥t✐❛❧❧② ❜② ❝❛❜❧❡ ❡❧❡♠❡♥ts ✉♥❞❡r ❛ ✢✉✐❞ ❛♥❞ ♦♥❧② s✉❜❥❡❝t❡❞ t♦ t❤❡✐r ♦✇♥ ✇❡✐❣❤t✳
❆❧t❤♦✉❣❤t t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❡❧❛st✐❝ ❝❛t❡♥❛r② ❛❧❧♦✇s t♦ st✉❞② ❡❧❛st✐❝ ❝❛❜❧❡ s②st❡♠s✱ ✐t ✐s
q✉✐t❡ ❧✐♠✐t❡❞ ✇❤❡♥ ❣❡♥❡r❛❧ ❝❛❜❧❡ str✉❝t✉r❡s ❛r❡ tr❡❛t❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❝❡rt❛✐♥ ❝❛❜❧❡ s②s✲
t❡♠s ❛r❡ ♥♦t ♦♥❧② s✉❜❥❡❝t❡❞ t♦ t❤❡ s❡❧❢✲✇❡✐❣❤t ❛♥❞ r❡q✉✐r❡ ❛ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❛♥❞ ✢❡①✐❜❧❡
♠♦❞❡❧ t♦ ❜❡ st✉❞✐❡❞ ✇✐t❤✳
❚♦ ❞❡❛❧ ✇✐t❤ ❣❡♥❡r❛❧ ❝❛❜❧❡ s②st❡♠s✱ ♥❡✇ ♠♦❞❡❧s ✐♥ t❤❡ ✜❡❧❞ ♦❢ str✉❝t✉r❛❧ ♠❛tr✐① ❢♦r✲
♠✉❧❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡s❡ ♠♦❞❡❧s ❛❧❧♦✇ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ t♦ ❞❡❛❧
✇✐t❤ ❝❛❜❧❡ s②st❡♠ ❛♥❞ ❛r❡ s✉✐t❛❜❧❡ t♦ ❜❡ ♠♦❞✐✜❡❞ ✐♥ ❛ ❡❛s② ✇❛② t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
♥❡✇ ❛s♣❡❝ts ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ str✉❝t✉r❡s ✭❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤✐s t❤❡s✐s✱ ❛ ♥❡✇ ♠♦❞❡❧ t♦
❞❡❛❧ ✇✐t❤ ❝♦♥t❛❝t ♣❤❡♥♦♠❡♥❛ ❜❡t✇❡❡♥ ❝❛❜❧❡ ❡❧❡♠❡♥ts ❛♥❞ t❤❡ s❡❛❜❡❞ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✮✳
❚❤❡ ♠❛✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❜♦t❤ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❞ st✐✛♥❡ss ♠♦❞❡❧s ✐s t♦ ❝♦♥s✐❞❡r ❛
❝❛❜❧❡ ❛s ❛ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ str❛✐❣❤t ❡❧❡♠❡♥ts t❤❛t ❤❛✈❡ ♥♦ ✢❡①✉r❛❧ ♦r t♦rs✐♦♥❛❧ st✐✛♥❡ss
❛♥❞ ❝❛♥ ♦♥❧② r❡s♣♦♥❞ t♦ t❡♥s✐♦♥ ✭❛ ❝❛❜❧❡ ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ r❡s✐st❛♥❝❡ ✐♥ t❡r♠s ♦❢ ✢❡①✉r❛❧
❛♥❞ ❝♦♠♣r❡ss✐♦♥ ❧♦❛❞s✮✳ ❈♦♥s✐❞❡r✐♥❣ t❤✐s✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥s ❢♦r ❜♦t❤ ♠❡t❤♦❞s ✇✐❧❧ ❜❡ ❞❡✲
✈❡❧♦♣❡❞ ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ ♦♥❡ str❛✐❣❤t ❡❧❡♠❡♥t ❛♥❞ ❜♦t❤ t❤❡ st✐✛♥❡ss ♠❛tr✐① ❛♥❞ ✈❡❝t♦r
♦❢ ♥♦❞❛❧ ❧♦❛❞s ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞✳ ❚❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡❧❡♠❡♥t ❛♥❞ ✇✐❧❧ ❜❡
✉s❡❞ ✐♥ t❤❡ ❛ss❡♠❜❧② ♦❢ t❤❡ ♦✈❡r❛❧❧ s②st❡♠✳
❋✐rst✱ t❤❡ s♦✲❝❛❧❧❡❞ ❉✐r❡❝t ❙t✐✛♥❡ss ♠❡t❤♦❞ ✐s ♣r❡s❡♥t❡❞✱ ✇❤✐❝❤ ❢♦r♠✉❧❛t✐♦♥ ✐s ❜❛s❡❞
♦♥❧② ♦♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t✳ ❙❡❝♦♥❞❧②✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❛♥❞ ❢♦r♠✉❧❛t❡ ❢♦r ❝❛❜❧❡ ❡❧❡♠❡♥ts ❝♦♥s✐❞❡r✐♥❣ ❧❛r❣❡ ❞✐s♣❧❛❝❡✲
♠❡♥ts ❛♥❞ str❛✐♥s✳
❇✳✶✳✸ ❉✐r❡❝t st✐❢❢♥❡ss ♠❡t❤♦❞
❚❤❡ ❞✐r❡❝t st✐✛♥❡ss ♠❡t❤♦❞ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜❡❢♦r❡ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❛♥❞ ❤❛s ❛
♠♦r❡ ✐♥t✉✐t✐✈❡ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ t♦t❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ ✷❉ s♣❛❝❡ ✇✐❧❧ ❜❡ ✜rst
❡①♣♦s❡❞ ❛♥❞ ❧❛t❡r t❤❡ ✉♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❛ ✸❉ s♣❛❝❡ ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞✳
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✹✺
❇✳✶✳✸✳✶ ❚♦t❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥
❈♦♥s✐❞❡r ❛ str❛✐❣❤t ❡❧❡♠❡♥t ❧✐❦❡ t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ❇✳✸
❋✐❣✉r❡ ❇✳✸✿ ▼♦❞❡❧ ✉s❡❞ ✐♥ t❤❡ ❞✐r❡❝t ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t ✭❚♦t❛❧ ▲❛❣r❛♥❣✐❛♥
❋♦r♠✉❧❛t✐♦♥✮
■♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ 0C t❤❡ ♠❛tr✐① L ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
L =
[
cosα0 sinα0
− sinα0 cosα0
]
✭❇✳✷✵✮
✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t✳
■♥ ❛❞❞✐t✐♦♥✱ s♦♠❡ ♦t❤❡r ❞❡✜♥✐t✐♦♥s ❝❛♥ ❜❡ ♠❛❞❡✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t
✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 0C ✐s ❞❡✜♥❡❞ ❛s
0v1 =
[
0v1x
0v1z
]T
; 0v2 =
[
0v2x
0v2z
]T
✭❇✳✷✶✮
❖♥❝❡ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s ❦♥♦✇♥✱ t❤❡ ❧❡♥❣t❤ ❝❛♥ ❜❡ ❡❛s✐❧② ❝♦♠♣✉t❡
❛s
l0 =
∣∣0v2 − 0v1∣∣ ✭❇✳✷✷✮
❆ ❞✐s♣❧❛❝❡♠❡♥t ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❜❡ r❡❢❡rr❡❞ t♦ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡
s②st❡♠ ♦r t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❡❧❡♠❡♥t✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ❝❛♥ ❜❡
❞❡✜♥❡❞ ✐♥ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ❛s
v1 =
[
v1x v1z
]T
; v2 =
[
v2x v2z
]T
v =
[
vT
2
vT
2
]T
✭❇✳✷✸✮
♦r ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ❛s✿
v′
1
=
[
v′1x v
′
1z
]T
; v′
2
=
[
v′2x v
′
2z
]T
; v′ =
[
v′T
2
v′T
2
]T
✭❇✳✷✹✮
✶✹✻ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❆ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ✈❡❝t♦rs ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐①
❞❡✜♥❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✷✵
v′
1
= Lv1
v′
2
= Lv2
}
→ v′ =
[
L 0
0 L
]
v ✭❇✳✷✺✮
❉✉❡ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ❡❛❝❤ ♥♦❞❡✱ t❤❡ ❡❧❡♠❡♥t ♠❛② s✉✛❡r ❛♥ ❡❧♦♥❣❛t✐♦♥ ✭♣♦s✐t✐✈❡
♦r ♥❡❣❛t✐✈❡✮✳ ❚♦ ❝♦♠♣✉t❡ ✐t✱ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧❡♥❣t❤ ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♠✉st ❜❡
❞❡✜♥❡❞✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ✜❣✉r❡ ❇✳✹ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❧❡♥❣t❤ ✈❡❝t♦r ❛s
∆v′ = v′
2
− v′
1
=
[
∆x′ ∆z′
]T
✭❇✳✷✻✮
❋✐❣✉r❡ ❇✳✹✿ ❱❡❝t♦r t❤❛t ❞❡✜♥❡s t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧❡♥❣t❤ ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢
t❤❡ ❝❛❜❧❡ ❡❧❡♠❡♥t✳
❚❤✐s ✈❡❝t♦r ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ❛s ❢♦❧❧♦✇s
∆v′ = v′
2
− v′
1
= Lv2 −Lv1 =
[ −L L ]︸ ︷︷ ︸
T
v = Tv ✭❇✳✷✼✮
■♥ ❛ ❞✐s♣❧❛❝❡♠❡♥t✲❜❛s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ✐♠♣♦rt❛♥t t♦ r❡❧❛t❡ t❤❡ str❛✐♥ s✉✛❡r❡❞ ❜② t❤❡
❡❧❡♠❡♥t ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛t ✐ts ❡♥❞s✳ ❚❤❡ ♥❡✇ ❧❡♥❣t❤ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛❢t❡r t❤❡
❞❡❢♦r♠❛t✐♦♥ ✇✐❧❧ ❜❡
l = l0 +∆l0 =
√
(l0 +∆x′)
2 +∆z′2 ✭❇✳✷✽✮
❚❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧❡♥❣t❤ ∆l0 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡✲
♠❡♥t❛❧ ❧❡♥❣t❤ ✈❡❝t♦r ❛s
δ∆l0 =
∂∆l0
∂∆x′
δ∆x′ +
∂∆l0
∂∆z′
δ∆z′
∂∆l0
∂∆x′
=
l0 +∆x
′
l0 +∆l0
;
∂∆l0
∂∆z′
=
∆z′
l0 +∆l0
δ∆l0 =
[
∂∆l0
∂∆x′
∂∆l0
∂∆z′
]
︸ ︷︷ ︸
AT
δ∆v′ = AT δ∆v′ ✭❇✳✷✾✮
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✹✼
✇❤❡r❡ t❤❡ ✈❡❝t♦r A ✐s ❞❡✜♥❡❞ ❛s
A =
∂∆l0
∂∆v′
=
[
∂∆l0
∂∆x′
∂∆l0
∂∆z′
]T
=
1
l0 +∆l0
[
l0 +∆x
′ ∆z′
]T
✭❇✳✸✵✮
◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ str❡ss ♦❢ t❤❡ ❡❧❡♠❡♥t✳ ❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ ❛ ❜♦❞②
✇❤✐❝❤ ❝❛♥ ❤❛✈❡ ♦♥❧② ❛♥ ❛①✐❛❧ ❞❡❢♦r♠❛t✐♦♥ ❧❡❛❞ t♦
P = P0 +
EA
l0
∆l0 = P0 + EAε ✭❇✳✸✶✮
ε =
∆l0
l0
✇❤❡r❡ P ✐s t❤❡ ❛①✐❛❧ str❡ss ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ❛♥❞ P0 ✐s t❤❡ ♣r❡str❡ss✐♥❣ ❛t t❤❡ ✐♥✐t✐❛❧
❝♦♥❞✐t✐♦♥✳
❋♦r♠✉❧❛t✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛①✐❛❧ str❡ss ✐♥ t❡r♠s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧
❧❡♥❣t❤ ✈❡❝t♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✿
δP =
EA
l0
δ∆l0 =
EA
l0
∂∆l0
∂∆v′
δ∆v′ ✭❇✳✸✷✮
❉❡✜♥✐♥❣ t❤❡ ✐♥t❡r♥❛❧ r❡❛❝t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠
❛s ❢♦❧❧♦✇s
R′ =
∂∆l0
∂∆v′
P = AP ✭❇✳✸✸✮
✇❡ ♠❛② ❝♦♠♣✉t❡ ✐ts ✈❛r✐❛t✐♦♥ ❛s ❞♦♥❡ ❜❡❢♦r❡ ✇✐t❤ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s
δR′ = PδA+ δPA = P
∂A
∂∆v′
δ∆v′ +A
EA
l0
∂∆l0
∂∆v′
δ∆v′ ✭❇✳✸✹✮
∂A
∂∆v′
=

∂A1
∂∆x′
∂A1
∂∆z′
∂A2
∂∆x′
∂A2
∂∆z′

∂A1
∂∆x′
=
l2 − (l0 +∆x′)2
l3
∂A1
∂∆z′
= −∆z′ l0 +∆x
′
l3
∂A2
∂∆x′
= −∆z′ l0 +∆x
′
l3
∂A2
∂∆z′
=
l2 −∆z′2
l3
δR′ =
P ∂A∂∆v′︸ ︷︷ ︸
D
+A
EA
l0
AT︸ ︷︷ ︸
G
 δ∆v′ = (D +G) δ∆v′ =K′δ∆v′ ✭❇✳✸✺✮
D = P
∂A
∂∆v′
=
P
l3
[
∆z′2 −∆z′ (l0 +∆x′)
−∆z′ (l0 +∆x′) (l0 +∆x′)2
]
; G = A
EA
l0
AT
✶✹✽ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❖♥❝❡ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ r❡❛❝t✐♦♥ ✐♥ t❤❡ ❧♦❝❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ✐s ❦♥♦✇♥✱ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥
t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡ s②st❡♠ ❝❛♥ ❜❡ ♠❛❞❡ ✉s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ r✉❧❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞
R = T TR′
∆v′ = Tv
}
→ δR = T TK′T︸ ︷︷ ︸
K
δv =Kδv ✭❇✳✸✻✮
❲❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ st✐✛♥❡ss ♠❛tr✐① r❡❢❡r❡♥❝❡❞ t♦ t❤❡ ❣❧♦❜❛❧ r❡❢❡r❡♥❝❡
s②st❡♠✳
K = T TK′T ✭❇✳✸✼✮
❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ ✷❉ s♣❛❝❡ ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❛♥❞ ✐ts st✐✛♥❡ss ♠❛tr✐①
❝♦♠♣✉t❡❞✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❝♦♥s✐❞❡r ❛❧s♦ t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ♦❢
t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✱ ❜✉t ✐t ✇✐❧❧ ♥♦t ❜❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t
t❤❛t t❤❡ t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐s ♥♦t t❤❡ ❜❡st ❛♣♣r♦❛❝❤ t♦ ❞❡❛❧ ✇✐t❤ ♣r♦❜❧❡♠s t❤❛t
❤❛✈❡ ❛ str♦♥❣ ♥♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦✉r✳ ■♥ ❛ ✸❉ ♣r♦❜❧❡♠✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥❝r❡❛s❡ ❞✉❡ t♦ t❤❡
❝❛♣❛❝✐t② ♦❢ t❤❡ str✉❝t✉r❡ t♦ ♠♦✈❡ ❢r❡❡❧② ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❞❡✈❡❧♦♣ ❛ ♣r♦❣r❛♠ ❢♦r
t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s✱ t❤❡ t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛ ♠❡t❤♦❞ ♦♥❧② s✉✐t✲
❛❜❧❡ ❢♦r ✷❉ ❛♥❛❧②s❡s ❝♦♥s✐❞❡r✐♥❣ s✐♠♣❧❡ ❝♦♥❞✐t✐♦♥s ❛♥❞✱ ❢♦r t❤❡ ✸❉ ❛♥❛❧②s❡s✱ t❤❡ ❯♣❞❛t❡❞
▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ❤❛s ❜❡❡♥ ✉s❡❞ ❞✉❡ t♦ ✐ts ❝❛♣❛❝✐t② t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥❧✐♥❡❛r✐t✐❡s✳
❇✳✶✳✸✳✷ ❯♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥
■♥ t❤✐s ♣❛rt✱ t❤❡ ✉♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ✐♥ ✐ts ❣❡♥❡r❛❧ ✸❉
❛♣♣r♦❛❝❤✳ ❆❧t❤♦✉❣❤t t❤❡r❡ ❛r❡ ♠❛♥② ♦t❤❡r ❢♦r♠✉❧❛t✐♦♥s ❜❛s❡❞ ♦♥ ❤✐❣❤❡r ♦r❞❡r ❞❡❣r❡❡ ❡❧✲
❡♠❡♥ts✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛❞♦♣t❡❞ ✐s t❤❡ ♦♥❡ t❤❛t ❜❡st ✜ts t❤❡ r❡q✉✐❡r❡♠❡♥ts ♦❢ ♦✉r ♠♦❞❡❧
❜❡❝❛✉s❡ ❝❡rt❛✐♥ ♠♦❞✐✜❝❛t✐♦♥s ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ t♦ ❞❡❛❧ ✇✐t❤ ♦✉r ❣❡♥❡r❛❧ ♣✉r♣♦s❡ ♥♦♥❧✐♥❡❛r
♣r♦❣r❛♠✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ r❡♠✐♥❞ t❤❛t t❤❡ r❡❛❞❡r ❝♦✉❧❞ ♦❜t❛✐♥ t❤❡ ✷❉ ♠♦❞❡❧ ♦❢ t❤✐s
❢♦r♠✉❧❛t✐♦♥ ❥✉st ❝♦♥s✐❞❡r✐♥❣ t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❡q✉❛❧
t♦ ③❡r♦✳
❚♦ st❛rt ✇✐t❤ t❤❡ ❢♦r♠✉❧❛t✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ str❛✐❣❤t ❡❧❡♠❡♥t ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❇✳✺
✇❤❡r❡ t❤❡ t❤r❡❡ ❝♦♥✜❣✉r❛t✐♦♥s t❤❛t ♠✉st ❜❡ st✉❞✐❡❞ ❛r❡ ♣❧♦tt❡❞✳
❋✐❣✉r❡ ❇✳✺✿ ❙tr❛✐❣❤t ❡❧❡♠❡♥t ✐♥ t❤❡ ✉♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✹✾
❋✐rst✱ ❧❡t ✉s ❝♦♥s✐❞❡r s♦♠❡ ❞❡✜♥✐t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ❤❡❧♣❢✉❧ t♦ ❞❡r✐✈❡ t❤❡ st✐✛♥❡ss ♠❛tr✐①
♦❢ t❤❡ ❡❧❡♠❡♥t✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ♣♦s✐t✐♦♥
♦❢ t❤❡ t✇♦ ♥♦❞❡s ♦♥ ❡❛❝❤ ❡♥❞ ♦❢ t❤❡ ❡❧❡♠❡♥t✳
0v1 =
[
0v1x
0v1y
]T
; 0v2 =
[
0v2x
0v2y
]T
✭❇✳✸✽✮
❆❧s♦✱ t❤❡ ❡❧❡♠❡♥t ❝♦✉❧❞ ❜❡ s✉❜❥❡❝t❡❞ t♦ ❛ ♣r❡str❡ss✐♥❣ ❞❡✜♥❡❞ ❜② t❤❡ ✈❛r✐❛❜❧❡ P0 ❛♥❞
t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t❤❛t ❞❡✜♥❡s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❝❛♥
❜❡ ✇r✐tt❡♥ ❛s
1t =
1
l
[
1v2x − 1v1x 1v2y − 1v1y 1v2z − 1v1z
]T
✭❇✳✸✾✮
❆❧s♦✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ❛s
v1 =
[
v1x v1y v1z
]T
; v2 =
[
v2x v2y v2z
]T
; v =
[
v1 v2
]T
✭❇✳✹✵✮
❖♥❝❡ t❤❡s❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ❝♦♠♣✉t❡❞✱ t❤❡ ♣r♦❣r❛♠ ✇✐❧❧ ♥❡❡❞ t♦ ✉♣❞❛t❡ t❤❡ ♣♦s✐t✐♦♥
♦❢ ❜♦t❤ ♥♦❞❡s ❛s ❢♦❧❧♦✇s
2x1 =
0x1 + v1
2x2 =
0x2 + v2
✭❇✳✹✶✮
▲❡t ✉s ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ❛①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C✳
■❢ t❤❡ ❡❧❡♠❡♥t ✐s s✉❜❥❡❝t❡❞ t♦ ❛♥ ❛①✐❛❧ str❡ss ❡q✉❛❧ t♦ P t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡❝t♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞
P =
[
P1
P2
]
= P
[ −t
t
]
︸ ︷︷ ︸
T
✭❇✳✹✷✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❞✉❡ t♦ ❛ ❞✐s♣❧❛❝❡♠❡♥t ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ 1C t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C✱
t❤❡r❡ ✇✐❧❧ ❜❡ ❛♥ ✐♥❝r❡♠❡♥t ✐♥ t❤❡ ❛①✐❛❧ str❡ss ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
✐♥ t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r✳
∆P =
(
T
EA
l0
T T
)
∆v =
EA
l0
[
ttT −ttT
−ttT ttT
]
∆v ✭❇✳✹✸✮
❚❤❡ ❡❧❛st✐❝ st✐✛♥❡ss ♠❛tr✐① ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s
Ke =
EA
l0
[
ttT −ttT
−ttT ttT
]
✭❇✳✹✹✮
▲❡t ✉s ❢♦❝✉s t♦ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥tr✐❜✉t✐♦♥✳ ❋✐rst✱ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ♦❢
❡❛❝❤ ♥♦❞❡ ✐s ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ✈❡❝t♦r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t✇♦ ❝♦♥tr✐❜✉t✐♦♥s✱ t❤❡ ♦♥❡
✇❤✐❝❤ ✐s ♣❛r❛❧❧❡❧ t♦ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ♦❢ t❤❡ ❡❧❡♠❡♥t ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧ ♦♥❡✳ ❇♦t❤ ❝❛♥
❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥
∆vi =∆vi‖ +∆vi⊥; ∀i = 1, 2 ✭❇✳✹✺✮
❚❤❡ ♣❛r❛❧❧❡❧ ✈❡❝t♦r ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♣r♦❥❡❝t✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts t♦ t❤❡
t❛♥❣❡♥t ✈❡❝t♦r ♦❢ t❤❡ ❡❧❡♠❡♥t✳
✶✺✵ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
∆vi‖ =
(
∆vTi t
)
t =
(
ttT
)
∆vi; ∀i = 1, 2 ✭❇✳✹✻✮
❚❤❡ ♦rt❤♦❣♦♥❛❧ ♣❛rt ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛❧❧❡❧ ♣❛rt
∆vi⊥ =∆vi −∆vi‖ =∆vi −
(
ttT
)
∆vi =
(
I − ttT )∆vi; ∀i = 1, 2 ✭❇✳✹✼✮
❈♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❜❡t✇❡❡♥ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❛♥❞ ❝♦♥✜❣✉r❛t✐♦♥ 2C✱ t❤❡
r✐❣✐❞ ❜♦❞② r♦t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s✿
tan θ =
1
l
|∆v2⊥ −∆v1⊥| ≃ θ ✭❇✳✹✽✮
❊①♣r❡ss✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ✐♥ ❛ ♠❛tr✐① ❢♦r♠ ✐t ♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞
θ =
1
l
[ − (I − ttT ) (I − ttT ) ] [ ∆v1
∆v2
]
✭❇✳✹✾✮
❚❤❡ r❡❛❞❡r ❝❛♥ r❡❢❡r t♦ ✜❣✉r❡ ❇✳✻ ❢♦r ♠♦r❡ ❡①♣❧❛♥❛t✐♦♥✳
❋✐❣✉r❡ ❇✳✻✿ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ ♣❛r❛❧❧❡❧ ❛♥❞ ♦rt❤♦❣♦♥❛❧ ♣❛rt t♦
t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ❢♦r ❛ str❛✐❣❤t ❡❧❡♠❡♥t
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛①✐❛❧ str❡ss ❞✉❡ t♦ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♠♣♦♥❡♥t ❝❛♥ ❜❡
❝♦♠♣✉t❡❞✿
∆PG = P
[ −θ
θ
]
=
P
l
[ (
I − ttT ) − (I − ttT )
− (I − ttT ) (I − ttT )
]
∆v ✭❇✳✺✵✮
✇❤❡r❡✱ ♦❢ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐① ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
Kg =
P
l
[ (
I − ttT ) − (I − ttT )
− (I − ttT ) (I − ttT )
]
✭❇✳✺✶✮
❖♥❝❡ ❜♦t❤ ❡❧❛st✐❝ ❛♥❞ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐❝❡s ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ ✐♥❝r❡♠❡♥✲
t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
∆P = (Ke +Kg)∆v =Kτ∆v ✭❇✳✺✷✮
❚❤❡ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❛ ✸❉ s♣❛❝❡ ❤❛s ❜❡❡♥ ❢♦r♠✉❧❛t❡❞ ❛♥❞ t❤❡ ✐♥✲
❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✇r✐tt❡♥ ✐♥ ❛ ♠❛tr✐① ❢♦r♠✳ ❚❤❡ ❞✐r❡❝t st✐✛♥❡ss
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✺✶
♠❡t❤♦❞ ❤❛s ❢♦✉♥❞ ❣r❡❛t ❛♣♣❧✐❝❛t✐♦♥ ❜❡❢♦r❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♠♦r❡ ❛❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧
♠♦❞❡❧s ❛s t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❛❧❧♦✇s t♦ ❡①♣r❡ss t❤❡
❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s ❢♦r♠✉❧❛t✐♥❣ ❛ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡ ❡❧✲
❡♠❡♥t✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡s
✉♥❞❡r ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❧❛r❣❡ str❛✐♥s ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧
✇♦r❦✳
❇✳✶✳✹ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞
❇✳✶✳✹✳✶ Pr✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s
❇❡❢♦r❡ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢
✈✐rt✉❛❧ ✇♦r❦ ❢♦r str❛✐❣❤t ❡❧❡♠❡♥ts ♠✉st ❜❡ ❞❡r✐✈❡❞ ❛❞♦♣t✐♥❣ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❢♦r♠✉❧❛t✐♦♥✳∫
1Ω
1C : 1εδε d
1Ω +
∫
1Ω
1σ : 1δη d
1Ω = 21R− 11R ✭❇✳✺✸✮
2
1R =
∫
1Ω
2
1F
Tδu d1Ω +
∫
1Γσ
2
1f
Tδu d1Γσ ✭❇✳✺✹✮
1
1R =
∫
1Ω
1σ : 1δε d
1Ω =
∫
1Ω
1
1F
Tδu d1Ω +
∫
1Γσ
1
1f
Tδu d1Γσ ✭❇✳✺✺✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ t❡♥s♦r ✐♥ ✐ts ❧✐♥❡❛r ❛♥❞
♥♦♥❧✐♥❡❛r ♣❛rt ❛♥❞ r❡♠❡♠❜❡r✐♥❣ t❤❛t ❛❧❧ t❤❡ str❛✐♥s ❡①❝❡♣t εxx ❛r❡ ③❡r♦ ✐♥ ❛ ❝❛❜❧❡ ❡❧❡♠❡♥t✱
t❤❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞✳∫
1Ω
Eexxδexx + Eηxxδexx + Eexxδηxx + Eηxxδηxx d
1Ω = 21R− 11R ✭❇✳✺✻✮
✇❤❡r❡ ❛ ❧✐♥❡❛r ❡❧❛st✐❝ ♠❛t❡r✐❛❧ ✐s ❝♦♥s✐❞❡r❡❞✳
❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❞❡✜♥❡s ❛ ♠♦❞❡❧ ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ✐♠♣♦s❡s t❤❡
♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s t♦ ♦❜t❛✐♥ ❛♥ ❡q✉✐❧✐❜r❛t❡❞ ✭✐♥ ❛ ✇❡❛❦ ♦r ♠❡❞✐✉♠ ❢♦r♠✮ s♦❧✉t✐♦♥✳
❈♦♥s✐❞❡r t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ❞✐str✐❜✉t❡❞ ❛s ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ✇❤❡r❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥
❝♦❡✣❝✐❡♥ts ❛r❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛t t❤❡ ❡♥❞s ✭❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ♥♦❞❡s✮✳
U =
 uv
w
 =
 u1N1(x) + u2N2(x)v1N1(x) + v2N2(x)
w1N1(x) + w2N2(x)
 ✭❇✳✺✼✮
✇✐t❤
N1 (x) = 1− x
l
; N2 (x) =
x
l
✭❇✳✺✽✮
❉❡✜♥✐♥❣ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❛s
∆u = u2 − u1
∆v = v2 − v1
∆w = w2 − w1
✭❇✳✺✾✮
✶✺✷ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
t❤❡ str❛✐♥s ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡s❡ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡✲
♠❡♥ts
exx =
∂u
∂x
=
∆u
l
✭❇✳✻✵✮
ηxx =
1
2
[(
∂u
∂x
)2
+
(
∂v
∂x
)2
+
(
∂w
∂x
)2]
=
1
2
[(
∆u
l
)2
+
(
∆v
l
)2
+
(
∆w
l
)2]
✭❇✳✻✶✮
❇✳✶✳✹✳✷ ❙t✐❢❢♥❡ss ♠❛tr✐①
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r ❡✈❡r② ♦♥❡ ♦❢ ✐ts ✜✈❡
♣❛rts✳ ▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛❧ r❡♣♦rt❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✺✻ ✇❤✐❝❤ ✇✐❧❧
♣r♦✈✐❞❡ t❤❡ ❡❧❛st✐❝ st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ ❡❧❡♠❡♥t✳∫
Ω
EexxδexxdΩ =
∫
Ω
E
∆u
l
δ
(
∆u
l
)
dΩ = δUTKeU ✭❇✳✻✷✮
Ke =
EA
l

1 0 0 −1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
 ✭❇✳✻✸✮
❚❤❡ s❡❝♦♥❞ ♣❛rt ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
∫
Ω
EηxxδexxdΩ =
∫
Ω
E
1
2
[(
∆u
l
)2
+
(
∆v
l
)2
+
(
∆w
l
)2]
δ
(
∆u
l
)
dΩ
=
δUTS1U
✭❇✳✻✹✮
S1 (U ) =
EA
2l2

∆u ∆v ∆w −∆u −∆v −∆w
0 0 0 0 0 0
0 0 0 0 0 0
−∆u −∆v −∆w ∆u ∆v ∆w
0 0 0 0 0 0
0 0 0 0 0 0
 ✭❇✳✻✺✮
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❢♦r t❤❡ t❤✐r❞ ♣❛rt ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
∫
Ω
EexxδηxxdΩ =
∫
Ω
E
∆u
l
1
2
δ
[(
∆u
l
)2
+
(
∆v
l
)2
+
(
∆w
l
)2]
dΩ
=
δUTS2δU
✭❇✳✻✻✮
✇❤❡r❡✱ ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❛✉①✐❧✐❛r② ♠❛tr✐① A ❛s
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✺✸
A =
 2∆u 0 0∆v ∆u 0
∆w 0 ∆u

t❤❡ st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ t❤✐r❞ ♣❛rt ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
S2 (U ) =
EA
2l2
[
A −A
−A A
]
✭❇✳✻✼✮
❚❤❡ ❢♦✉rt❤ ♣❛rt ✐s t❤❡ ♠♦st ❝♦♠♣❧✐❝❛t❡❞ ♣❛rt ❛♥❞ t❤❡ ❝❛❧❝✉❧✉s ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ S3
❛r❡ ♦♠✐tt❡❞ ❤❡r❡ ❢♦r s❛❦❡ ♦❢ ❜r❡✈✐t②✳
∫
Ω
EηxxδηxxdΩ
=∫
Ω
E
1
4
[(
∆u
l
)2
+
(
∆v
l
)2
+
(
∆w
l
)2]
δ
[(
∆u
l
)2
+
(
∆v
l
)2
+
(
∆w
l
)2]
dΩ
=
δUTS3δU
✭❇✳✻✽✮
S3 (U ) =
EA
6l3
[
H −H
−H H
]
✭❇✳✻✾✮
✇❤❡r❡ H ✐s ❞❡✜♥❡❞ ❛s
H =
 3∆u2 +∆v2 +∆w2 2∆u∆v 2∆u∆w2∆u∆v 3∆v2 +∆u2 +∆w2 2∆v∆w
2∆u∆w 2∆v∆w 3∆w2 +∆u2 +∆v2

❚❤❡ ✜❢t❤ ♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥tr✐❜✉t✐♦♥ ❛♥❞ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣
t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐①✳
∫
Ω
σxxδηxxdΩ =
∫
Ω
δηxx
∫
A
σxxdA︸ ︷︷ ︸
1
1
Fx
dx =
∫
Ω
1
1Fx
l2
(∆uδ∆u+∆vδ∆v +∆wδ∆w) dΩ
=
δUTKgδU
✭❇✳✼✵✮
Kg =
1
1Fx
l

1 0 0 −1 0 0
0 1 0 0 −1 0
0 0 1 0 0 −1
−1 0 0 1 0 0
0 −1 0 0 1 0
0 0 −1 0 0 1
 ✭❇✳✼✶✮
❚❤❡ ❧❛st ♣❛rt ✐s t❤❡ ♠♦st ❡❛s② ♣❛rt ❛♥❞ ✐ts ❡①♣r❡ss✐♦♥ ✐s
✶✺✹ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
1
1R = δU
T 1
1f ✭❇✳✼✷✮
✇❤❡r❡ t❤❡ ✈❡❝t♦r 1f ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ❛♣♣❧✐❡❞ t♦ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡
❝♦♥✜❣✉r❛t✐♦♥ 1C ❛♥❞ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛❞♦♣t❡❞ ❢♦r t❤❡ ✈❡❝t♦r 21f ✳
1
1f =
[
1
1Fx1
1
1Fy1
1
1Fz1
1
1Fx2
1
1Fy2
1
1Fz2
]
✭❇✳✼✸✮
2
1f =
[
2
1Fx1
2
1Fy1
2
1Fz1
2
1Fx2
2
1Fy2
2
1Fz2
]
✭❇✳✼✹✮
❋✐♥❛❧❧②✱ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s
(Ke +Kg + S1 + S2 + S3)U +
1f = 2f ✭❇✳✼✺✮
❇✳✶✳✹✳✸ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts
❋r♦♠ t❤❡ ❡q✉❛t✐♦♥s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ t❤❡ ♠❛tr✐❝❡s S1✱ S2 ❛♥❞ S3 ❛r❡
♥♦t s②♠♠❡tr✐❝✳ ❚❤❡r❡❢♦r❡✱ ❞✉r✐♥❣ t❤❡ ❛ss❡♠❜❧② ♦❢ t❤❡ st✐✛♥❡ss ♠❛tr✐① t❤✐s ❧❡❛❞s t♦ ❛ ♥♦♥✲
s②♠♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐① ✇❤✐❝❤ ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡✛♦rt t♦ s♦❧✈❡
t❤❡ ❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ ♣r♦❝❡❞✉r❡ t♦ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t
s②♠♠❡tr✐❝ ❤✐❣❤❡r ♦r❞❡r st✐✛♥❡ss ♠❛tr✐① ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡ ❡q✉✐✈❛❧❡♥t ♠❛tr✐❝❡s ✇✐❧❧ ❤❛✈❡
t❤❡ s❛♠❡ ♠❡❛♥✐♥❣ ❛s t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❜✉t t❤❡② ✇✐❧❧ ❧❡❛❞ t♦ ❛ s②♠♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐①
❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♠♦r❡ ❡✣❝✐❡♥t s♦❧✈✐♥❣ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳
❚❤❡ ♠❛tr✐❝❡s ❞❡❞✉❝❡❞ ❜❡❢♦r❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s r❡♣r❡s❡♥t ✜✈❡
❞✐✛❡r❡♥t t②♣❡s ♦❢ ❛❝t✐♦♥s t❤❛t ❛♣♣❡❛r ✇❤❡♥ t❤❡ ❡❧❡♠❡♥t ♠♦✈❡s ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ 1C
t♦ ❝♦♥✜❣✉r❛t✐♦♥ 2C✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ ♣r♦❞✉❝t ❜❡t✇❡❡♥ t❤❡ ✜✈❡ st✐✛♥❡ss ♠❛tr✐❝❡s ❛♥❞ t❤❡
❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ✐s ❝♦♠♣✉t❡❞ ✐t ♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞✿
KeU =
[
1
1fxl 0 0 −11fxl 0 0
]T
✭❇✳✼✻✮
KgU =
E11Fx
l
[
∆u ∆v ∆w −∆u −∆v −∆w ]T ✭❇✳✼✼✮
S1U =
[ −11fxn 0 0 11fxn 0 0 ]T ✭❇✳✼✽✮
S2U =
[
−11fxl
∆u
l
−11fxl
∆v
l
−11fxl
∆w
l
1
1fxl
∆u
l
1
1fxl
∆v
l
1
1fxl
∆w
l
]T
✭❇✳✼✾✮
S3U =
[
−11fxn
∆u
l
−11fxn
∆v
l
−11fxn
∆w
l
1
1fxn
∆u
l
1
1fxn
∆v
l
1
1fxn
∆w
l
]T
✭❇✳✽✵✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s 11fxl ❛♥❞
1
1fxn ❛r❡ t❤❡ r❡❛❝t✐♦♥ ❢♦r❝❡s ❞✉❡ t♦ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r
♣❛rt ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ t❡♥s♦r ❛♥❞ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
1
1fxl = EAexx = EA
∆u
l
✭❇✳✽✶✮
❇✳✶ ❈❛❜❧❡ str✉❝t✉r❡s ✶✺✺
1
1fxn = EAηxx =
1
2
EA
(
∆u2
l2
+
∆v2
l2
+
∆w2
l2
)
✭❇✳✽✷✮
❊❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ❢♦r❝❡s ❤❛✈❡ ❛ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣✳ ❋r♦♠ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s✱ t❤❡ ❢♦r❝❡
❛❝t✐♥❣ ♦♥ t❤❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 2C ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❡❧♦♥❣❛t✐♦♥
✭ι✮
2
1ι =
2l − 1l
1l
✭❇✳✽✸✮
✇❤❡r❡ t❤❡ ❧❡♥❣t❤ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 2C ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
2l =
√(
1l +∆u
)2
+∆v2 +∆w2 ✭❇✳✽✹✮
❋r♦♠ ❣❡♦♠❡tr✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✱ t❤❡ ❢♦r❝❡s 11fx✱ fxl ❛♥❞ fxn ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❝♦♥✜❣✲
✉r❛t✐♦♥ 2C
2fxl =
1
1fxl
(
1 + 21ι
)
✭❇✳✽✺✮
2fxn =
1
1fxn
(
1 + 21ι
)
=
1
2
EA
(
∆u2
l2
+
∆v2
l2
+
∆w2
l2
)(
1 + 21ι
)
✭❇✳✽✻✮
1
2fx =
1
1fx
(
1 + 21ι
)
✭❇✳✽✼✮
❛♥❞ t❤❡s❡ t❤r❡❡ ❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ s✉♠♠❡❞ ✉♣ t♦ ♦❜t❛✐♥ t❤❡ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡
❡❧❡♠❡♥t ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 2C✳
2
2fx = 2fxl+2fxn+
1
2fx =
[
EA
(
∆u
l
+
1
2
{
∆u2
l2
+
∆v2
l2
+
∆w2
l2
})
+ 1fx
] (
1 + 21ι
)
✭❇✳✽✽✮
❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ✐s ✈❡r② ✐♠♣♦rt❛♥t✱ s✐♥❝❡ ✐t ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❛❝t✉❛❧ str❡ss
✐♥s✐❞❡ ❛ ❝❛❜❧❡ ❡❧❡♠❡♥t ❞✉r✐♥❣ t❤❡ r❡st♦r✐♥❣ ♣❤❛s❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s ❡①♣r❡ss✐♦♥ ❛❧❧♦✇s t♦
❞❡✜♥❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❤✐❣❤❡r ♦r❞❡r ♠❛tr✐❝❡s✳
❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ♥❡✇ ❤✐❣❤❡r ♦r❞❡r st✐✛♥❡ss ♠❛tr✐① ✐s ♣❡r❢♦r♠❡❞ ❝♦♥s✐❞❡r✐♥❣
t❤❛t t❤❡ ❢♦r❝❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡✐r ❝♦♥tr✐❜✉t✐♦♥ ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞ ❜② t❤❡
❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐①✳ ❙♦✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s✉❜st✐t✉t❡ t❤❡ ♠❛tr✐❝❡s S2 ❛♥❞ S3 ❜② t✇♦
♥❡✇ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❞❡✜♥❡❞ ❛s
Ss
2
=
1
1fxl
l

1 0 0 −1 0 0
0 1 0 0 −1 0
0 0 1 0 0 −1
−1 0 0 1 0 0
0 −1 0 0 1 0
0 0 −1 0 0 1
 ✭❇✳✽✾✮
Ss
3
=
1
1fxn
l

1 0 0 −1 0 0
0 1 0 0 −1 0
0 0 1 0 0 −1
−1 0 0 1 0 0
0 −1 0 0 1 0
0 0 −1 0 0 1
 ✭❇✳✾✵✮
✶✺✻ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❇❡❝❛✉s❡ ♦❢ ❡q✉❛t✐♦♥ ❇✳✼✺ ❤❛s t♦ ❜❡ s❛t✐s✜❡❞✱ ❛♥♦t❤❡r ❝❤❛♥❣❡ ❤❛s t♦ ❜❡ ♠❛❞❡ ✐♥ t❤❡
♠❛tr✐① S1✳ ❉❡✜♥✐♥❣ t❤❡ ♥❡✇ ♠❛tr✐① S
s
1
❛s
Ss
1
= S1 + S2 − Ss2 =
EA
2l2

∆u ∆v ∆w −∆u −∆v −∆w
∆v −∆u 0 −∆v ∆u 0
∆w 0 −∆u −∆w 0 ∆u
−∆u −∆v −∆w ∆u ∆v ∆w
−∆v ∆u 0 ∆v −∆u 0
−∆w 0 ∆u ∆w 0 −∆u
 ✭❇✳✾✶✮
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠ ❛r❡ st✐❧❧ s❛t✐s✜❡❞ ❛♥❞ ❡❛❝❤ ❝♦♥tr✐❜✉t✐♦♥ ✐s
❝♦♠♣❧❡t❡❧② s②♠♠❡tr✐❝✳
❇✳✶✳✺ ▼❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ❝❛❜❧❡s
❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜❡❢♦r❡ ❛❧❧♦✇s t♦ ❛♥❛❧②s❡ ❛ ❣r❡❛t ✈❛r✐❡t② ♦❢ str✉❝t✉r❡s ❝♦♠♣♦s❡❞
❜② ❝❛❜❧❡ ❡❧❡♠❡♥ts✳ ❚❤❡ ❝❛❜❧❡s ❛r❡ ♦♥❧② ❛❜❧❡ t♦ r❡s✐st t❡♥s✐♦♥✱ t❤❡r❡❢♦r❡ ❛ ♥✉❧❧ st✐✛♥❡ss ✐♥
❝♦♠♣r❡ss✐♦♥ ❛♥❞ ❛ ✜♥✐t❡ st✐✛♥❡ss ✐♥ t❡♥s✐♦♥ ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✳
P = kε;
{
P ≥ 0; k = EA
P < 0; k = 0
✭❇✳✾✷✮
❋✐❣✉r❡ ❇✳✼✿ ❈♦♥s✐t✉t✐✈❡ ❧❛✇ ♦❢ ❛ ❝❛❜❧❡ ❡❧❡♠❡♥t✳
■♥ t❤❡ ❝♦❞❡ ❞❡✈❡❧♦♣❡❞✱ t❤❡ ♥♦♥ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ❝❛❜❧❡✬s ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❤❛s ❜❡❡♥
❝♦♥s✐❞❡r❡❞✳ ❉✉r✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❡♥s✐♦♥ P ♦♥ ❡❛❝❤ ❝❛❜❧❡ ❡❧❡✲
♠❡♥t ✐s ❝❤❡❝❦❡❞ ❛♥❞ t❤❡ st✐✛♥❡ss ✈❛❧✉❡ ♦❢ t❤❡ ❡❧❡♠❡♥t ✐s ❡✈❛❧✉❛t❡❞ ❛s k = EA✱ ✐❢ P > 0✱
♦r k = 0✱ ✐❢ P < 0✳
❚❤✐s ♣❛rt✐❝✉❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♠❛② ❧❡❛❞ t♦ ♣♦t❡♥t✐❛❧ ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡ t❤❡
st✐✛♥❡ss ♠❛tr✐① ♦❢ t❤❡ ♦✈❡r❛❧❧ str✉❝t✉r❡ ♠❛② ❜❡❝♦♠❡ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ s✐♥❝❡ ♠❛♥② ❝❛❜❧❡ ❡❧❡✲
♠❡♥ts ✇♦✉❧❞ ❤❛✈❡ ❛ ♥✉❧❧ st✐✛♥❡ss ❝♦♥tr✐❜✉t✐♦♥✳
❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠✱ ❛❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ■♥ ♥❡①t
s❡❝t✐♦♥s✱ t❤✐s ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ❛♥❞ s♦♠❡ s♦❧✉t✐♦♥s ❛❞♦♣t❡❞ t♦ ❢♦r❝❡ t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞✳
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✺✼
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s
■♥ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ t✇♦ ❛♣♣r♦❛❝❤❡s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ❡①✲
♣❧❛♥❛t✐♦♥ ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥ ✷❉ ♠♦❞❡❧ ✭✜rst ♣❛rt✮ ❛♥❞ ✸❉ ♠♦❞❡❧s ✭❧❛st ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥✮✳
■♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❛♣♣r♦❛❝❤✱ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛♥ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❜❡❛♠ ♠♦❞❡❧
✇✐t❤ ♥♦ t♦rs✐♦♥❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ✜rst ♦r❞❡r t❤❡♦r② ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞
❛♥❞ ❢♦r♠✉❧❛t❡❞ ❛♥❞ t❤❡ ❚♦t❛❧ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❣♦✈❡r♥✲
✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤❡ ✜rst ♦r❞❡r t❤❡♦r② ✐s t❤❡ ♠♦st s✐♠♣❧❡ ✐♥ t❤❡ st✉❞② ♦❢ str✉❝t✉r❡s ❛♥❞
✐s t❤❡ ✜rst ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② ✐s ♣r❡s❡♥t❡❞ ✐♥ ❛
✷❉ s♣❛❝❡ s✐♥❝❡ t❤❡ st✉❞② ♦❢ ❜❡❛♠ ✢♦❛t✐♥❣ str✉❝t✉r❡s st❛rt❡❞✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ❝♦♥s✐❞❡r✐♥❣
♦♥❧② t❤❡ ❡✛❡❝ts ♦❢ ❜✉♦②❛♥❝② ✐♥ ❜♦❞✐❡s t❤❛t ❢r❡❡❧② ❧✐❡ ♦♥ t❤❡ ✇❛t❡r✬s ❢r❡❡ s✉r❢❛❝❡ ✇✐t❤♦✉t
❝❛♣❛❝✐t② t♦ ♠♦✈❡ ♦✉t ♦❢ t❤❡ ✈❡rt✐❝❛❧ ♣❧❛♥❡✳
▲❛t❡r✱ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ✇❤❡r❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t♦rs✐♦♥❛❧
❛♥❞ ♦✉t ♦❢ ❜❡♥❞✐♥❣ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❜❡♥❞✐♥❣ ❛♥❞ ❛①✐❛❧ ♠♦❞❡❧ ♦❢
❛♥ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠ ❛♥❞ t❤❡ ❙❛✐♥t ❱❡♥❛♥t✬s t♦rs✐♦♥❛❧ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡
t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ♦❢ t❤❡ ❜❡❛♠✳ ❚❤✐s ♣❛rt ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥ ❛ ✜rst ❢♦r♠✉❧❛t✐♦♥ t❤❛t
❝♦♥s✐❞❡rs s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts✱ ✐♥ ✇❤✐❝❤ t❤❡ t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞✱ ❛♥❞
✐♥ ❛ s❡❝♦♥❞ ♣❛rt ✇❤❡r❡ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ t❤❡ s❡❝♦♥❞ ♦r❞❡r str❛✐♥s ❛r❡ t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡ t❤❡ ✉♣❞❛t❡❞ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡
t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳
❇✳✷✳✶ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜❡❛♠ ❢✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧✐♥❣
❇✳✷✳✶✳✶ ❚❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧
▲❡t ✉s ❝♦♥s✐❞❡r ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❛ ❜❡❛♠✳ ■♥ ✜❣✉r❡ ❇✳✽ ❛ s❡❝t✐♦♥ ♦❢ ❛♥ ❊✉❧❡r✲
❇❡r♥♦✉❧❧✐✬s ❜❡❛♠ ✐s ❞❡♣✐❝t❡❞ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s
♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❜❡t✇❡❡♥ t❤❡ s❡❝t✐♦♥ ❛♥❞ t❤❡ ♠✐❞❧✐♥❡ ♦❢ t❤❡ ❜❡❛♠✳
❋✐❣✉r❡ ❇✳✽✿ ●❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r ❛ ✷❉ ❜❡❛♠ ✇✐t❤ ♥♦ s❤❡❛r ❞❡❢♦r♠❛❜✐❧✐t②✳
✶✺✽ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❜② s✐♠♣❧② ❣❡✲
♦♠❡tr✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✿
S =
[
u (x)− zw′ (x)
w (x)
]
= n (z)u (x) ✭❇✳✾✸✮
u = [u w]T (x) ✭❇✳✾✹✮
n =
[
1 −z d
dx
0 1
]
❚❤❡ ✈❛r✐❛❜❧❡s u (x) ❛♥❞ w (x) ❛r❡ ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts s✐♥❝❡ ❛❧❧ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐s ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡s❡ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s✳
❚❤❡ ♥❡①t st❡♣ ✐s t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ str❛✐♥ ✜❡❧❞ t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ ❜② ♠❡❛♥s ♦❢
t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡✬s str❛✐♥ t❡♥s♦r✳
eij =
1
2
(
∂Si
∂Xj
+
∂Sj
∂Xi
)
→

εx = u
′ (x)− zw′′ (x) = η (x) + zϑ (x)
εy = 0
εz = 0
γxy = 0
γxz = 0
γyz = 0
✭❇✳✾✺✮
ε = b (z) q (x) ✭❇✳✾✻✮
ε = [εx]
q =
[
η
ϑ
]T
(x) =
[
u′
−w′′
]T
(x) = C ⊗ u ✭❇✳✾✼✮
b =
[
1 z
]
C =
 ddx 0
0 − d
2
dx2
 ✭❇✳✾✽✮
❚❤❡ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❣♦✈❡r♥ t❤❡ str❛✐♥ ✜❡❧❞ ❛r❡ η (x) ❛♥❞ θ (x)✳ ❚❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡
❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s✳
❚♦ ❞❡r✐✈❡ t❤❡ str❡ss ✜❡❧❞✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ♠✉st ❜❡ ❛♣♣❧✐❡❞✳ ❚❤❡ ❞❡r✐✈❛✲
t✐✈❡s ♦❢ t❤❡ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦s ✇✐t❤ r❡s♣❡❝t t♦ x ❛r❡ ❝♦♠♣✉t❡❞ ✜rst ❢♦r s✐♠♣❧✐❝✐t②✳
dLi
dx
=
∫
A
σTδε dA =
∫
A
σTb dAδq = QTδq ✭❇✳✾✾✮
σ = [σx]
Q =
[
N
M
]
=
∫
A
[
σx
zσx
]
dA ✭❇✳✶✵✵✮
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✺✾
dLe
dx
= P T (x)u (x) ✭❇✳✶✵✶✮
P = [n p]T (x)
❚❤❡ r❡❛❞❡r ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s N ❛♥❞ M ❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡①t❡r♥❛❧
❧♦❛❞s p ❛♥❞ n✳
❚❤❡s❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦s ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ❛❧♦♥❣ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❜❡❛♠ t♦ ♦❜t❛✐♥✿
Li =
∫ l
0
QTδq dx = [Nδu−Mδw′ +M ′δw]l0 +
∫ l
0
−N ′δu−M ′′δw dx ✭❇✳✶✵✷✮
Le =
∫ l
0
P Tδu dx+ P Tc δuc ✭❇✳✶✵✸✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ ❡❛❝❤ ❡♥❞ ♦❢
t❤❡ ❜❡❛♠ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦♥ ❜♦t❤ ❡♥❞s✱ s❡❡ ✜❣✉r❡ ❇✳✾✳
Pc =
[
P Tc0 P
T
cl
]T
Pc0 = [N0 M0 T0]
T
Pcl = [Nl Ml Tl]
T
uc = [uc0 ucl]
T
uc0 = [u w w
′]T (0) ucl = [u w w
′]T (l)
✭❇✳✶✵✹✮
❋✐❣✉r❡ ❇✳✾✿ ❊♥❞ ❢♦r❝❡s ✐♥ t❤❡ ✷❉ ❇❡r♥♦✉❧❧✐✬s ♠♦❞❡❧✳
❚❤❡ ❡q✉❛❧✐t② ❜❡t✇❡❡♥ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦ ❧❡❛❞s t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s
t❤❛t ❣♦✈❡r♥ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❜❡❛♠✳
Li = Le →
{
N ′ + n = 0
−M ′′ + p = 0 ;
N (0) = N0 N (l) +Nl = 0
M (0) = M0 M (l) +Ml = 0
✭❇✳✶✵✺✮
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ❡q✉✐❧✐❜✲
r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❈♦♥s✐❞❡r✐♥❣ ❛♥ ❡❧❛st✐❝ ❧✐♥❡❛r ♠❛t❡r✐❛❧✱ t❤❡
❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
QT =
∫
A
bTσ dA =
∫
A
bTEε dA =
∫
A
bTEb dAq =Dq ✭❇✳✶✵✻✮
D =
[
EA 0
0 EI
]
✭❇✳✶✵✼✮
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
✶✻✵ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
EA
du
dx
(x) + n (x) = 0
EI
d4w
dx4
(x) + p (x) = 0
✭❇✳✶✵✽✮
❇✳✷✳✶✳✷ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥
❖♥❝❡ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❜❡❛♠ ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❛♥❞ ✐ts st✐✛♥❡ss ♠❛tr✐① ❞❡r✐✈❡❞✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ st❛rts
✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ❛❞♦♣t✐♥❣ ❛♥ ✐♥t❡r♣♦❧❛t✐♥❣
❢✉♥❝t✐♦♥ ✭❧✐♥❡❛r✱ ❝✉❜✐❝ ♦r ❛♥② ♦t❤❡r t②♣❡ ♦❢ ❢✉♥❝t✐♦♥ ♥❡❡❞❡❞✮ ✇❤❡r❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❝♦✲
❡✣❝✐❡♥ts ❛r❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛t ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ ❡❧❡♠❡♥t✳ ❚❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
♠✉st ❜❡ ❝❤♦s❡♥ ❝❛r❡❢✉❧❧②❀ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❜❡❛♠ t❤❡② ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠
t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❇✳✶✵✽ ❝♦♥s✐❞❡r✐♥❣ ♥♦ ❡①t❡r♥❛❧ ❧♦❛❞s n (x) ❛♥❞
p (x)✳
❙♦❧✈✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞
❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❡①♣r❡ss❡❞ ❛s✿
u (x) =
[
u (x) = U1N1 (x) + U4N4 (x)
w (x) = U2N2 (x) + U3N3 (x) + U5N5 (x) + U6N6 (x)
]
=N (x)U ✭❇✳✶✵✾✮
N (x) =
[
N1 0 0 N4 0 0
0 N2 N3 0 N5 N6
]
; U = [U1 · · · U6]T
N1 = 1− x
l
; N4 =
x
l
N2 = 1− 3
(x
l
)2
+ 2
(x
l
)3
; N5 = 3
(x
l
)2
− 2
(x
l
)3
N3 = l
[
x
l
− 2
(x
l
)2
+
(x
l
)3]
; N6 = l
[
−
(x
l
)2
+
(x
l
)3]
❯s✐♥❣ ❡q✉❛t✐♦♥ ❇✳✾✼ t❤❡ str❛✐♥ ✜❡❧❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s
q = C ⊗ u (x) = C ⊗N (x)U = B (x)U ✭❇✳✶✶✵✮
B (x) =
[
N ′1 0 0 N
′
4 0 0
0 N ′′2 N
′′
3 0 N
′′
5 N
′′
6
]
N ′1 = −
1
l
; N ′4 =
1
l
✭❇✳✶✶✶✮
N ′2 =
6x
l2
(x
l
− 1
)
; N ′′2 =
6
l2
(
2
x
l
− 1
)
N ′3 = 1− 4
x
l
+ 3
(x
l
)2
; N ′′3 =
2
l
(
3
x
l
− 2
)
N ′5 =
6x
l2
(
1− x
l
)
; N ′′5 =
6
l2
(
1− 2x
l
)
N ′6 =
x
l
(
3
x
l
− 2
)
; N ′′6 =
2
l
(
3
x
l
− 1
)
✭❇✳✶✶✷✮
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✻✶
❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ t♦ t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ♥❡✇
❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ✐♥t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦ ❜❡❝♦♠❡s
Li =
∫ l
0
QTq dx = UTKEU ✭❇✳✶✶✸✮
KE =
∫ l
0
BTDB dx =

EA
l
0 0 −EA
l
0 0
0
12EI
l3
6EI
l2
0 −12EI
l3
6EI
l2
0
6EI
l2
4EI
l
0 −6EI
l2
2EI
l
−EA
l
0 0
EA
l
0 0
0 −12EI
l3
−6EI
l2
0
12EI
l3
−6EI
l2
0
6EI
l2
2EI
l
0 −6EI
l2
4EI
l

✭❇✳✶✶✹✮
❊q✉❛t✐♦♥ ❇✳✶✶✹ r❡♣r❡s❡♥ts t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❡❧❛st✐❝ st✐✛♥❡ss ♠❛tr✐①✳
❚❤✐s st✐✛♥❡ss ♠❛tr✐① r❡❧❛t❡s t❤❡ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✇✐t❤ t❤❡ ♥♦❞❛❧ r❡❛❝t✐♦♥s ♦♥ ❡❛❝❤ ❡♥❞
♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t✳ ❆❧s♦✱ t❤❡ ❡①t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♥❡✇
❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❛s
Le =
∫ l
0
P Tudx = fTU ✭❇✳✶✶✺✮
f =
∫ l
0
NTP dx
❋✐♥❛❧❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ❛ ♠❛tr✐① ❢♦r♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
KEU = f ✭❇✳✶✶✻✮
❇✳✷✳✷ ❚❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❜❡❛♠ ❢✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧✐♥❣
❆❧t❤♦✉❣❤ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❝❛♥ ❜❡ ✈❡r② ✉s❡❢✉❧ ❢♦r t❤❡ ❛♥❛❧②s✐s
♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✭❛s ✐t ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ ❢✉rt❤❡r s❡❝t✐♦♥s✮✱ ♠♦r❡ ❛❞✈❛♥❝❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t
t❡❝❤♥✐q✉❡s ❛r❡ r❡q✉✐r❡❞ ✇❤❡♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐s ❢❛❝❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧
❢♦r♠✳ ❆s ✐t ✇✐❧❧ ❜❡ ❡①♣♦s❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❝❤❛r❛❝t❡r✲
✐st✐❝s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐s t❤❡✐r ❝❛♣❛❝✐t② t♦ ♦♣❡r❛t❡ ✐♥ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚♦ ❛♥❛❧✐③❡
t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ str✉❝t✉r❡ ❛♥❞ t❤❡ ✢✉✐❞✱ ❛ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✐s r❡q✉✐r❡❞✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ t✇♦ ♠♦❞❡❧s ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞✳
❋✐rst✱ ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❜❡❛♠ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ❛♥❞ ❙❛✐♥t
❱❡♥❛♥t✬s ❢♦r♠✉❧❛t✐♦♥s ❢♦r t❤❡ ❜❡♥❞✐♥❣ ❛♥❞ t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s✲
♣❧❛❝❡♠❡♥ts ✐s ❡①♣♦s❡❞✳ ❚❤✐s ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ t♦t❛❧ ❧❛❣r❛♥❣✐❛♥
❢♦r♠✉❧❛t✐♦♥✳
✶✻✷ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❙❡❝♦♥❞✱ ❛ ❝♦♠♣❧❡t❡❧② ❣❡♥❡r❛❧ ❛♣♣r♦❛❝❤ ❢♦r ✸❉ ❜❡❛♠ str✉❝t✉r❡s ❝♦♥s✐❞❡r✐♥❣ ❧❛r❣❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉✲
❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞✳
❇✳✷✳✷✳✶ ❋✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥
❚❤❡ ✜rst ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✬s ♠♦❞❡❧ ❢♦r t❤❡ ❜❡♥❞✐♥❣ ❜❡❤❛✈✐♦✉r ❛♥❞
♦♥ t❤❡ ❙❛✐♥t ❱❡♥❛♥t✬s ❤②♣♦t❤❡s✐s ❢♦r t❤❡ t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❜❡❛♠✳ ❚❤❡ ♣r♦❝❡❞✉r❡
❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ♠♦❞❡❧ ✐s ❛❧♠♦st t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ✉s❡❞ ✐♥ t❤❡ s✉❜s❡❝t✐♦♥ ❇✳✷✳✶✳ ❋✐rst✱
t❤❡ t❤❡♦r❡t✐❝❛❧ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❡①♣♦s❡❞ ❛♥❞✱ s❡❝♦♥❞❧②✱ t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❡❧❛st✐❝ st✐✛♥❡ss ♠❛tr✐①✳
❚❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ st❛rts ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡
❜❡❛♠✳ ❈♦♥s✐❞❡r✐♥❣ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ t❤❡ ✇❡❧❧ ❦♥♦✇♥ t♦rs✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❙❛✐♥t
❱❡♥❛♥t✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
S =
 u (x)− yv′ (x)− zw′ (x)v (x)− zϕx (x)
w (x) + yϕx (x)
 = n (y, z)u (x) ✭❇✳✶✶✼✮
u = [u v w ϕx]
T (x)
n =
 1 −y
d
dx
−z d
dx
0
0 1 0 −z
0 0 1 y

✇❤❡r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ✭❛①✐❛❧ ❞✐s♣❧❛❝❡♠❡♥t u (x)✱ ❜❡♥❞✐♥❣ ❞✐s♣❧❛❝❡♠❡♥ts
v (x) ❛♥❞ w (x) ❛♥❞ t♦rs✐♦♥❛❧ ❞✐s♣❧❛❝❡♠❡♥t ϕx (x)✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❇✳✶✵✳
❋✐❣✉r❡ ❇✳✶✵✿ ●❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r ❛ ✸❉ ❜❡❛♠ ✇✐t❤ ♥♦ s❤❡❛r ❞❡❢♦r♠❛❜✐❧✐t②✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ str❛✐♥s ✐s ❞♦♥❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ t❡♥s♦r
✭♦♥❧② ✐ts ❧✐♥❡❛r ♣❛rt✮✳
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✻✸
εx = u
′ (x)− yv′′ (x) + zw′′ (x) = η (x) + yϑz (x) + zϑy (x)
εy = 0
εz = 0
γxy = −zϕ′x (x) = −zϑx (x)
γxz = yϕ
′
x (x) = yϑx (x)
γyz = 0
✭❇✳✶✶✽✮
❆rr❛♥❣✐♥❣ ♣r♦♣❡r❧② t❤❡ ❡①♣r❡ss✐♦♥✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛ss✉♠✐♥❣ t❤❡
❡①♣r❡ss✐♦♥
ε = b (y, z) q (x) ✭❇✳✶✶✾✮
✇❤❡r❡ t❤❡ str❛✐♥ ✈❡❝t♦r ❛♥❞ ♠❛tr✐① b ❛r❡ ❞❡✜♥❡❞ ❛s
ε = [εx γxy γxz]
T ✭❇✳✶✷✵✮
b =
 1 0 y z0 −z 0 0
0 y 0 0
 ✭❇✳✶✷✶✮
❚❤❡ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s ❛r❡ ❛rr❛♥❣❡❞ ✐♥ ❛ ✈❡❝t♦r ❞❡✜♥❡❞ ❛s
q =

η
ϑy
ϑz
ϑx

T
(x) =

u′
−v′′
−w′′
ϕ′x

T
(x) = C ⊗ u ✭❇✳✶✷✷✮
C =

d
dx
0 0 0
0 − d
2
dx2
0 0
0 0 − d
2
dx2
0
0 0 0
d
dx

✭❇✳✶✷✸✮
❖♥❝❡ t❤❡ str❛✐♥s ❛r❡ ❝♦♠♣✉t❡❞✱ t❤❡ str❡ss ✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ ❛s t❤❡ ♦♥❡s ✇❤✐❝❤ ❛r❡ ❡♥❡r✲
❣❡t✐❝❛❧❧② ❝♦♥❥✉❣❛t❡ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞❡r✐✈❛t✐✈❡
♦❢ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦s ✇✐t❤ r❡s♣❡❝t t♦ x ❛r❡ ❝♦♠♣✉t❡❞✳
dLi
dx
=
∫
A
σTδε dA =
∫
A
σTb dAδq = QTδq ✭❇✳✶✷✹✮
❚❤❡ ✐♥t❡r♥❛❧ ✇♦r❦ ❣✐✈❡s t❤❡ str❡ss❡s✱ ✇❤✐❝❤ ❛r❡
σ = [σx τxy τxz]
T ✭❇✳✶✷✺✮
■♥t❡❣r❛t✐♥❣ ♣r♦♣❡r❧② t❤❡s❡ str❡ss❡s ❛❧♦♥❣ t❤❡ s❡❝t✐♦♥✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ♠❛② ❜❡
♦❜t❛✐♥❡❞✳
✶✻✹ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
Q =

N
My
Mz
Mt
 = ∫
A

σx
zσx
yσx
−zτxy + yτxz
 dA ✭❇✳✶✷✻✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡①t❡r♥❛❧ ✇♦r❦ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
dLe
dx
= P T (x)u (x) ✭❇✳✶✷✼✮
✇✐t❤ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡①t❡r♥❛❧ ❧♦❛❞s ❞❡✜♥❡❞ ❛s
P = [n py pz mt]
T (x) ✭❇✳✶✷✽✮
■♥t❡❣r❛t✐♥❣ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ❛❧♦♥❣ t❤❡ ❡❧❡♠❡♥t✱ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦s ♠❛②
❜❡ ♦❜t❛✐♥❡❞ ❛s✿
Li =
∫ l
0
QTδq dx
=[
Nu+Mtϕx −Myw′ −Mzv′ +M ′zv +M ′yw
]l
0
+
∫ l
0
−N ′u−M ′tϕx −M ′′z v −M ′′yw dx
✭❇✳✶✷✾✮
Le =
∫ l
0
P Tu dx+ P Tc uc ✭❇✳✶✸✵✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞ ❛r❡ t❤❡ ❢♦r❝❡s✱ ♠♦♠❡♥ts ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts ❛t ❡❛❝❤ ❡♥❞ ♦❢
t❤❡ ❜❡❛♠✳
Pc =
[
P Tc0 P
T
cl
]T
Pc0 = [N0 Ty0 Tz0 Mt0 My0 Mz0]
T ; Pcl = [Nl Tyl Tzl Mtl Myl Mzl]
T ✭❇✳✶✸✶✮
uc = [uc0 ucl]
T ; uc0 = [u v w ϕx v
′ w′]
T
(0) ; ucl = [u v w ϕx v
′ w′]
T
(l) ✭❇✳✶✸✷✮
■♠♣♦s✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✐♥t❡r♥❛❧ ❛♥❞ ❡①t❡r♥❛❧ ✇♦r❦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s
❛r❡ ♦❜t❛✐♥❡❞✳
Li = Le →

dN
dx
+ n = 0
d2Mz
dx2
+ py = 0
d2My
dx2
+ pz = 0
dMt
dx
+mt = 0
;
N (0) = N0 N (l) +Nl = 0
Mt (l) +Mtl = 0 Mt (0) = Mt0
My (0) = My0 My (l) +Myl = 0
Mz (0) +Mz0 = 0 Mz (l) = Mzl
✭❇✳✶✸✸✮
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✻✺
❈♦♥s✐❞❡r✐♥❣ ♥♦✇ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇s ♦❢ ❛ ❧✐♥❡❛r ❡❧❛st✐❝ ♠❛t❡r✐❛❧ (σ = dε)✱ t❤❡ ❡q✉✐✲
❧✐❜r✉♠ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts✳
QT =
∫
A
bTσ dA =
∫
A
bTdε dA =
∫
A
bTdb dAq =Dq ✭❇✳✶✸✹✮
D =

EA 0 0 0
0 EIy 0 0
0 0 EIz 0
0 0 0 GJ

EA
d2u
dx2
(x) + n = 0
EIz
d4v
dx4
(x) + py = 0
EIy
d4w
dx4
(x) + pz = 0
GJ
d2ϕx
dx2
(x) +mt = 0
✭❇✳✶✸✺✮
❖♥❝❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛r❡ ❝♦♠♣✉t❡❞✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡
❞❡✜♥❡❞✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ❛s ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts ❛t t❤❡ ❡♥❞s ✐s ❞❡✜♥❡❞ ❛s✿
u (x) =

u (x) = U1Nu1 (x) + U7Nu2 (x)
v (x) = U2Nv1 (x) + U8Nv2 (x) + U6Nv3 (x) + U12Nv4 (x)
w (x) = U3Nw1 (x) + U9Nw2 (x) + U5Nw3 (x) + U11Nw4 (x)
ϕx (x) = U4Nϕ1 (x) + U10Nϕ2 (x)
 =N (x)U
✭❇✳✶✸✻✮
✇❤❡r❡ t❤❡ ♠❛tr✐① ♦❢ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ✈❡❝t♦r ♦❢ ♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ❝❛♥ ♥♦✇
❜❡ ✇r✐tt❡♥ ❛s
N (x) =

Nu1 0 0 0 0 0 Nu2 0 0 0 0 0
0 Nv1 0 0 0 Nv3 0 Nv2 0 0 0 Nv4
0 0 Nw1 0 Nw3 0 0 0 Nw2 0 Nw4 0
0 0 0 Nϕ1 0 0 0 0 0 Nϕ2 0 0

✭❇✳✶✸✼✮
U =
[
U1 · · · U12
]T
✭❇✳✶✸✽✮
❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❛r❡ r❡♣♦rt❡❞ ❤❡r❡✳
Nu1 = Nϕ1 = 1− x
l
Nu2 = Nϕ2 =
x
l
Nv1 = Nw1 = 1− 3
(x
l
)2
+ 2
(x
l
)3
Nv2 = Nw2 = 3
(x
l
)2
− 2
(x
l
)3
Nv3 = −Nw3 = l
[
x
l
− 2
(x
l
)2
+
(x
l
)3]
Nv4 = −Nw4 = l
[
−
(x
l
)2
+
(x
l
)3]
✭❇✳✶✸✾✮
✶✻✻ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡❧❛st✐❝ ❧✐♥❡❛r str❛✐♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ ❇✳✶✷✷ ❛♥❞ t❤❡✐r
❡①♣r❡ss✐♦♥ ✐s
q = C ⊗ u (x) = C ⊗N (x)U = B (x)U ✭❇✳✶✹✵✮
✇❤❡r❡ ❛ ♥❡✇ ♠❛tr✐① ♠✉st ❜❡ ❞❡✜♥❡❞✳
B (x) =

N ′u1 0 0 0 0 0 N
′
u2 0 0 0 0 0
0 −N ′′v1 0 0 0 −N ′′v3 0 −N ′′v2 0 0 0 −N ′′v4
0 0 −N ′′w1 0 −N ′′w3 0 0 0 −N ′′w2 0 −N ′′w4 0
0 0 0 N ′ϕ1 0 0 0 0 0 N
′
ϕ2 0 0

✭❇✳✶✹✶✮
❆❧s♦ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ❛r❡ ✐♥❝❧✉❞❡❞✳
N ′v1 =
6x
l2
(x
l
− 1
)
; N ′v2 =
6x
l2
(
1− x
l
)
N ′v3 = 1− 4
x
l
+ 3
(x
l
)2
; N ′v4 =
x
l
(
3
x
l
− 2
)
N ′′v1 = N
′′
w1 =
6
l2
(
2
x
l
− 1
)
; N ′′v2 = N
′′
w2 =
6
l2
(
1− 2x
l
)
N ′′v3 = −N ′′w3 =
6x
l2
− 4
l
; N ′′v4 = −N ′′w4 =
6x
l2
− 2
l
❊①♣r❡ss✐♥❣ t❤❡ ✐♥t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦ ✇✐t❤ t❤❡ ♥❡✇ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ t❤❡ st✐✛✲
♥❡ss ♠❛tr✐① ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥s ✉s❡❞ ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
Li =
∫ l
0
QTq dx = UTKE ✭❇✳✶✹✷✮
KE =
∫ l
0
BTDB dx =
[
K1 K2
KT
2
K3
]
✭❇✳✶✹✸✮
✇✐t❤
K1 =

EA
l
0 0 0 0 0
0
12EIz
l3
0 0 0
6EIz
l2
0 0
12EIy
l3
0 −6EIy
l2
0
0 0 0
GJ
l
0 0
0 0 −6EIy
l2
0
4EIy
l
0
0
6EIz
l2
0 0 0
4EIz
l

✭❇✳✶✹✹✮
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✻✼
K2 =

−EA
l
0 0 0 0 0
0 −12EIz
l3
0 0 0
6EIz
l2
0 0 −12EIy
l3
0 −6EIy
l2
0
0 0 0 −GJ
l
0 0
0 0
6EIy
l2
0
2EIy
l
0
0 −6EIz
l2
0 0 0
2EIz
l

✭❇✳✶✹✺✮
K3 =

EA
l
0 0 0 0 0
0
12EIz
l3
0 0 0 −6EIz
l2
0 0
12EIy
l3
0
6EIy
l2
0
0 0 0
GJ
l
0 0
0 0
6EIy
l2
0
4EIy
l
0
0 −6EIz
l2
0 0 0
4EIz
l

✭❇✳✶✹✻✮
❉♦✐♥❣ t❤❡ s❛♠❡ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ✈✐rt✉❛❧ ✇♦r❦ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
Le =
∫ l
0
P Tudx = fTU ✭❇✳✶✹✼✮
✇✐t❤ t❤❡ ✈❡❝t♦r f ❡q✉❛❧ t♦
f =
∫ l
0
P TNdx ✭❇✳✶✹✽✮
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠ ❝❛♥ ♥♦✇ ❜❡ ✇r✐tt❡♥ ❛s
KEU = f ✭❇✳✶✹✾✮
❚❤❡ t❤❡♦r✐❡s ♦❢ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛♥❞ ❙❛✐♥t ❱❡♥❛♥t ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ✉♥❞❡r t❤❡ ❤②✲
♣♦t❤❡s✐s ♦❢ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤✐s ❤②♣♦t❤❡s✐s ✇✐❧❧ ❜❡ ♥♦✇ r❡♠♦✈❡❞ ❛♥❞ ❛ ❣❡♥❡r❛❧
❛♣♣r♦❛❝❤ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✉s✐♥❣ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧
✇♦r❦✳
❇✳✷✳✷✳✷ ●❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥
❆❧t❤♦✉❣❤ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❜❡❢♦r❡ ✭❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❧✉s ❙❛✐♥t ❱❡♥❛♥t ♠♦❞❡❧s ❢♦r t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ ❜❡♥❞✐♥❣ ❛♥❞ t♦rs✐♦♥ ❜❡❤❛✈✐♦✉r✮ ✐s ❛♥ ❛❝❝✉r❛t❡ ❛♣♣r♦❛❝❤ t♦ ❞❡❛❧ ✇✐t❤ ✸❉
❢r❛♠❡ str✉❝t✉r❡s✱ ♠♦r❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❛r❡ r❡q✉✐r❡❞ ✇❤❡♥ ❛ ❝♦♠♣❧❡t❡ ❛♥❛❧②s✐s ♦❢
❜❡❛♠ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✐s ❛tt❡♠♣t❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛ ❝♦♠♣❧❡t❡❧② ❣❡♥❡r❛❧ t❤r❡❡ ❞✐✲
♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❝♦♥s✐❞❡r✐♥❣ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐s ❞❡s❝r✐❜❡❞✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s
t❤❡s✐s✱ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✢✉✐❞ str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥
✶✻✽ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳
❋✐rst ♦❢ ❛❧❧✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥t ♠✉st ❜❡ ❝❤❛r❛❝t❡r✐③❡❞✳ ■♥ t❤✐s
❝❛s❡✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡
S =
 u (x)− yv′ (x)− zw′ (x)v (x)− zϕx (x)
w (x) + yϕx (x)
 ✭❇✳✶✺✵✮
❚❤❡ str❛✐♥ ✜❡❧❞ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥
t❡♥s♦r✳
exx = u
′ (x)− yv′′ (x)− zw′′ (x) ηxx = 1
2

u′2 + v′2 + w′2
+
y2v′′2 + z2w′′2 + (z2 + y2)ϕ′2x
+
2 (−zu′w′′ − yu′v′′ − zv′ϕ′x + yw′ϕ′x + yzv′′w′′)

exy = −z
2
ϕ′x ηxy =
1
2
(−u′v′ + w′ϕx + yv′v′′ + zv′w′′ + yϕxϕ′x)
exz =
1
2
(2w′ + yϕx) ηxz =
1
2
(−u′w′ + yv′′w′ + zw′w′′ − v′ϕx + zϕxϕ′x)
eyy = 0 ηyy =
1
2
(v′2 + ϕ2x)
eyz = 0 ηyz = −v
′w′
2
ezz = 0 ηzz =
1
2
(w′2 + ϕ2x)
✭❇✳✶✺✶✮
❚❤❡ str❡ss ✜❡❧❞ ♠✉st ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ r❡s♣❡❝t t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ 1C✳ ❉❡✜♥✐♥❣ t❤❡
❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ❛s t❤❡ ♦♥❡s t❤❛t ❛r❡ ❡♥❡r❣❡t✐❝❛❧❧② ❝♦♥❥✉❣❛t❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s str❛✐♥s
✐t ♠❛② ❜❡ ✇r✐tt❡♥✿
1
1Fx =
∫
A
1
1σxxdA
1
1Fy =
∫
A
1
1σyydA
1
1Fz =
∫
A
1
1σzzdA
1
1Mx =
∫
A
−z11τxy + y11τxzdA 11My =
∫
A
z11σxxdA
1
1Mz =
∫
A
−y11σxxdA
✭❇✳✶✺✷✮
❚❤❡ ✐♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ✇✐❧❧ ❧❡❛❞ t♦ ❛♥ ❡q✉✐❧✐❜r❛t❡❞ s②st❡♠✳
❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✐♥ ✐ts ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥
❢♦r♠✉❧❛t✐♦♥ ✐s r❡♣♦rt❡❞ ❤❡r❡✳∫
1V
S : 1δεd
1V +
∫
1V
1σ : 1δηd
1V = 21R− 11R ✭❇✳✶✺✸✮
2
1R =
∫
1V
2
1f
Tδud1V +
∫
1Sσ
2
1t
Tδud1Γ ✭❇✳✶✺✹✮
1
1R =
∫
1V
2
1σ : δ1ed
1V =
∫
1V
1
1f
Tδud1V +
∫
1Sσ
1
1t
Tδud1Γ ✭❇✳✶✺✺✮
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✻✾
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❡①♣♦s❡❞ ❜❡❢♦r❡ ❛♥❞ ♥❡❣❧❡❝t✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r str❛✐♥s
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ●r❡❡♥✲▲❛❣r❛♥❣❡ str❛✐♥ t❡♥s♦r ✉♥❞❡r t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥
♦❢ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❜✉t s♠❛❧❧ str❛✐♥s✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ❝❛♥ ❜❡ r❡✇r✐tt❡♥
❛s
Linear part︷ ︸︸ ︷∫
1Ω
E11exx + 4G
1
1exy
1
1δexy + 4G
1
1exz
1
1δexx d
1Ω
+∫
1Ω
1
1σxx
1
1δηxx + 2
1
1σxy
1
1δηxy + 2
1
1σxz
1
1δηxz +
1
1σyy
1
1δηyy + 2
1
1σyz
1
1δηyz +
1
1σzz
1
1δηzz d
1Ω︸ ︷︷ ︸
Nonlinear part
=
2
1R− 11R
✭❇✳✶✺✻✮
✇❤❡r❡ t❤❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ♣❛rts ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ ❛r❡ ❤✐❣❤❧✐❣❤t❡❞✳
❚♦ ♦❜t❛✐♥ t❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ t❤❡ ❧✐♥❡❛r ♣❛rt ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r ♣❛rt ✇✐❧❧ ❜❡ tr❡❛t❡❞
s❡♣❛r❛t❡❧②✳
∫
1Ω
E11exx + 4G
1
1exy
1
1δexy + 4G
1
1exz
1
1δexx d
1Ω
=
1
2
∫
1Ω
Eδ
(
u′2 + y2v′′2 + z2w′′2 − 2yu′v′′ − 2zu′w′′ + 2yzv′′w′′) d1Ω
+
1
2
∫
1Ω
Gδ
(
y2 + z2
)
ϕ′2x d
1Ω
✭❇✳✶✺✼✮
❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❝❡♥tr♦✐❞❛❧ ❝♦♦r❞✐♥❛t❡s✱
t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♠♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ❛♥❞ t♦rs✐♦♥❛❧ ❝♦♥st❛♥t ❛r❡✿
Iy =
∫
A
z2 dA; Iz =
∫
A
y2 dA; J =
∫
A
y2 + z2 dA = Iy + Iz
❊q✉❛t✐♦♥ ❇✳✶✺✼ r❡❞✉❝❡s t♦∫ l
0
EAu′δu′ + EIyw
′′δw′′ + EIzv
′′δv′′ +GJϕ′xδϕ
′
x dx ✭❇✳✶✺✽✮
❚♦ ♦♣❡r❛t❡ t❤❡ ♥♦♥❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❇✳✶✺✻✱ ✐t ♠✐❣❤t ❜❡ ❛♣♣r♦♣✐❛t❡ t♦ ❞✐✈✐❞❡
✐t ✐♥ ✺ ♣❛rts ❛♥❞ ♦♣❡r❛t❡ s❡♣❛r❡t❡❧②✳
❚❤❡ ♣❛rt t❤❛t ❤❛s t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❈❛✉❝❤②✬s str❡ss t❡♥s♦r ✐♥ t❤❡ x ❞✐r❡❝t✐♦♥ ✐s
✜rst tr❡❛t❡❞✳
✶✼✵ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
∫
1Ω
1
1σxx
1
1δηxx d
1Ω
=
1
2
∫ l
0
1
1Fxδ
(
u′2 + v′2 + w′2
)
+ 11Fx
(
Iy
A
δw′′2 +
Iz
A
δv′′2
)
+Kδϕ′2x dx
+∫ l
0
−11Mzδ (w′ϕ′x)− 11Myδ (v′ϕ′x)− 11Myδ (u′w′′) + 11Mzδ (u′v′′) dx
✭❇✳✶✺✾✮
✇❤❡r❡ K = 11Fx
Iy + Iz
A
= 11Fx
J
A
✐s t❤❡ ❲❛❣♥❡r ❝♦❡✣❝✐❡♥t✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✐s t❤❡ ♦♥❡ ✇✐t❤ t❤❡ t✇♦ xy ❛♥❞ xz ♣❛rts ♦❢ t❤❡ ❈❛✉❝❤②✬s
str❡ss t❡♥s♦r✳
∫
1Ω
211σxy
1
1δηxy + 2
1
1σxz
1
1δηxz d
1Ω
=∫ l
0
1
1Fyδ (w
′ϕx − u′v′)− 11Fzδ (v′ϕx + u′w′) + (1− α) 11Mxδ (v′w′′) + α11Mxδ (w′v′′) dx
+∫ l
0
(∫
A
1
1σxy dA
)
δ (v′v′′ + ϕxϕ
′
x) dx+
∫ l
0
(∫
A
1
1σxz dA
)
δ (w′w′′ + ϕxϕ
′
x) dx
✭❇✳✶✻✵✮
✇❤❡r❡ t❤❡ t♦rs✐♦♥❛❧ ♣❛r❛♠❡t❡r α ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
α =
∫
A
1
1σxzy dA
1
1Mx
= 1−
∫
A
−11σxyz dA
1
1Mx
✭❇✳✶✻✶✮
▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ yy ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❈❛✉❝❤②✬s str❡ss t❡♥s♦r✳
∫
1Ω
1
1σyy
1
1δηyy d
1Ω
=∫ l
0
(∫
A
1
1σyy dA
)
1
2
δ
(
ϕ2x + v
′2
)
dx
=∫
A
1
1σxyy dA [ϕxδϕx + v
′δv′]
l
0 −
∫ l
0
(∫
A
1
1σxyy dA
)
δ (ϕxϕ
′
x + v
′v′′) dx
✭❇✳✶✻✷✮
❚❤❡ ❢♦✉rt❤ ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛❧ ✭yz ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❈❛✉❝❤②✬s str❡ss t❡♥s♦r✮ ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✼✶
∫
1Ω
1
1σyz
1
1δηyz d
1Ω
=∫ l
0
(
∂
∂x
∫
A
1
1σxyz dA
)
δ (v′w′) dx
=
− (1− α) 1Mx [v′δw′ + w′δv′]l0 +
∫ l
0
(1− α) 1Mxδ (v′′w′ + v′w′′) dx
✭❇✳✶✻✸✮
❋✐♥❛❧❧②✱ t❤❡ zz ♣❛rt ♦❢ t❤❡ ❈❛✉❝❤②✬s str❡ss t❡♥s♦r ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ♣❛rt ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡
♦❢ ✈✐rt✉❛❧ ✇♦r❦ ✐s ❡①♣r❡ss❡❞ ❛s
∫
1Ω
1
1σzz
1
1δηzz d
1Ω
=∫ l
0
(
∂
∂x
∫
A
1
1σxzz dA
)
1
2
δ
(
ϕ2x + w
′2
)
dx
=(∫
A
1
1σxzz dA
)
[ϕxδϕx + w
′δw′]l0 −
∫ l
0
(∫
A
1
1σxzz dA
)
δ (ϕxϕ
′
x + w
′′w′) dx
✭❇✳✶✻✹✮
❚❤❡ r✐❣❤t ♣❛rt ♦❢ t❤❡ ❡q✉❛❧✐t② ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✺✻ ❤❛s t♦ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
♥❡✇ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✳ ▲❡t ✉s ❢♦❝✉s ✜rst ♦♥ t❤❡ ✈❛r✐❛❜❧❡ 21R ❛♥❞✱ ❛s ❛ ❤②♣♦t❤❡s✐s✱ t❤❡
❜❡❛♠ ✐s ❝♦♥s✐❞❡r❡❞ ♦♥❧② ❧♦❛❞❡❞ ❛t t❤❡ ❡♥❞s✳
❋♦r t❤❡ ✜rst ♥♦❞❡ ♦❢ t❤❡ ❜❡❛♠ ✇❡ ❝❛♥ ✇r✐t❡
2
1R1 =
∫
A1
2
1f
Tδu dA1
=
2
1Fx1δu1 +
2
1Fy1δv1 +
2
1Fz1δw1 +
(
2
1Mx1 +
[∫
A1
1
2σxzz +
1
2σxyy dA1
]
δϕx1
)
δϕx1
+[
2
1My1 +
1
1Mz1ϕx1 +
(∫
A1
1
1σxzz dA1
)
ϕy1 −
(∫
A1
1
1σxzy dA1
)
ϕz1
]
δϕy1
+[
2
1Mz1 − 11My1ϕx1 −
(∫
A1
1
1σxyz dA1
)
ϕy1 +
(∫
A1
1
1σxyy dA1
)
ϕz1
]
δϕz1
✭❇✳✶✻✺✮
❘❡♠❡♠❜❡r✐♥❣ t❤❛t ϕz = v
′ ❛♥❞ ϕy = −w′ ❛♥❞ r❡❛rr❛♥❣✐♥❣
✶✼✷ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
2
1R1 =
2
1Fx1δu1 +
2
1Fy1δv1 +
2
1Fz1δw1 +
2
1Mx1δϕx1 +
2
1My1δϕy1 +
2
1Mz1δϕz1
+(
2
1Mz1
)
δϕy1 +
(
2
1My1
)
δϕx1 +
∫
A1
2
1σxyy dA1 (ϕx1δϕx1 + ϕz1δϕz1)
+∫
A1
2
1σxzz dA1 (ϕx1δϕx1 + ϕy1δϕy1) + (1− α) 21Mx1ϕy1δϕz1 − α21Mx1ϕz1δϕy1
✭❇✳✶✻✻✮
❇② ❛❞♦♣t✐♥❣ t❤ s❛♠❡ ❛♣♣r♦❛❝❤ ❢♦r ♥♦❞❡ ✷ ❛♥❞ s✉♠♠✐♥❣ ✉♣ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s✱ ✐t
♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞✿
2
1R =
2
1R1 +
2
1R2 = δu
T 2
1f +
[(
1
1Mzϕx
)
δϕy −
(
1
1Myϕx
)
δϕz
]l
0
+(∫
A
1
1σxyy dA
)
[ϕxδϕx + ϕzδϕz]
l
0 +
(∫
A
1
1σxzz dA
)
[ϕxδϕx + ϕyδϕy]
l
0
+[
(1− α) 11Mxϕyδϕz − α11Mxϕzδϕy
]l
0
✭❇✳✶✻✼✮
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ 11R ✐s ❡❛s✐❡r t♦ ♦❜t❛✐♥✳
1
1R = δu
T 1
1f ✭❇✳✶✻✽✮
✇❤❡r❡ 21f ❛♥❞
1
1f ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞② ❞❡✜♥❡❞ ❛s✿
2
1f =
[
2
1Fx1
2
1Fy1
2
1Fz1
2
1Mx1
2
1My1
2
1Mz1
2
1Fx2
2
1Fy2
2
1Fz2
2
1Mx2
2
1My2
2
1Mz2
]T
✭❇✳✶✻✾✮
1
1f =
[
1
1Fx1
1
1Fy1
1
1Fz1
1
1Mx1
1
1My1
1
1Mz1
1
1Fx2
1
1Fy2
1
1Fz2
1
1Mx2
1
1My2
1
1Mz2
]T
✭❇✳✶✼✵✮
❙✉❜st✐t✉t✐♥❣ ❛❧❧ t❤❡ ❡①♣r❡ss✐♦♥s ❞❡r✐✈❡❞ ❢♦r ❡❛❝❤ ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛❧s✿
∫ l
0
EAu′δu′ + EIyw
′′δw′′ + EIzv
′′δv′′ +GJϕ′xδϕ
′
x dx
+
1
2
∫ l
0
1
1Fxδ
(
u′2 + v′2 + w′2
)
+ 11Fx
(
Iy
A
δw′′2 +
Iz
A
δv′′2
)
+Kδϕ2x dx
+∫ l
0
−21Mzδ (w′ϕ′x)− 21Myδ (v′ϕ′x)− 21Myδ (u′w′′) + 21Mzδ (u′v′′) dx
+∫ l
0
1
1Fyδ (w
′ϕx − u′v′)− 11Fzδ (v′ϕx + u′w′) 11Mxδ (v′′w′) dx
=
δuT
(
2
1f − 11f
)
+
[− (11Mxϕz) δϕy + (11Mzϕx) δϕy − (11Myϕx) δϕz]l0
✭❇✳✶✼✶✮
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✼✸
❋✐♥❛❧❧②✱ t♦ ♦❜t❛✐♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t ❡①♣r❡ss✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞∫ l
0
1
1Mxδ (v
′′w′) dx =
[
1
1Mxδ (w
′v′)
]l
0
−
∫ l
0
1
1Mxδ (w
′′v′) dx
r❡✇r✐t✐♥❣ ❡q✉❛t✐♦♥ ❇✳✶✼✶ ❛s
∫ l
0
EAu′δu′ + EIyw
′′δw′′ + EIzv
′′δv′′ +GJϕ′xδϕ
′
x dx
+
1
2
∫ l
0
1
1Fxδ
(
u′2 + v′2 + w′2
)
+ 11Fx
(
Iy
A
δw′′2 +
Iz
A
δv′′2
)
+Kδϕ2x dx
+∫ l
0
−21Mzδ (w′ϕ′x)− 21Myδ (v′ϕ′x)− 21Myδ (u′w′′) + 21Mzδ (u′v′′) dx
+∫ l
0
1
1Fyδ (w
′ϕx − u′v′)− 11Fzδ (v′ϕx + u′w′) 11Mxδ (v′′w′) dx∫ l
0
1
1Mxδ (v
′′w′)− 11Mxδ (v′w′′) dx
=
δuT
(
2
1f − 11f
)
+[
−
(
1
2
1
1Mxϕz
)
δϕy +
(
1
1Mzϕx
)
δϕy −
(
1
1Myϕx
)
δϕz +
(
1
2
1
1Mxϕy
)
δϕz
]l
0
✭❇✳✶✼✷✮
✇❤✐❝❤ ✐s t❤❡ ♠♦st ❝♦♠♣❛❝t ❢♦r♠ ❢♦r t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦ ❡q✉❛t✐♦♥ ❢♦r ❛ t❤r❡❡
❞✐♠❡♥s✐♦♥❛❧ ❜❡❛♠ ❝♦♥s✐❞❡r✐♥❣ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ s♠❛❧❧ str❛✐♥s✳
❖♥❝❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ✈✐rt✉❛❧ ✇♦r❦s ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ t♦ ✐ts ♠♦st
❡ss❡♥t✐❛❧ ❢♦r♠ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❤❛s ❜❡❡♥ ❝❤❛r❛❝t❡r✐③❡❞✱ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♣r♦❝❡✲
❞✉r❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠✳ ❋✐rst✱
✇❡ ❝♦♥s✐❞❡r t❤❡ ✜rst ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ❇✳✶✼✷✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t
✈❡❝t♦r ✐s ❞❡✜♥❡❞ ❛s✿
U =
[
u1 v1 w1 ϕx1 ϕy1 ϕz1 u2 v2 w2 ϕx2 ϕy2 ϕz2
]T
✭❇✳✶✼✸✮
❯♥t✐❧❧ ♥♦✇✱ s♦♠❡ ❤②♣♦t❤❡s✐s ❤❛s ❜❡❡♥ ♠❛❞❡✿ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❤②♣❤♦t❡s✐s ♦❢ ♣❧❛♥❡
s❡❝t✐♦♥ ❛♣♣❧✐❡s✱ t❤❡ str❡ss r❡s✉❧t❛♥t ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❤❛s ❜❡❡♥ ❞❡✜♥❡❞ ❛s t❤❡ ♦♥❡s ✐♥
❡q✉❛t✐♦♥ ❇✳✶✼✵ ❛♥❞ t❤❡ ❛①❡s x✱ y ❛♥❞ z ❤❛✈❡ ❜❡❡♥ ❛❞♦♣t❡❞ ❛s t❤❡ ♣r✐♥❝✐♣❛❧ ❝❡♥tr♦✐❞❛❧ ❛①❡s✳
❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ t❤❡ ✜rst ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ ♣❛rt ✐s ❞❡♥♦t❡❞ ❛s Ie ❛♥❞ t❤❡ r❡✲
♠❛✐♥✐♥❣ ♣❛rt ❛s ❛ Inl✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ Ie ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✼✷ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ❢♦r♠✉❧❛t✐♦♥ s♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st✐✛♥❡ss ♠❛tr✐①
✐s t❤❡ ❡❧❛st✐❝ st✐✛♥❡ss ♠❛tr✐① r❡♣♦rt❡❞ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✹✸✳
✶✼✹ ▼♦❞❡❧✐♥❣ ♦❢ ❢r❛♠❡ ❛♥❞ ❝❛❜❧❡ str✉❝t✉r❡s
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ✐♥t❡❣r❛❧✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Inl✱ ❤❛s t♦ ❜❡
tr❡❛t❡❞ ❞✐✛❡r❡♥t❧②✳ ■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐①✱ ✇❡ s❤❛❧❧ r❡❧❛t❡ ❛❧❧
t❤❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦♥ ❡❛❝❤ s✐♥❣❧❡ s❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥t t♦ t❤♦s❡ ❛❝t✐♥❣ ❛t t❤❡ t✇♦ ❡♥❞s✳
❇❛s❡❞ ♦♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s✱ s✉❝❤ r❡❧❛t✐♦♥s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
1
1Fx (x) =
1
1Fx2 ✭❇✳✶✼✹✮
1
1Fy (x) = −
2
1Mz1 +
1
1Mz2
l
✭❇✳✶✼✺✮
1
1Fz (x) =
2
1My1 +
1
1My2
l
✭❇✳✶✼✻✮
1
1Mx (x) =
1
1Mx2 ✭❇✳✶✼✼✮
1
1My (x) = −11My1
(
1− x
l
)
+ 11My2
x
l
✭❇✳✶✼✽✮
1
1Mz (x) = −11Mz1
(
1− x
l
)
+ 11Mz2
x
l
✭❇✳✶✼✾✮
❯s✐♥❣ ❡q✉❛t✐♦♥ ❇✳✶✸✻ ❢♦r t❤❡ ❝r♦ss✲s❡❝t✐♦♥❛❧ ❞✐s♣❧❛❝❡♠❡♥t r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❡q✉❛✲
t✐♦♥s ❇✳✶✼✹✲❇✳✶✼✾ ❢♦r t❤❡ ✐♥✐t✐❛❧ ❢♦r❝❡s✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ♥❡✇ ❡①♣r❡ss✐♦♥ ❢♦r Inl✳ ❋♦r s❛❦❡
♦❢ ❜r❡✈✐t②✱ ♦♥❧② t❤❡ ✜♥❛❧ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐① ✐s r❡♣♦rt❡❞ ❤❡r❡✳
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❜❡❛♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
Inl = δU
TKgU ✭❇✳✶✽✵✮
❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐① Kg ✐s
Kg =

a 0 0 0 −d −e −a 0 0 0 −n −o
0 b 0 d g k 0 −b 0 n −g k
0 0 c e h g 0 0 −c o −h −g
0 d e f i l 0 −d −e −f −i −l
−d g h i j 0 d −g h −i p −q
−e k g l 0 m e −k −g −l q r
−a 0 0 0 d e a 0 0 0 n o
0 −b 0 −d −g −k 0 b 0 −n g k
0 0 −c −e h −g 0 0 c −o h g
0 n o −f −i −l 0 −n −o f i l
−n −g −h −i p q n g h i j 0
−o k −g −l −q r o −k g l 0 m

✭❇✳✶✽✶✮
✇✐t❤
a =
1
1Fx2
l
; b =
611Fx2
5l
+
1211Fx2Iz
Al3
; c =
611Fx2
5l
+
1211Fx2Iy
Al3
; d =
1
1My1
l
; e =
1
1Mz1
l
f =
1
1Fx2J
Al
; g =
1
1Mx2
l
; h =
1
1Fx2
10
+
611Fx2Iy
Al2
; i =
1
1Mz1 +
1
1Mz2
6
; j =
211Fx2l
15
+
411Fx2Iy
Al
❇✳✷ ❋r❛♠❡ str✉❝t✉r❡s ✶✼✺
k =
1
1Fx2
10
+
611Fx2Iz
Al2
; l = −
1
1My1 +
1
1My2
6
; m =
211Fx2l
15
+
411Fx2Iz
Al
; n =
1
1My2
l
; o =
1
1Mz2
l
p = −
1
1Fx2l
30
+
211Fx2Iy
Al
; q = −
1
1Mx2
2
; r = −
1
1Fx2l
30
+
211Fx2Iz
Al
❲❤✐❧❡ t❤❡ ❧❡❢t✲❤❛♥❞ ♦❢ ❡q✉❛t✐♦♥ ❇✳✶✼✷ ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ r✐❣❤t✲❤❛♥❞ r❡♠❛✐♥s
✉♥❝❤❛♥❣❡❞✳ ❚❤❡ ❜r❛❝❦❡t❡❞ t❡r♠ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ ♣❛rt r❡♣r❡s❡♥ts t❤❡ ✈✐rt✉❛❧ ✇♦r❦ ❞♦♥❡ ❜②
t❤❡ ♠♦♠❡♥ts ✐♥❞✉❝❡❞ ❜② t❤❡ t♦rq✉❡ 11Mx ❛♥❞ ❜❡♥❞✐♥❣ ♠♦♠❡♥ts
1
1My ❛♥❞
1
1Mz ✉♥❞❡r❣♦✐♥❣
r♦t❛t✐♦♥s ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ♠♦♠❡♥ts ✐♥❞✉❝❡❞ ❜② t❤❡
✐♥✐t✐❛❧ ♠♦♠❡♥ts ✉♣♦♥ r♦t❛t✐♦♥s r❡❧❛t❡ ♦♥❧② t♦ t❤❡ r♦t❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡
❜❡❛♠ ❡❧❡♠❡♥t✱ t❤❡ ❜r❛❝❦❡t❡❞ ❧❡❢t✲❤❛♥❞ ❡①♣r❡ss✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ❇✳✶✼✷ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
δuT
(
2
1f − 11f
)
+
[
−
(
1
2
1
1Mxϕz
)
δϕy +
(
1
1Mzϕx
)
δϕy −
(
1
1Myϕx
)
δϕz +
(
1
2
1
1Mxϕy
)
δϕz
]l
0
=
δUT
(
2
1f − 11f
)− δUTKiU
✭❇✳✶✽✷✮
✇❤❡r❡ t❤❡ ♠❛tr✐① Ki st❛♥❞s ❢♦r ✐♥❞✉❝❡❞ ♠♦♠❡♥ts ♠❛tr✐① ❛♥❞ ✐ts ❡①♣r❡ss✐♦♥ ✐s
Ki =

03
Ki1
03
Ki2
 ✭❇✳✶✽✸✮
✇✐t❤
Ki1 =

0 0 0
1
1Mz1 0 −
1
1Mx1
2
−11My1
1
1Mx1
2
0
 ; Ki2 =

0 0 0
1
1Mz2 0 −
1
1Mx2
2
−11My2
1
1Mx2
2
0
 ✭❇✳✶✽✹✮
❚❤❡ ✐♥❞✉❝❡❞ ♠♦♠❡♥t ♠❛tr✐❝❡s ❤❛✈❡ t❤❡ s❛♠❡ ♦r❞❡r ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ st✐✛♥❡ss ♠❛tr✐①✳
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ♠❛tr✐① Ki ✐s ❛s②♠♠❡tr✐❝✳ ❙✉❝❤ ❛ ♣r♦♣❡rt② ❝❛♥ ❜❡
❛ttr✐❜✉t❡❞ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥❥✉❣❛t❡♥❡ss ❜❡t✇❡❡♥ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥ts ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t
❞❡r✐✈❛t✐✈❡s✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❛s ♥♦❞❛❧ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥✳
❆❧t❤♦✉❣❤t t❤❡ ❛s②♠♠❡tr② s❤♦✉❧❞ ❜❡ ❛❧✇❛②s ❛✈♦✐❞❡❞ ✱ ✐♥ t❤✐s ❝❛s❡ ♥♦ ❢✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts
❛r❡ ♥❡❡❞❡❞ t♦ r❡st♦r❡ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ st✐✛♥❡ss ♠❛tr✐①✳ ❉✉r✐♥❣ t❤❡ ❛ss❡♠❜❧② ♣r♦❝❡ss✱
t❤❡ ♦✈❡r❛❧❧ ♠❛tr✐① ✇✐❧❧ ❜❡❝♦♠❡ s②♠♠❡tr✐❝ s✐♥❝❡ ❡❛❝❤ ❡❧❡♠❡♥t ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♦t❤❡rs
❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❡q✉✐❧✐❜r✐✉♠ ❢♦r str✉❝t✉r❛❧ ❥♦✐♥ts ✇✐❧❧ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
❋✐♥❛❧❧②✱ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ ♠❛tr✐① ❢♦r♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿
(Ke +Kg +Ki)U =
2
1f − 11f ✭❇✳✶✽✺✮

C ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥✲
❡❛r ❛♥❛❧②s✐s
❉✉r✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡rs✱ t❤❡ ♥♦♥❧✐♥❡❛r t❤❡♦r✐❡s ❛♥❞ ♠♦❞❡❧s ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♥✲
t✐♥✉✉♠ ❜♦❞✐❡s ❛♥❞ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥ ❡①♣♦s❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳
❋♦❧❧♦✇✐♥❣ ❡✐t❤❡r t❤❡ ❞✐r❡❝t st✐✛♥❡ss ♦r ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✱ ♦♥❡ ❝❛♥ ❛❧✇❛②s ✇r✐t❡
t❤❡ t♦t❛❧ ♦r ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s t❤❛t r❡♣r❡s❡♥ts t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡
str✉❝t✉r❡ ✐♥ ❛ ❝❡rt❛✐♥ ♠♦♠❡♥t t ✭❍❡r❡✱ t❤❡ ♣❛r❛♠❡t❡r t ♣❧❛②s t❤❡ r♦❧❡ ♦❢ ❛ ♣❛r❛♠❡t❡r t❤❛t
❝❤❛r❛❝t❡r✐③❡s t❤❡ ❧♦❛❞ ❛♥❞ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤✱ ♥♦t ♥❡❝❡ss❛r② r❡❧❛t❡❞ t♦ t❤❡ ❛❝t✉❛❧ t✐♠❡✮✳
❯s✐♥❣ t❤❡ t✇♦ ♠❛✐♥ ❢♦r♠✉❧❛t✐♦♥s ❡①♣❧❛✐♥❡❞ ✐♥ t❤✐s t❤❡s✐s✱ t♦t❛❧ ♦r ✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥
❢♦r♠✉❧❛t✐♦♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✐♥ t♦t❛❧ ♦r ✐♥❝r❡♠❡♥t❛❧ ❢♦r♠s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛♥❞
s♦❧✈❡❞ t♦ ❣❡t t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✱ str❛✐♥s ❛♥❞ str❡ss❡s ♦❢ t❤❡ str✉❝t✉r❡✳
❉✉❡ t♦ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s②st❡♠s tr❡❛t❡❞✱ ❛♥❛❧②t✐❝❛❧ t❡❝❤♥✐q✉❡s ❝❛♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞
✉♥❧❡ss t❤❡ ❡q✉❛t✐♦♥s t❤❛t ❣♦✈❡r♥ t❤❡ ♣r♦❜❧❡♠ ❛r❡ s✐♠♣❧❡✱ ✇❤✐❝❤ ♦♥❧② ❤❛♣♣❡♥s ✇❤❡♥ ❧♦❛❞
❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ✈❡r② s✐♠♣❧❡✳ ❆❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❤❛✈❡ t♦ ❜❡
❞❡✈❡❧♦♣❡❞ t♦ s♦❧✈❡✱ ♦r ❛t ❧❡❛st ❛♣♣r♦①✐♠❛t❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳ ■♥ t❤✐s ❝❤❛♣t❡r✱
✇❡ s❤❛❧❧ r❡✈✐❡✇ t❤❡ ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ ♥♦♥❧✐♥❡❛r s♦❧✉t✐♦♥ s❝❤❡♠❡s✳ ❈♦♠♠❡♥ts ✇✐❧❧ ❜❡
♣r♦✈✐❞❡❞ ❢♦r ❡❛❝❤ ♠❡t❤♦❞ ✐♥ t❡r♠s ♦❢ st❛❜✐❧✐t② ❛♥❞ ❡✣❝✐❡♥❝② ✳
❚❤❡ ✜rst ♠❡t❤♦❞ ✐s t❤❡ ❙t✐✛♥❡ss ♠❡t❤♦❞ ✱ ✇❤✐❝❤ ✐s t❤❡ ♠♦st ✐♥t✉✐t✐✈❡ ♠❡t❤♦❞ t♦ s♦❧✈❡
t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ❛❞❛♣t❡❞ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ t♦t❛❧ ❧❛✲
❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡♥✱ s♦♠❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡
✉♣❞❛t❡❞ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ♠♦st s✐♠♣❧❡✱ ❝♦♠♠♦♥❧② ✉s❡❞ ❛♥❞ ♦❧❞❡st ♠❡t❤♦❞ ✐s
t❤❡ s♦✲❝❛❧❧❡❞ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞ ✳ ❖t❤❡rs ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦
❛r❡ ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤✐s ♠❡t❤♦❞✳
❋✐♥❛❧❧②✱ s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s t♦ ❞❡❛❧ ✇✐t❤ ❤✐❣❤ ♦r❞❡r ♥♦♥❧✐♥❡❛r str✉❝t✉r❡s ❛r❡
♣r❡s❡♥t❡❞✳ ❉✉❡ t♦ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ ❝❡rt❛✐♥ str✉❝t✉r❡s✱ t❤❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡
♠❛② ♥♦t ❜❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ ❛♥❞ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❝♦♥tr♦❧
♣r♦❝❡❞✉r❡ ❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ t✇♦ ♣r♦❝❡❞✉r❡s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❡①t ❛r❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧
♣r♦❝❡❞✉r❡ ❛♥❞ ✇♦r❦ ❝♦♥tr♦❧ ♣r♦❝❡❞✉r❡✱ ❜♦t❤ ❛❞❛♣t❡❞ t♦ ❞❡❛❧ ✇✐t❤ ♣❤❡♥♦♠❡♥❛ ♦❢ ❧✐♠✐t
✶✼✽ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
♣♦✐♥ts ❛♥❞ s♥❛♣✲❜❛❝❦ ✳ ❚❤❡s❡ t✇♦ ❝♦♥❝❡♣ts ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝t✐♦♥ ❈✳✶✳✹✳
❈✳✶ ❉❡❢✐♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ ❛ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✳
G = f (v)−R (v) = 0 ✭❈✳✶✮
✇✐t❤ f (v) t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ ❛♣♣❧✐❡❞ ♦♥ t❤❡ str✉❝t✉r❡✱ R (v) t❤❡ ✐♥t❡r♥❛❧ r❡❛❝t✐♦♥ ♦❢
t❤❡ str✉❝t✉r❡ ❛♥❞ G t❤❡ s♦✲❝❛❧❧❡❞ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❡❛s✉r❡s ❤♦✇ ❢❛r ❢r♦♠ t❤❡
❡q✉✐❧✐❜r✐✉♠ t❤❡ str✉❝t✉r❡s ✐s✱ ✇❤✐❧❡ v ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ♦❢ t❤❡ str✉❝t✉r❡✳
❚❤❡ s②st❡♠ ♦❢ ♥♦♥❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ♠❛♥② ✇❛②s✳ ❋r♦♠
t❤❡ ❡❛s✐❡st ♦♥❡ t♦ t❤❡ ♠♦st ❝♦♠♣❧❡① ♦♥❡✱ t❤❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ✇✐❧❧
❜❡ ❡①♣♦s❡❞ ❛♥❞ ❡①♣❧❛✐♥❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ st✐✛♥❡ss ♠❡t❤♦❞✱ ✇❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠
❡q✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r✐③❡❞ t♦ ♦❜t❛✐♥ t❤❡ s♦✲❝❛❧❧❡❞ s❡❝❛♥t st✐✛♥❡ss ♠❛tr✐① ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts
t❤❡ st✐✛♥❡ss ♦❢ ❛ ✈✐rt✉❛❧ str✉❝t✉r❡ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ r❡❛❧ str✉❝t✉r❡✳
❈✳✶✳✶ ❙t✐❢❢♥❡ss ♠❡t❤♦❞
■♠❛❣✐♥❡ ❛ ❝❡rt❛✐♥ str✉❝t✉r❡ ✇❤♦s❡ ❞✐s♣❧❛❝❡♠❡♥t✲❢♦r❝❡ ♣❛t❤ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡
♦♥❡ ✐♥ ✜❣✉r❡ ❈✳✶✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ st✐✛♥❡ss ♠❡t❤♦❞✱ t❤❡ ♣r✐♥❝✐♣❛❧ ❣♦❛❧ ✐s t♦ ❞❡s❝r✐❜❡ ❡❛❝❤
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ❜② ♠❡❛♥s ♦❢ t❤❡ s❡❝❛♥t st✐✛♥❡ss ♠❛tr✐①✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡
❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠✳
❋✐❣✉r❡ ❈✳✶✿ ❙❡❝❛♥t ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ t♦ s♦❧✈❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳
G = f (v)−R (v) = 0 ✭❈✳✷✮
❋r♦♠ ✜❣✉r❡ ❈✳✶✱ ♦♥ ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❝❛♥
❜❡ r❡✇r✐tt❡♥ ❛s
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✼✾
K (v)v = f (v) ✭❈✳✸✮
✇✐t❤ K (v) t❤❡ s❡❝❛♥t st✐✛♥❡ss ♠❛tr✐①✳
■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ♦❜t❛✐♥ t❤❡ s❡❝❛♥t st✐✛♥❡ss ♠❛tr✐① ✇✐❧❧ ♥♦t ❜❡ ❡①✲
♣❧❛✐♥❡❞ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✐t ❞❡♣❡♥❞s ❝♦♠♣❧❡t❡❧② ♦♥ t❤❡ t✐♣♦❧♦❣② ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ ✐t
✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❝❤❛♣t❡r ✹✳ ❋♦r t❤❡ ♠♦♠❡♥t✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❛t t❤❡ s❡❝❛♥t st✐✛♥❡ss
♠❛tr✐① ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ✐s ❦♥♦✇♥✳
❯♥❞❡r t❤✐s ❤②♣♦t❤❡s✐s✱ ❛ ✢♦✇ ❝❤❛rt ❝❛♥ ❜❡ st❛❜❧✐s❤❡❞ ✭❈✳✷✮✳
❆s s❤♦✇♥ ✐♥ t❤❡ ✢♦✇ ❝❤❛rt✱ t❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤❡ st✐✛♥❡ss ♠❡t❤♦❞ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥
♦❢ t❤❡ t♦t❛❧ s❡❝❛♥t st✐✛♥❡ss ♠❛tr✐①✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ r❡s♣♦♥s❡ ♦❢ ❛♥ ❡q✉✐✈❛❧❡♥t
s②st❡♠ t♦ ❛♥ ❡①t❡r♥❛❧ ❧♦❛❞✳ ❖♥❝❡ t❤❡ st✐✛♥❡ss ♠❛tr✐① ❤❛s ❜❡❡♥ ❝♦♠♣✉t❡❞✱ t❤❡ r❡❛❝t✐♦♥
♦❢ t❤❡ s②st❡♠ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s R = Ksvo ✭t❤❡ ❝✉rr❡♥t
❝♦♥✜❣✉r❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✈❡❝t♦r vo✮✳ ❚❤❡ ❡①t❡r♥❛❧ ❧♦❛❞✱ ✇❤✐❝❤ ✐♥ ❣❡♥❡r❛❧ ✇✐❧❧
❞❡♣❡♥❞ ❛❧s♦ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts✱ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ f (vo)✳ ❋✐♥❛❧❧②✱ t❤❡ ♥❡✇
❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r vn ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝❤❡❝❦✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡✳ ■♥
t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❝❤❡❝❦✐♥❣ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❡rr♦rs✳
ew =
∣∣vTo (f −R)∣∣
|vTo f |
≤ tolw
ed =
|vn − vo|
|vn| ≤ told
ef =
|f −R|
|f | ≤ tolf
✭❈✳✹✮
✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ✇♦r❦ ❡rr♦r ✱ ❞✐s♣❧❛❝❡♠❡♥t ❡rr♦r ❛♥❞ ❢♦r❝❡ ❡rr♦r r❡s♣❡❝t✐✈❡❧②
❛♥❞ t❤❡② ❛r❡ ❞❡♠❛♥❞❡❞ t♦ ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ t♦❧❡r❛♥❝❡s✳
✶✽✵ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❙❚❆❘❚
▲♦♦♣ ♦♥ t❤❡ ✐t❡r❛t✐♦♥s
k = k + 1
◆❡✇ st✐✛♥❡ss ♠❛tr✐①✿ Ks (vo)
❘❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠✿ R =Ksvo
❊①t❡r♥❛❧ ❧♦❛❞✿ f (vo)
◆❡✇ ❞✐s♣❧❛❝❡♠❡♥t✿ Ksvn = f
❊✈❛❧✉❛t❡ ❡rr♦rs
❇r❡❛❦
❊♥❞ ❧♦♦♣ ❙❛✈❡✿ vn
❙t♦♣ ❊◆❉
❝♦♥✈❡r❣❡♥❝❡
♥♦ ❝♦♥✈❡r❣❡♥❝❡
k < nIterMax
k = nIterMax
❋✐❣✉r❡ ❈✳✷✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ st✐✛♥❡ss ♠❡t❤♦❞
❈✳✶✳✷ ■♥❝r❡♠❡♥t❛❧ ❧♦❛❞ ♣r♦❝❡❞✉r❡
❆❧t❤♦✉❣❤t t❤❡ ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ❜❡❢♦r❡ ❤❛s ❜❡❡♥ ❛❞♦♣t❡❞ ✐♥ t❤✐s ✇♦r❦ ✐♥ t❤❡
t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✱ ✐t ❤❛s ❧✐♠✐t❛t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ st✐✛♥❡ss ♠❡t❤♦❞ ✐s
s✉✐t❛❜❧❡ t♦ ❜❡ ✉s❡❞ ✐♥ str✉❝t✉r❡s t❤❛t ♣r❡s❡♥ts ♦♥❧② ❛ s♦❢t❡♥✐♥❣ ♦r st✐✛❡♥✐♥❣ ✭✜❣✉r❡ ❈✳✸✮
❜❡❤❛✈✐♦✉rs✳ ❊①♣❧❛✐♥❡❞ ✇✐t❤ ♦t❤❡r ✇♦r❞s✱ t❤❡ str✉❝t✉r❡ ♠✉st ❜❡❤❛✈❡ ♠♦♥♦t♦♥♦✉s❧②✳
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✽✶
❋✐❣✉r❡ ❈✳✸✿ P♦ss✐❜❧❡ ❜❡❤❛✈✐♦✉rs ♦❢ ❛♥ str✉❝t✉r❡ ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤
■❢ t❤❡ ✐♥t❡r❡st ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✲❢♦r❝❡ ❝✉r✈❡✱ ♠♦r❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s ❤❛✈❡ t♦ ❜❡
❞❡✈❡❧♦♣❡❞✱ ❛❜❧❡ t♦ ♦✈❡r❝♦♠❡ s❡✈❡r❛❧ ♣❛t❤♦❧♦❣✐❡s t❤❛t t❤❡ str✉❝t✉r❡ ❝♦✉❧❞ ♣r❡s❡♥t ❞✉r✐♥❣
t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤ ✭❧✐♠✐t ❛♥❞ s♥❛♣✲❜❛❝❦ ♣♦✐♥ts✱ st✐✛❡♥✐♥❣ ❛♥❞ s♦❢t❡♥✐♥❣ ③♦♥❡s✱✳✳✳✮✳
❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❦♥♦✇♥ ❛s ■♥❝r❡♠❡♥t❛❧✲■t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s ✇✐❧❧
❜❡ ♣r❡s❡♥t❡❞✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠
❛♥❞ ❛ss✉♠❡ t❤❡ ❧♦❛❞ ✈❡❝t♦r t♦ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛ ❝❡rt❛✐♥ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r ✳
f (v) = λfr → G = λfr −R (v) = 0 ✭❈✳✺✮
❚❤❡s❡ ♣r♦❝❡❞✉r❡s ❛r❡ ❦♥♦✇♥ ❛s ✐♥❝r❡♠❡♥t❛❧✲✐t❡r❛t✐✈❡ ❜❡❝❛✉s❡ t❤❡② ✐♥❝r❡❛s❡ t❤❡ ♣❛r❛♠✲
❡t❡r λ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ t♦ ❛ ✜♥❛❧ ✈❛❧✉❡ ❛♥❞ s♦❧✈❡ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❢♦r
❡❛❝❤ ❧♦❛❞ st❡♣✳ ❚❤❡ ❝❧❛ss✐❝ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥
✉s❡s t❤✐s t❡❝❤♥✐q✉❡ ❛♥❞ ❛❧❧♦✇s t❤❡ st✉❞② ♦❢ t❤❡ ♣❛t❤✲❞❡♣❡♥❞❛♥t ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ str✉❝t✉r❡
✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❧♦❛❞✳
❆❧t❤♦✉❣❤t t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡✱ str✉❝t✉r❡s ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r
r❡q✉✐r❡ ♠♦r❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s✱ ✇❤✐❝❤ ❛❧❧♦✇ t❤❡ st✉❞② ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ str✉❝t✉r❡
❛r♦✉♥❞ t❤❡ ❝r✐t✐❝ ♣♦✐♥ts s✉❝❤ ❛s s♥❛♣✲❜❛❝❦ ❛♥❞ ❧✐♠✐t ♣♦✐♥ts ❛♥❞ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❉✐s♣❧❛❝❡✲
♠❡♥t ❝♦♥tr♦❧ ♠❡t❤♦❞ ♦r t❤❡ ❲♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✱ ❜♦t❤ ❡①♣❧❛✐♥❡❞ ✐♥ s✉❜s❡❝t✐♦♥ ❈✳✶✳✹✳
❖❜✈✐♦✉s❧②✱ ❛♥ ✐❞❡❛❧ ✐♥❝r❡♠❡♥t❛❧ s❝❤❡♠❡ s❤♦✉❧❞ ❛❧❧♦✇ t❤❡ ❧♦❛❞ ✐♥❝r❡♠❡♥t t♦ ✈❛r② ❛❝✲
❝♦r❞✐♥❣❧② t♦ t❤❡ ❞❡❣r❡❡ ♦❢ ♥♦♥❧✐♥❡❛r✐t② ❛s ❡①❡♠♣❧✐✜❡❞ ❜② t❤❡ st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡
❝♦♥s✐❞❡r❡❞ ✐♥ ♦r❞❡r t♦ ♦♣t✐♠✐③❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ❝♦♠♣✉t❛t✐♦♥✳ ❚❤✐s ✇✐❧❧ ❜❡ ❡①♣♦s❡❞ ✐♥ t❤❡
❧❛st ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❤❡r❡ ❛✉t♦♠❛t✐❝ ❛❧❣♦r✐t❤♠s t♦ ❝❤♦♦s❡ ♣r♦♣❡r❧② t❤❡ ❧♦❛❞ st❡♣ ✇✐❧❧
❜❡ r❡♣♦rt❡❞✳
❈✳✶✳✸ ❈❧❛ss✐❝ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r
λfr −R (v) = 0 ✭❈✳✻✮
✶✽✷ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❛♥❞ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ str✉❝t✉r❡ ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛t ❛ ❝❡rt❛✐♥ ❝♦♥✜❣✲
✉r❛t✐♦♥ λC ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r λ✳ ■♥ t❤✐s s✐t✉❛t✐♦♥✱ t❤❡ ✐♥❝r❡♠❡♥t❛❧
❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ♠❛② ❜❡ ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥ λ+∆λC✳ ❋r♦♠ ♥♦✇ ♦♥✱
t❤❡ ♥♦t❛t✐♦♥ ✇✐❧❧ ❢♦❧❧♦✇ t❤✐s r✉❧❡✿ t❤❡ ❧❡❢t s✉♣❡rs❝r✐♣t ✐♥❞❡① ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❛❝t✉❛❧ ✐♥❝r❡✲
♠❡♥t ❧♦❛❞ ❛♥❞ t❤❡ ❧❡❢t s✉❜s❝r✐♣t ✐♥❞❡① ✇✐❧❧ ✐♥❞✐❝❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥ ♣❡r❢♦r♠❡❞
✇✐t❤✐♥ t❤❡ ✐♥❝r❡♠❡♥t ❧♦❛❞✳ ❋♦r ❡①❛♠♣❧❡✱ ij∆v ✇✐❧❧ ❜❡ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t
❝♦♠♣✉t❡❞ ✐♥ t❤❡ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r j ♦♥ t❤❡ ✐♥❝r❡♠❡♥t ❧♦❛❞ ♥✉♠❜❡r i✳
❋✐❣✉r❡ ❈✳✹✿ ❚❛♥❣❡♥t ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ t♦ s♦❧✈❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳
❋✐❣✉r❡ ❈✳✹ r❡♣r❡s❡♥ts t❤❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ iC✱ ✇❤❡r❡ ❛♥
✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ❤❛s ❜❡❡♥ ✐♠♣♦s❡❞ ❛s i+1f = if+∆λfr ❛♥❞ t❤❡ ✜rst t✇♦ ✐t❡r❛t✐♦♥s ✐♥ t❤✐s
♥❡✇ ✐♥❝r❡♠❡♥t❛❧ ❧♦❛❞ st❡♣ ❛r❡ ❞❡♣✐❝t❡❞ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ❜② i1K ✭✜rst t❛♥❣❡♥t st✐✛♥❡ss
♠❛tr✐①✮✱ i1∆v ✭✜rst ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✮✱
i
1R ✭r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ ❛t t❤❡ ♥❡✇ ✐♥✲
❝r❡♠❡♥t❛❧ ❝♦♥✜❣✉r❛t✐♦♥✮ ❛♥❞ i1G ✭❊q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❝♦♥✜❣✉r❛t✐♦♥✮✳
❚❤❡ ✢♦✇ ❝❤❛rt ♦❢ t❤❡ ■♥❝r❡♠❡♥t❛❧✲■t❡r❛t✐✈❡ ◆❡✇t✐♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✇r✐tt❡♥
✭s❡❡ ✜❣✉r❡ ❈✳✺✮✳
■♥ t❤❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♣r♦❝❡❞✉r❡✱ ♦♥❧② t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❢♦r ❡❛❝❤
✐♥❝r❡♠❡♥t❛❧ ❧♦❛❞ st❡♣ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r✳ ■♥❞❡❡❞✱ ✐♥ ❝❛s❡ t❤❡
❛❧❣♦r✐t❤♠ ❡①❝❡❡❞s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✇✐t❤♦✉t ❝♦♥✈❡r❣❡♥❝❡✱ t❤❡ ♣r♦❣r❛♠
✇✐❧❧ st♦♣ ❛♥❞ ♥♦ ♦✉t♣✉ts ✇✐❧❧ ❜❡ ❣✐✈❡♥✳ ❚❤✐s ♠❛② ❤❛♣♣❡♥ ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ str✉❝t✉r❡
❞♦❡s ♥♦t ♣r❡s❡♥t ❛ ♠♦♥♦t♦♥✐❝ ❜❡❤❛✈✐♦✉r ✭st✐✛❡r✐♥❣ ♦r s♦❢t❡♥✐♥❣✮ ♦r ✇❤❡r❡ ✐t ♣r❡s❡♥ts s♦♠❡
❧✐♠✐t ♣♦✐♥ts ♦r s♥❛♣✲❜❛❝❦ s✐t✉❛t✐♦♥s ✭✜❣✉r❡ ❈✳✸✮✳ ❚♦ ❞❡❛❧ ✇✐t❤ s✉❝❤ ❛♥ ✐♥❝♦♥✈❡♥✐❡♥ts✱ ♥❡✇
t❡❝❤♥✐q✉❡s ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ s✉❝❤ ❛s t❤❡ ❆r❝ ▲❡♥❣t❤ ❛♥❞ ❲♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞s✳
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✽✸
❙❚❆❘❚
■♥❝r❡♠❡♥t❛❧ ❧♦❛❞ ❧♦♦♣
i = i+ 1; λ = λi
f = λfr
■t❡r❛t✐♦♥ ❧♦♦♣
k = k + 1
❚❛♥❣❡♥t st✐✛♥❡ss ♠❛tr✐①✿ Kτ
❘❡❛❝t✐♦♥✿ R0 = R (v0)
❊q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥✿ G = f −Rn
■♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts✿ Kτ∆v = G
❯♣❞❛t❡ ❞✐s♣❧❛❝❡♠❡♥ts✿ vn = vo +∆v
❊✈❛❧✉❛t❡ ❡rr♦rs
❇r❡❛❦
❙t♦♣ ❊♥❞ ■t❡r❛t✐♦♥ ❧♦♦♣ ❘❡s❡t k = 0
❊◆❉ ❙❛✈❡✿ vn
❊♥❞ ✐♥❝r❡♠❡♥✲
t❛❧ ❧♦❛❞ ❧♦♦♣
❝♦♥✈❡r❣❡♥❝❡
♥♦ ❝♦♥✈❡r❣❡♥❝❡
i < nIncLoad
i = nIncLoad
k = nIterMax
k < nIterMax
❋✐❣✉r❡ ❈✳✺✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♠❡t❤♦❞
✶✽✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❈✳✶✳✹ ■♠♣r♦✈❡❞ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡s
❇❡❢♦r❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ♥❡✇ ♠❡t❤♦❞s✱ s♦♠❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❛❜♦✉t ♥❡✇ ❛♣♣r♦❛❝❤❡s t❤❛t ❣♦
❜❡②♦♥❞ t❤❡ ❛♥❛❧②s✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡ ♠✉st ❜❡ s❛✐❞✳ ❚❤✐s s❡❝t✐♦♥
✇✐❧❧ t❛❧❦ ✜rst ❛❜♦✉t t❤❡ Pr❡❞✐❝t✐♦♥ ♣❤❛s❡ ❛♥❞ ❈♦rr❡❝t✐♦♥ ♣❤❛s❡✳ ❇♦t❤ ❛r❡ ✈✐t❛❧ ❝♦♥❝❡♣ts
✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♥❡✇ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❛♥❞ ✇✐❧❧ ❜❡ ❞❡❡♣❧② ❡①♣❧❛✐♥❡❞✳
❆s st❛t❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ♥♦♥❧✐♥❡❛r ❞❡❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ♦❢ ❛ str✉❝t✉r❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞
❜② t❤r❡❡ t②♣✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✿ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ 0C✱ t❤❡ ❧❛st ❝❛❧❝✉❧❛t❡❞ ❝♦♥✜❣✉✲
r❛t✐♦♥ 1C ❛♥❞ t❤❡ ❝✉rr❡♥t ✉♥❦♥♦✇♥ ❝♦♥✜❣✉r❛t✐♦♥ 2C✳ ❚♦ ❡①♣❧❛✐♥ ❜❡tt❡r t❤❡ ✐♥❝r❡♠❡♥t❛❧
✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ❛ ♥❡✇ ♥♦t❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞✳ ❋r♦♠ ♥♦✇ ♦♥✱ t❤❡
❧❛st ❝❛❧❝✉❧❛t❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s iC ❛♥❞ t❤❡ ❝✉rr❡♥t ✉♥❦♥♦✇♥ ❝♦♥✜❣✉r❛t✐♦♥
❛s i+1C✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❛❧❧ t❤❡ s❝❤❡♠❡s ♣r❡s❡♥t❡❞ ✇✐❧❧ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♣❛rt✱
❝❛❧❧❡❞ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡✱ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡
❧♦❛❞ ✐♥❝r❡♠❡♥t✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♣❛rt ✭❝♦rr❡❝t✐♦♥ ♣❤❛s❡✮ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦ ♣❡r❢♦r♠ s♦♠❡
✐t❡r❛t✐♦♥s t♦ ♦❜t❛✐♥ t❤❡ ❡q✉✐❧✐❜r❛t❡❞ s②st❡♠ ✐♥ t❤❡ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ❋✐❣✉r❡ ✹✳✻ s❤♦✇s
t❤❡ ✢♦✇ ❝❤❛rt ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❡❞✳
❙❚❆❘❚
■♥❝r❡♠❡♥t❛❧ ❧♦❛❞ ❧♦♦♣
Pr❡❞✐❝t✐♦♥ ♣❤❛s❡
❈♦rr❡❝t✐♦♥ ♣❤❛s❡
❊♥❞ ❧♦❛❞ ❧♦♦♣
P♦st♣r♦❝❡ss✐♥❣
❊◆❉
i = nIncLoad
i < nIncLoad
❋✐❣✉r❡ ❈✳✻✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ✐♠♣r♦✈❡❞ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡s
❇❡❢♦r❡ st❛rt✐♥❣ ✇✐t❤ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ❜♦t❤ t❤❡ ❛r❝✲❧❡♥❣t❤ ❛♥❞ ✇♦r❦ ❝♦♥tr♦❧ ♠❡t❤✲
♦❞s✱ s♦♠❡ ❞❡✜♥✐t✐♦♥s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ❋✐rst✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡✲
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✽✺
❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ♠✉st ❜❡ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡♥✱ t❤❡ ✐♥❞✐❝❛t♦rs t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝❤❛r❛❝✲
t❡r✐③❡ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳
❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❈✳✼✳ ■♥ ❛ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t
♣❛t❤✱ t❤❡ ❢♦r❝❡ ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ❞✐✛❡r❡♥t ✉♥✐ts✳ ❚❤✐s ♠❛② ❧❡❛❞ t♦
❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❜♦t❤ ✈❛r✐❛❜❧❡s✳ ❚♦ ❛✈♦✐❞ t❤✐s s❝❛❧❡ ♣r♦❜❧❡♠✱ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ ✐s r❡q✉✐r❡❞✳
❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ✇✐❧❧ ❜❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ ✇✐❧❧ ❜❡ ♣❧♦tt❡❞ ✐♥ t❡r♠s
♦❢ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡s
V = v
Fr = βfr
✭❈✳✼✮
✇✐t❤
β =
|v|
|fr| ✭❈✳✽✮
✭❛✮ ❋♦r❝❡✲❉✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ✇✐t❤♦✉t ❜❡✐♥❣
♥♦r♠❛❧✐③❡❞
✭❜✮ ◆♦r♠❛❧✐③❡❞ ❢♦r❝❡✲❉✐s♣❧❛❝❡♠❡♥t ♣❛t❤
❋✐❣✉r❡ ❈✳✼✿ ◆♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡
❙❡❝♦♥❞✱ ✐♥ ❛ ❣❡♥❡r❛❧ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ❛s t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ❈✳✸ ♦♥ ♣❛❣❡ ✶✽✶✱
s❡✈❡r❛❧ ③♦♥❡s ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞✿
• P❛t❤s ✵✲❆ ❛♥❞ ❉✲❊✿ ■t ✐s ❛♥ st❛❜❧❡ ③♦♥❡ ❜❡❝❛✉s❡ ❛♥ ✐♥❝r❡♠❡♥t ✐♥ t❤❡ ❧♦❛❞ ❤❛s ❛♥
✐♥♠❡❞✐❛t❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡ st✐✛♥❡ss ♠❛tr✐① ✐s ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡✳
• P❛t❤s ❆✲❇ ❛♥❞ ❈✲❉✿ ■t ✐s ❛♥ ✉♥st❛❜❧❡ ③♦♥❡ ❜❡❝❛✉s❡ t❤❡ st✐✛♥❡ss ♠❛tr✐① ✐s ♥♦t ❞❡✜♥✐t❡
♣♦s✐t✐✈❡✳ ❚❤✐s ③♦♥❡ ✐s ❛❧s♦ ❝❛❧❧❡❞ Pr❡✲❝r✐t✐❝ s♦❢t❡♥✐♥❣ ✳ ❯s✉❛❧❧② t❤❡ s♥❛♣✲❜❛❝❦ ♣♦✐♥ts
❛r❡ ❧♦❝❛t❡❞ ✐♥ t❤✐s ③♦♥❡✳
• P❛t❤ ❇✲❈✿ ❯♥st❛❜❧❡ ③♦♥❡✳ ❚❤❡ st✐✛♥❡ss ♠❛tr✐① ✐s ♥♦t ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤✐s ③♦♥❡ ✐s
❝❛❧❧❡❞ P♦st✲❝r✐t✐❝ s♦❢t❡♥✐♥❣ ✳
✶✽✻ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❋r♦♠ t❤❡ ❞❡s❝r✐♣t✐♦♥ ❜❡❧♦✇✱ ❛ ♥❡✇ ♣❛r❛♠❡t❡r t♦ ❞❡s❝r✐❜❡ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ str✉❝✲
t✉r❡ ✐♥ ❛ ❝❡rt❛✐♥ ♣♦✐♥t ♦❢ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ✐s r❡q✉✐r❡❞✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ❝♦♠✲
♠♦♥❧② ✉s❡❞ ♣❛r❛♠❡t❡r ✐s t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ✱ ❛❧s♦ ♥❛♠❡❞ ❛s ❝✉rr❡♥t st✐✛♥❡ss ♣❛r❛♠❡t❡r
✭❈❙P✮✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✜❣✉r❡ ❈✳✽ ✇❤❡r❡ t❤r❡❡ ❝♦♥✜❣✉r❛t✐♦♥s 0C✱ 1C ❛♥❞ 2C ❛r❡ ❞❡♣✐❝t❡❞
✐♥ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤✳ ❈♦♥s✐❞❡r✱ ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ 0C ❛♥ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞
❡q✉❛❧ t♦ ∆f = β0∆λfr t❤❛t ♣r♦❞✉❝❡s ❛♥ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❡q✉❛❧ t♦
0
∆v✳ ❚❤❡
s❛♠❡ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ 1C ❛♥❞ 2C ❛♥❞ ✐♥ ❛♥② ♦t❤❡r ❝♦♥✜❣✉r❛t✐♦♥ ❞❡✜♥❡❞
✐♥ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤✳ ❊❛❝❤ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ✇✐❧❧ ♣r♦❞✉❝❡✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡
✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞✱ ❛ ❝❡rt❛✐♥ ✐♥❝r❡♠❡♥t ♦❢ ✇♦r❦ t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s i∆w = βi∆λfTr
i
∆u✳
❈♦♥s✐st❡♥t❧②✱ t❤❡ ❢♦❧❧♦✇ r❛t✐♦ ❝❛♥ ❜❡ ❞❡✜♥❡❞
B =
0∆w/
(
β0∆λ
)
i∆w/
(
βi∆λ
) = fTr 0∆v
fTr
i
∆v
✭❈✳✾✮
❚❤✐s ✐s t❤❡ s♦✲❝❛❧❧❡❞ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ❛♥❞ ✐♥❞✐❝❛t❡s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❝✉rr❡♥t
st✐✛♥❡ss ❛♥❞ t❤❡ st✐✛♥❡ss ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛t❡✳ ■t ♠✉st ❜❡ ♥♦t✐❝❡❞ t❤❛t✱ ❢♦r str✉❝t✉r❡s
t❤❛t ❜❡❝♦♠❡ s♦❢t ✇❤❡♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥❝r❡❛s❡✱ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ❞❡❝r❡❛s❡s ✭✜❣✲
✉r❡ ❈✳✸✱ ✵✲❆ ♣❛t❤✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ❝♦✉❧❞ ❜❡❝♦♠❡ ♥❡❣❛t✐✈❡ ❛♥❞
❡✈❡♥ −∞ ✭✜❣✉r❡ ❈✳✸ ♣♦✐♥t ❇✮✳ ❆♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ✐s t❤❡ r❛t✐♦
❜❡t✇❡❡♥ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❡❧❛st✐❝ ❡♥❡r❣② ❛t t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t ♦❢
❡❧❛st✐❝ ❡♥❡r❣② ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✳
❋✐❣✉r❡ ❈✳✽✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r
❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❞❡✜♥✐t✐♦♥ ✐s t❤❡ ❇❛t♦③ ❛♥❞ ❉❤❛tt ♥♦t❛t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧
✐♥ t❤❡ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♣r♦❝❡❞✉r❡s ❛❞♦♣t❡❞✳ ■♠❛❣✐♥❡ ❛♥ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✽✼
♣r♦❞✉❝❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ i∆v✳ ❚❤✐s ✈❡❝t♦r ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠
iKτ
i
∆v = ∆λfr +
iG ✭❈✳✶✵✮
✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ❝♦♥tr✐❜✉t✐♦♥s ❞❡✜♥❡❞ ❛s
i
∆v = ∆λi∆vt +
i
∆vr ✭❈✳✶✶✮
i
∆vt =
iK−1τ fr;
i
∆vr =
iK−1τ
iG ✭❈✳✶✷✮
❚❤❡ ✜rst ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r i∆vt r❡♣r❡s❡♥ts t❤❡ ❞✐s♣❧❛❝❡♠❡♥t t❤❛t t❤❡ str✉❝t✉r❡
✇♦✉❧❞ ❤❛✈❡ ✐❢ ✐t ✇❛s ❝♦♠♣❧❡t❡❧② ❧✐♥❡❛r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❞❡r✐✈❡❞
❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥ iG✳
❚❤❡ t✇♦ ♠❡t❤♦❞s ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❛♥❞ t❤❡✐r ♥✉♠❡r✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❡①♣♦s❡❞ ✐♥
❜♦t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡✳ ❉❡❡♣ ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ✢♦✇❝❤❛rts
♦❢ ❜♦t❤ ♠❡t❤♦❞s✳
❈✳✶✳✹✳✶ Pr❡❞✐❝t✐♦♥ ♣❤❛s❡
■♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡✱ t❤❡ ✐♥✐t✐❛❧ ✐t❡r❛t✐♦♥ ✭♣r❡❞✐❝t✐♦♥✮ ✐s ♣❡r❢♦r♠❡❞ t♦ ♦❜t❛✐♥ ❛♥ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❛s t❤❡ ❧✐♥❡❛r✐③❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✱ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧
❧♦❛❞ st❡♣✳ ▲❛t❡r✱ t❤✐s s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ✧❝♦rr❡❝t❡❞✧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤❛s❡ ❜② ♠❡❛♥s ♦❢
s❡✈❡r❛❧ ♠❡t❤♦❞s✳
■♥ t❤✐s ♣❤❛s❡✱ t❤❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❧♦❛❞ st❡♣ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞✳
❚❤❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ✐s ❝♦♥s✐❞❡r❡❞ ❜❡❝❛✉s❡✱ s♦♠❡t✐♠❡s✱
t❤❡ str✉❝t✉r❡ ✈❛r✐❡s ✐ts st✐✛♥❡ss ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐✈❡ ♣❛t❤ ❛♥❞✱ ✐❢ ❛ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t
♣❛t❤ ❛♥❛❧②s✐s ✐s ♣❡r❢♦r♠❡❞✱ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ❤❛s t♦ ❜❡ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣❧② t♦ t❤❡
st✐✛♥❡ss ❛t t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♠❛❣✐♥❡ t❤❛t ❛ ❝❡rt❛✐♥ str✉❝t✉r❡✱ ❞✉r✲
✐♥❣ ✐ts ❞❡❢♦r♠❛t✐✈❡ ♣r♦❝❡ss✱ ✐s ♥❡❛r t♦ t❤❡ ♣♦✐♥t ❆ ✐♥ ✜❣✉r❡ ❈✳✸✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ st✐✛♥❡ss
♦❢ t❤❡ str✉❝t✉r❡ ♣r❡s❡♥ts ✐ts ✜rst s✐♥❣✉❧❛r✐t② ❛♥❞ t❤❡ str✉❝t✉r❡ ✐s ♥♦t ❛❜❧❡ t♦ ❝♦✉♥t❡r❛❝t
❛♥② ✐♥❝r❡♠❡♥t✭✶✮ ♦❢ ❧♦❛❞✳ ❖❜✈✐♦✉s❧②✱ ♠❡t❤♦❞s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡ s✐♥❣✉❧❛r✐t✐❡s ✇✐❧❧
❜❡ ❡①♣❧❛✐♥❡❞✳
❚❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t✇♦ ♠❡t❤♦❞s✿ ❆r❝✲▲❡♥❣t❤ ❛♥❞ ❲♦r❦
❝♦♥tr♦❧ ♠❡t❤♦❞s✳ ❚❤❡ ❡①♣❧❛♥❛t✐♦♥ ✇✐❧❧ st❛rt ✇✐t❤ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞✳
❈♦♥s✐❞❡r ✜❣✉r❡ ❈✳✾ ✇❤❡r❡ ❛♥ ✐t❡r❛t✐♦♥ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡ ✐s ❞❡♣✐❝t❡❞✳ ❆s ✐t ❝❛♥
❜❡ s❡❡♥✱ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ❝♦♥tr♦❧s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛❧✐t②
∆l2 = 1∆vT 1∆v =
(
1∆λ∆vt +∆vr
)T (1∆λ∆vt +∆vr) ✭❈✳✶✸✮
✭✶✮❍❡r❡✱ t❤❡ ♥♦t❛t✐♦♥ ✧✐♥❝r❡♠❡♥t✧ ❛♥❞ ✧❞❡❝r❡♠❡♥t✧ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ✐♥t✉✐t✐✈❡ ✇❛② t♦ ✉♥❞❡rst❛♥❞
✇❤❛t ❤❛♣♣❡♥s ♦♥ t❤❡ ❧✐♠✐t ♣♦✐♥ts ❜❡❝❛✉s❡ t❤❡ ♣❧♦ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s✳ ■♥
❣❡♥❡r❛❧✱ t❤❡ ❧♦❛❞ ✇✐❧❧ ❜❡ ✐♥❝r❡❛s❡❞ ♦r ❞❡❝r❡❛s❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❧♦❛❞ ❢❛❝t♦r ✐♥ ❛ ✈❡❝t♦r✐❛❧ ❛♣♣r♦❛❝❤✳
✶✽✽ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❋✐❣✉r❡ ❈✳✾✿ ■t❡r❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡
❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❧♦❛❞ ❢❛❝t♦r 1∆λ ❛s
1∆λ =
±∆l√
∆vTt ∆vt + β
2fTr fr
✭❈✳✶✹✮
❆s ✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞✱ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ✐♠♣♦s❡s ❛ ❣❡♦♠❡tr✐❝ r❡str✐❝t✐♦♥ ✐♥ t❡r♠s
♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r✳ ❚❤❡ ♣❛r❛♠❡t❡r ∆l ✐s✱ ✐♥❞❡❡❞✱ ♥♦♥ ❛❞✐♠❡♥✲
s✐♦♥❛❧✳ ❚❤✐s ♠❛② ❧❡❛❞ t♦ s♦♠❡ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐ts ✈❛❧✉❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t
✐ts ♦♣t✐♠✉♠ ✈❛❧✉❡ ♠✐❣❤t ❜❡ ❞✐✛❡r❡♥t ❢♦r ❡❛❝❤ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✉♥✐ts t❤❛t ❛r❡ ✉s❡❞ t♦
❞❡s❝r✐❜❡ t❤❡ ❣❡♦♠❡tr②✱ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ ❢♦r❝❡s✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ❞✐s❛❞✈❛♥t❛❣❡s
♦❢ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞✳
❚♦ ♦✈❡r❝♦♠❡ t❤✐s ♣r♦❜❧❡♠✱ ❛♥♦t❤❡r ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✱ ✇❤✐❝❤ ✐s t❤❡ ✇♦r❦
❝♦♥tr♦❧ ♠❡t❤♦❞✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ❞✐✛❡r❡♥t r❡str✐❝t✐♦♥ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
✐♥❝r❡♠❡♥t ♦❢ ✇♦r❦ ♣r♦❞✉❝❡❞ ❜② t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❧♦❛❞ ✈❡❝t♦r✳
∆w = 1∆λfTr
1∆λ∆vt ✭❈✳✶✺✮
❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ r❡str✐❝t✐♦♥ ✐♥ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❡①t❡r♥❛❧ ✇♦r❦ ✭✇♦r❦
♣r♦❞✉❝❡❞ ❜② t❤❡ ✐♥❝r❡♠❡♥t ♦❢ t❤❡ ❧♦❛❞✮✳ ❙♦❧✈✐♥❣ ✐t ✐♥ t❡r♠s ♦❢ ∆λ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
1∆λ = ±
√
∆w
fTr ∆vt
✭❈✳✶✻✮
❆s ✐t ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❡q✉❛t✐♦♥s ❈✳✶✹ ❛♥❞ ❈✳✶✻✱ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r t❤❡ ✈❛r✐❛❜❧❡ ∆λ
♠✉st ❜❡ ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts s✐❣♥✳ ❚♦ ❞♦ s♦✱ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ✉s❡❞✳
■♥❞❡❡❞✱ ❛s ✐t ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✱ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ❝❤❛r❛❝t❡r✐③❡s t❤❡ st✐✛♥❡ss
♦❢ t❤❡ str✉❝t✉r❡ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ r❡❢❡rr❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤✐s
♠❡❛♥s t❤❛t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ t❤✐s ♣❛r❛♠❡t❡r ✐♥❞✐❝❛t❡ t❤❡ str✉❝t✉r❡ ✐s ♥♦t ❛❜❧❡ t♦ r❡s✐st
♣♦s✐t✐✈❡ ✐♥❝r❡♠❡♥ts ♦❢ ❧♦❛❞ ❛♥❞ ❛ ♥❡❣❛t✐✈❡ ✐♥❝r❡♠❡♥t ♠✉st ❜❡ ❝❤♦s❡♥ t♦ ❢♦❧❧♦✇ t❤❡ ❞❡❢♦r✲
♠❛t✐✈❡ ♣❛t❤ ♦❢ t❤❡ str✉❝t✉r❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r
✐♥❞✐❝❛t❡ t❤❡ str✉❝t✉r❡ ❝❛♥ ②❡t r❡s✐st ♣♦s✐t✐✈❡ ✐♥❝r❡♠❡♥ts ♦❢ ❧♦❛❞ ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡ ∆λ ✇✐❧❧
❜❡ ❝❤♦s❡♥ ❛s t❤❡ ♣♦s✐t✐✈❡ ♦♥❡✳
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✽✾
❚❤❡ ✢♦✇❝❤❛rt ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡ ✐s t❤❡r❡❢♦r❡ ♣r❡s❡♥t❡❞ ✭✜❣✉r❡ ❈✳✶✵✮✳ ■t ❝❛♥
❜❡ ♥♦t✐❝❡❞ t❤❡ ♣r♦❝❡❞✉r❡s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝✉rr❡♥t st✐✛♥❡ss ♦❢ t❤❡ str✉❝t✉r❡ ❜②
♠❡❛♥s ♦❢ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r✱ t❤❡ t✇♦ ♠❡t❤♦❞s ✭❛r❝✲❧❡♥❣t❤ ❛♥❞ ✇♦r❦ ❝♦♥tr♦❧✮ ❡①♣❧❛✐♥❡❞
❜❡❢♦r❡ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ ✐♥❝r❡❛s✐♥❣ ♦r ❞❡❝r❡❛s✐♥❣ t❤❡ ❧♦❛❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s✐❣♥ ♦❢
t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r✳
❙❚❆❘❚
❚❛♥❣❡♥t st✐✛♥❡ss ♠❛tr✐①✿ Kτ
P❛r❛❧❧❡❧ ❞✐s♣❧❛❝❡♠❡♥t✿ Kτ∆vt = fr
❇❡r❣❛♠ ♣❛r❛♠❡t❡r✿ B =
∣∣fTr 0∆vt∣∣
|fTr ∆vt|
∆λ =
√
∆l
fTr ∆vt
∆λ =
∆l√
∆vTt ∆vt + β
2fTr fr
∆λ = −∆λ
∆v = ∆λ∆vt
vn = vo +∆v
❘❡❛❝t✐♦♥✿ R = R (vn)
❊◆❉
❲♦r❦ ❝♦♥tr♦❧
❆r❝✲▲❡♥❣t❤
B < 0
B > 0
❋✐❣✉r❡ ❈✳✶✵✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡
✶✾✵ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❈✳✶✳✹✳✷ ❈♦rr❡❝t✐♦♥ ♣❤❛s❡
■♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡✱ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ✐s ♣❡r❢♦r♠❡❞ t♦ s❛t✐s❢② t❤❡ ❡q✉✐❧✐❜r✐✉♠
❝♦♥❞✐t✐♦♥s ❛♥❞ t♦ ❣✐✈❡ ❛ ♠♦r❡ ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❧♦❛❞ st❡♣✳ ❚❤❡ s✐t✉❛t✐♦♥
❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✶✐s ❝♦♥s✐❞❡r❡❞✱ ✇❤❡r❡ ❛ ♣r❡❞✐❝t✐♦♥ ✐t❡r❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛♥❞
t❤❡ ❛❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r❛t❡❞ ♦♥❡ ❜❡❝❛✉s❡ ✐t ❞♦❡s ♥♦t ❧✐❡ ♦♥ t❤❡ ❢♦r❝❡✲
❞✐s♣❧❛❝❡♠❡♥t ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳ ❚♦ ❛❝❤✐❡✈❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ❛ ❝♦rr❡❝t✐♦♥ s❝❤❡♠❡ ♠✉st ❜❡
♣❡r❢♦r♠❡❞✳ ■t❡r❛t✐✈❡❧②✱ ❛ ♥❡✇ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r δv ✇✐❧❧ ❜❡ ❝♦♠♣✉t❡❞ ❛♥❞
❛❞❞❡❞ t♦ t❤❡ ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ∆v✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❇❛t♦③ ❛♥❞ ❉❤❛tt ♣r❡✈✐♦✉s❧②
❡①♣❧❛✐♥❡❞✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥
δv = δvr + δλδvt ✭❈✳✶✼✮
δvr =K
−1
τ G; δvt =K
−1
τ fr ✭❈✳✶✽✮
✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡s ❛❧r❡❛❞② ❞❡✜♥❡❞ ❛s✿ G t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥✱ fr t❤❡ r❡❢❡r❡♥❝❡
❧♦❛❞ ✈❡❝t♦r✱ Kτ t❤❡ ❝✉rr❡♥t t❛♥❣❡♥t st✐✛♥❡ss ♠❛tr✐①✱ δλ t❤❡ ❝♦rr❡❝t✐♦♥ ✐♥❝r❡♠❡♥t ♦❢ t❤❡
❧♦❛❞ ♣❛r❛♠❡t❡r✳ ❚❤✐s ♠❡❛♥s t❤❛t✱ ❞✉r✐♥❣ t❤❡ ❝♦rr❡❝t✐♦♥ ♣r♦❝❡❞✉r❡✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❜✉t
❛❧s♦ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ❝❤❛♥❣❡ t♦ ❡♥s✉r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥✳
❚❤❡ t✇♦ ♠❡t❤♦❞s ♣r♦♣♦s❡❞ ❢♦r t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳
❚❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ✐s ✜rst ✐♥tr♦❞✉❝❝❡❞ ❛♥❞ ❛❢t❡r t❤❡ ❲♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✇✐❧❧ ❜❡
❞✐s❝✉ss❡❞✳
❋✐❣✉r❡ ❈✳✶✶✿ ❈♦rr❡❝t✐♦♥ ♣❤❛s❡ ❞✉r✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ♣r♦❝❡❞✉r❡
■♥ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞✱ ❛ ❣❡♥❡r❛❧ ✐t❡r❛t✐♦♥ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ❝❤❛r❛❝✲
t❡r✐③❡❞ ❜② t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ❢❛❝t♦r 1δλ ❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r 1δv✳
❚❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ❝♦♥s✐❞❡rs t❤❡ ❢♦❧❧♦✇✐♥❣ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts
∆l2 = 2∆vT 2∆v + 2∆λfTr
2∆λfr ✭❈✳✶✾✮
✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥ 2C ❛r❡ ❞❡✜♥❡❞ ❛s
2
∆v = 1∆v + 1δv
2∆λ = 1∆λ+ 1δλ
✭❈✳✷✵✮
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✾✶
❯s✐♥❣ ❡q✉❛t✐♦♥s ❈✳✶✷ ❛♥❞ ❈✳✷✵✱ ✐t ♠❛t ❜❡ ✇r✐tt❡♥(
1
∆vT + 1δvT
) (
1
∆v + 1δv
)
+
(
β1∆λ+ β1δλ
)2
fTr fr = ∆l
2 ✭❈✳✷✶✮
✇❤✐❝❤ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥ ❈✳✶✼ ✐♥t♦
(
1
∆vT + 1δvTr + βδλf
T
r
) (
1
∆v + 1δvr + βδλfr
)
+
(
β1∆λ+ β1δλ
)2
fTr fr = ∆l
2 ✭❈✳✷✷✮
❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥ ❛ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❡✣❝✐❡♥ts
a1δλ2 + b1δλ+ c = 0
a = δvTt δvt + β
2fTr fr
b = 2δvTr δvr + 2
1
∆vTδvt + 2
1∆λβ2fTr fr
c = −∆l2 + 1∆vT 1∆v + δvTr δvr + 21∆vTδvr + 1∆λ2β2fTr fr
✭❈✳✷✸✮
❙♦❧✈✐♥❣ ✐t✱ t✇♦ ✐♥❝r❡♠❡♥ts ♦❢ ❧♦❛❞ ❢❛❝t♦r ♠❛② ❜❡ ♦❜t❛✐♥❡❞✳
1δλ1,2 =
−b±√b2 − 4ac
2a
✭❈✳✷✹✮
❋♦r ❡❛❝❤ ✐♥❝r❡♠❡♥t✱ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
1δv1 = δvr + δλ1δvt
1δv2 = δvr + δλ2δvt
✭❈✳✷✺✮
■♥ t❤✐s t❤❡s✐s✱ t✇♦ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✉s❡❞✿ ❛♥❣❧❡ ♠❡t❤♦❞ ❛♥❞ r❡st♦r✐♥❣ ♠❡t❤♦❞ ✳
❚❤❡ ❛♥❣❧❡ ♠❡t❤♦❞ ❝♦♥s✐sts ♦♥ ❝❤♦♦s✐♥❣ t❤❡ ♦♣t✐♦♥s ✇❤♦s❡ ❛♥❣❧❡ ✇✐t❤ r❡s♣❡❝t t❤❡
✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡ 1∆v ✐s s♠❛❧❧❡r✳ ❈♦♥s✐❞❡r
t❤❡ t✇♦ ❝♦s✐♥❡s ❞❡✜♥❡❞ ❛s
cos θ1 =
1
∆vT 1δv1∣∣1∆v∣∣ ∣∣1δv1∣∣ ; cos θ2 =
1
∆vT 1δv2∣∣1∆v∣∣ ∣∣1δv2∣∣ ✭❈✳✷✻✮
❚❤✐s ♠❡t❤♦❞ ✐s ❡❛s✐❧② ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❈✳✶✷✱ ✇❤❡r❡ t❤❡ t✇♦ ♦♣t✐♦♥s ✇✐t❤ t❤❡✐r ❝♦rr❡✲
s♣♦♥❞✐♥❣ ❝♦s✐♥❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳
❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❜❡r② r♦❜✉st ❛♥❞ ❡✣❝✐❡♥t✱ ❜✉t s♦♠❡t✐♠❡s✱ ✇❤❡♥ t❤❡
str✉❝t✉r❡ ♣r❡s❡♥ts str♦♥❣ s♥❛♣✲❜❛❝❦ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ♠❡t❤♦❞ ✐s ♥♦t ❛❜❧❡ t♦ ❝♦♥✈❡r❣❡ ❛♥❞
✉♥❡✣❝✐❡♥t❧② s♠❛❧❧ ❛r❝ ♣❛r❛♠❡t❡r ∆l ♠✉st ❜❡ ✉s❡❞✳
✶✾✷ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❋✐❣✉r❡ ❈✳✶✷✿ ❆♥❣❧❡ ♠❡t❤♦❞ ✐♥ t❤❡ ❛r❝✲❧❡♥❣t❤ ❝♦rr❡❝t✐♦♥ ♣r♦❝❡❞✉r❡
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛ s❡❝♦♥❞ ♠❡t❤♦❞ ✐s ♣r❡s❡♥t❡❞ t♦ ❞❡❛❧ ✇✐t❤ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡
❛♥❣❧❡ ♠❡t❤♦❞ ✐s ♥♦t ❛❜❧❡ t♦ ❝❛t❝❤ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ♦❢ t❤❡ str✉❝t✉r❡✳ ■♥st❡❛❞ ♦❢
❝❤♦♦s✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ❛s ❞♦♥❡ ✐♥ t❤❡ ❛♥❣❧❡ ♠❡t❤♦❞✱ t❤❡ ❝♦♥❞✐t✐♦♥
✐s ✐♠♣♦s❡❞ ✐♥ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r
t❤❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ δv1 ❛♥❞ δv2 ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ s♦❧✈✐♥❣
❡q✉❛t✐♦♥ ❈✳✷✸✳
2v1 =
1v + 1∆v + 1δv1
2v2 =
1v + 1∆v + 1δv2
✭❈✳✷✼✮
❋♦r ❡❛❝❤ ♥❡✇ ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ r❡❛❝t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞
♦♥ ❡❛❝❤ ❝❛s❡✳
2v1 → 2R1 → 2G1
2v2 → 2R2 → 2G2 ✭❈✳✷✽✮
❚❤❡ r❡st♦r✐♥❣ ♠❡t❤♦❞ ❝♦♥s✐❞❡rs t❤❡ s♦❧✉t✐♦♥ ❛s t❤❡ ♦♥❡ ✇❤✐❝❤ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥ ❤❛s
t❤❡ ❧♦✇❡st ♠♦❞✉❧✉s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s♦❧✉t✐♦♥ ❝❤♦s❡♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣♦ss✐❜❧❡s ✇✐❧❧
❜❡ t❤❡ ♦♥❡ ✇❤♦s❡ r❡❛❝t✐♦♥ ✐s ❝❧♦s❡r t♦ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞✳ ❙❡❡ ✜❣✉r❡ ❈✳✶✸ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
❋✐❣✉r❡ ❈✳✶✸✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ ❜② t❤❡ r❡st♦r✐♥❣ ♠❡t❤♦❞ ✐♥ t❤❡ ❛r❝✲❧❡♥❣t❤ ♣r♦❝❡✲
❞✉r❡
❈✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✶✾✸
❚❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞ ❛♥❞ t✇♦ ♣♦ss✐❜❧❡ ❛❧t❡r♥❛t✐✈❡s ❤❛✈❡ ❜❡❡♥
❞✐s❝✉ss❡❞✳ ◆♦✇✱ t❤❡ ❛tt❡♥t✐♦♥ ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s✱
t❤❡ ❲♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞✳
❚❤❡ r❡str✐❝t✐♦♥ t❤❛t t❤❡ ✇♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✐♠♣♦s❡s t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ✐s t❤❛t t❤❡
✇♦r❦ ♣r♦❞✉❝❡❞ ❜② t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❢♦r❝❡ ✇✐t❤ t❤❡ ♥❡✇ ✐♥❝r❡♠❡♥t❛❧ ✈❡❝t♦r ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥
♣❤❛s❡ ♠✉st ❜❡ ♥✉❧❧✳ ❚❤✐s ❧❡❛❞s t♦
δw = 1δλfTr
1δv = 0 ✭❈✳✷✾✮
❯s✐♥❣ ❡q✉❛t✐♦♥ ❈✳✶✼✱ t❤❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s
1δλfTr
(
δvr +
1δλδvt
)
= 0 ✭❈✳✸✵✮
❚❤✐s ❡q✉❛t✐♦♥ ❤❛s t✇♦ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ tr✐✈✐❛❧ s♦❧✉t✐♦♥✱ ✇❤✐❝❤
❧❡❛❞s t♦ ❛ ♥✉❧❧ ❞✐s♣❧❛❝❡♠❡♥t ✐♥❝r❡♠❡♥t ✭t❤✐s s♦❧✉t✐♦♥ ✐s ♥♦t ✐♥t❡r❡st✐♥❣ ❢♦r t❤❡ ♣r♦❝❡❞✉r❡✮✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥ ❣✐✈❡s ❛♥ ✐♥❝r❡♠❡♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r t❤❛t ✐s
♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❡❢❡r❡♥❝❡ ❧♦❛❞ ✈❡❝t♦r✳ ❙♦❧✈✐♥❣ ❡q✉❛t✐♦♥ ❈✳✸✵ ✇✐t❤ r❡s♣❡❝t t♦ 1δλ✱ ✐t
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
1δλ = −f
T
r δvr
fTr δvt
✭❈✳✸✶✮
❚❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✐s ♣❡r❢♦r♠❡❞ ✉♥t✐❧ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦♥✲
✜❣✉r❛t✐♦♥ ❡q✉❛❧s t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ ✭♦r ✇❤❡♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥s ❣♦❡s ✉♥❞❡r t❤❡ ✜①❡❞
t♦❧❡r❛♥❝❡✮ ❛♥❞ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ❆t ❡❛❝❤ ✐t❡r❛t✐♦♥ ♦❢ t❤✐s
♣r♦❝❡ss✱ t❤❡ t✇♦ ♠❡t❤♦❞s ❡①♣♦s❡❞ ♠❛② ❜❡ ✉s❡❞ t♦ ❛❝❤✐❡✈❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠✳
■♥ ♦r❞❡r t♦ ❝❧❛r✐❢② t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦❝❡❞✉r❡✱ t✇♦ ✢♦✇ ❝❤❛rts ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✳ ❚❤❡ ✜rst
♦♥❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✢♦✇ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ t✇♦ ♠❡t❤♦❞s
❞✐s❝✉ss❡❞ ❜❡❢♦r❡ ✭❛r❝✲❧❡♥❣t❤ ❛♥❞ ✇♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞s ✐♥ ✜❣✉r❡ ❈✳✶✹ ✮✳ ❚❤❡ s❡❝♦♥❞
❞✐❛❣r❛♠ ❢♦❝✉s❡s ♦♥ t❤❡ ❛r❝✲❧❡♥❣t❤ ♠❡t❤♦❞s ✭✜❣✉r❡ ❈✳✶✺ ✮ ❜❡❝❛✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s
r❡q✉✐r❡❞ ✇✐t❤ t❤✐s ♠❡t❤♦❞ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ ✇♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞✳
✶✾✹ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❙❚❆❘❚
■t❡r❛t✐♦♥ ❧♦♦♣
k = k + 1
❊q✉✐❧✐❜r✐✉♠ ❢✉♥❝t✐♦♥✿ G = λfr −R
❉✐s♣❧❛❝❡♠❡♥ts✿
δvt =K
−1
τ G
δvr =K
−1
τ fr
❆r❝✲▲❡♥❣t❤
δλ =
fTr δvr
fTr δvt
δv = δvr − δλδvt
❯♣❞❛t❡ ❞✐s♣❧❛❝❡♠❡♥ts✿
vn = vo + δv
❝♦♠♣✉t❡ ❡rr♦rs
❘❡❛❝t✐♦♥✿ R = R (vn)
❇r❡❛❦
❙t♦♣ ❊♥❞ ✐t❡r❛t✐♦♥ ❧♦♦♣
❊◆❉
❲♦r❦ ❝♦♥tr♦❧
❆r❝✲❧❡♥❣t❤
❝♦♥✈❡r❣❡♥❝❡
♥♦ ❝♦♥✈❡r❣❡♥❝❡
k = nIterMax
k < nIterMax
❋✐❣✉r❡ ❈✳✶✹✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡
❈✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✶✾✺
❙❚❆❘❚
a = δvTt δvt + β
2fTr fr
b = −2δvTr δvt − 2∆vTδvt − 2∆λβ2fTr fr
c = −∆l2 +∆vT∆v+
δvTr δvr + 2∆v
Tδvr +∆λ
2β2fTr fr
d = b2 − 4ac
❇r❡❛❦
δλi =
−b±√b2 − 4ac
2a
δvi = δvr − δλiδvt
; ∀i = 1, 2 ∆l = ∆l
2
δv ❛s t❤❡ ♦♥❡
♥❡❛r❡st t♦ ∆v
●♦ t♦
♣r❡❞✐❝t✐♦♥ ♣❤❛s❡
δv ❛s t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❧♦✇❡st G
❊◆❉
d ≤ 0
d > 0
❘❡st♦r✐♥❣ ♠❡t❤♦❞
❆♥❣❧❡ ♠❡t❤♦❞
❋✐❣✉r❡ ❈✳✶✺✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ❆r❝✲▲❡♥❣t❤ ♠❡t❤♦❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡
❈✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts
❚❤❡ ❞✐✛❡r❡♥t ❞✐❛❣r❛♠s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥s ♣❤❛s❡s ♠✐❣❤t ❜❡ ✉s❡❞
t♦❣❡t❤❡r t♦ ❞❡✈❡❧♦♣ ❛ ♥✉♠❡r✐❝❛❧ ❝♦❞❡ t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥❧✐♥❡❛r str✉❝t✉r❛❧ ♣r♦❜❧❡♠s✳ ❚❤❡ ❞✐✲
❛❣r❛♠s ❈✳✶✵ ❛♥❞ ❈✳✶✹ ❛r❡ t❤❡ t✇♦ ♠♦st ✐♠♣♦rt❛♥t ❜❡❝❛✉s❡ ❞❡✜♥❡ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❢♦❧❧♦✇
✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡✱ r❡s♣❡❝t✐✈❡❧②✳
❙♦♠❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❛♥❞ s♦♠❡ ♣r♦❝❡❞✉r❡s
t♦ ✉♣❞❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝♦❞❡ ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞✳ ❚❤❡ ❙✇✐t❝❤✐♥❣
♣r♦❝❡❞✉r❡ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✜rst✳ ▲❛t❡r✱ ❛ t❡❝❤♥✐q✉❡ t♦ ♠♦❞✐❢② t❤❡ ❝♦❞❡ t♦ ❜❡ ❛❜❧❡ t♦ ❞❡✜♥❡
t❤❡ ❧♦❛❞ ✐♥❝r❡♠❡♥t ❛✉t♦♠❛t✐❝❛❧❧② ✇✐❧❧ ❜❡ ♣r♦✈✐❞❡❞ ❛♥❞ ❞✐❝✉ss❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♥✈❡r❣❡♥❝❡
♣r♦❜❧❡♠s✳
✶✾✻ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❈✳✷✳✶ ❙✇✐t❝❤✐♥❣
❈♦♥s✐❞❡r✐♥❣ ✜❣✉r❡ ❈✳✸✱ ✇❤❡r❡ ❛ ❣❡♥❡r❛❧ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤ ✐s ❞❡♣✐❝t❡❞✱ t❤❡ ♣❛t❤ ✵✲
❆ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❛ st❛❜❧❡ ③♦♥❡ ❜❡❝❛✉s❡ t❤❡ st✐✛♥❡ss ✇❛s ♣♦s✐t✐✈❡ ❞❡✜♥❡❞ ✭❚❤❡
❇❡r❣❛♠ ♣❛r❛♠❡t❡r ❤❛s ♣♦s✐t✐✈❡ ✈❛❧✉❡s✮✳ ❚❤✐s ♣❛rt ♦❢ t❤❡ ♣❛t❤ ❝❛♥ ❜❡ ❢❛❝❡❞ ✉s✐♥❣ ❛ ❝❧❛ss✐❝
◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡ ❜✉t✱ ✇❤❡♥ t❤❡ ③♦♥❡ ❝❧♦s❡ t♦ t❤❡ ❆ ♣♦✐♥t ✐s r❡❛❝❤❡❞✱ t❤❡ s❝❤❡♠❡
♠❛② ❞✐✈❡r❣❡✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ❛ ♥❡✇ ♣r♦❝❡❞✉r❡ ✐s ♣r❡s❡♥t❡❞ t♦ ❞❡❛❧ ✇✐t❤✳ ❚❤✐s
♥❡✇ ♣r♦❝❡❞✉r❡✱ ❝❛❧❧❡❞ ❙✇✐t❝❤✐♥❣ ♣r♦❝❡❞✉r❡✱ ❛❧❧♦✇s t❤❡ ♣r♦❣r❛♠ t♦ ❥✉♠♣ ❢r♦♠ t❤❡ ❝❧❛ss✐❝
◆❡✇t♦♥✲❘❛♣❤s♦♥ t♦ t❤❡ ♠♦r❡ ❛❞✈❛♥❝❡❞ ❆r❝✲❧❡♥❣t❤ ♦r ✇♦r❦ ❝♦♥tr♦❧ ♠❡t❤♦❞s ❞✉r✐♥❣ t❤❡
✐t❡r❛t✐♦♥ ♣r♦❝❡ss✳
❚♦ ❞♦ s♦✱ t❤❡ ♣r♦❝❡❞✉r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r✳ ❚❤❡ ✉s❡r ♠❛② ❞❡✜♥❡ ❛
❝r✐t✐❝ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r ✈❛❧✉❡ ❢r♦♠ ✇❤✐❝❤ t❤❡ ❙✇✐t❝❤✐♥❣ ♣r♦❝❡❞✉r❡ ♠❛② ❜❡ ❛❝t✐✈❛t❡❞✳
❚❤✐s ❝❤❡❝❦ ✐♥ t❤❡ ♣r♦❣r❛♠ ♠✉st ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❜♦t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡s
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✢♦✇❝❤❛rt✳
❙❚❆❘❚
❈♦♠♣✉t❡ ❇❡r❣❛♠ ♣❛r❛♠❡t❡r✿B
❉❡✜♥❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞✿
❆r❝✲▲❡♥❣t❤ ♦r ❲♦r❦ ❝♦♥tr♦❧
❉❡✜♥❡ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞✿
◆❡✇t♦♥✲❘❛♣❤s♦♥
❊◆❉
B > B B ≤ B
❋✐❣✉r❡ ❈✳✶✻✿ ❋❧♦✇ ❝❤❛rt ♦❢ ❙✇✐t❝❤✐♥❣ ♣r♦❝❡❞✉r❡
❈✳✷✳✷ ❆✉t♦♠❛t✐❝ ❧♦❛❞ ✐♥❝r❡♠❡♥t
❙♦♠❡t✐♠❡s✱ t❤❡ ♣r♦❣r❛♠ ♣❡r❢♦r♠s ♠❛♥② ✐t❡r❛t✐♦♥s ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ❞✉❡ t♦ t❤❡ ❤✐❣❤
♥♦♥❧✐♥❡❛r✐t✐❡s ♦❢ t❤❡ str✉❝t✉r❡✳ ❋r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡
❞✐✣❝✉❧t② ♠❛② ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ♦♥ ❡❛❝❤ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡✳
❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ✐t❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ❛r❡ ❢❡✇✱ t❤❡ ♣r♦❣r❛♠ ❞♦❡s ♥♦t ✜♥❞ ❛♥② ❞✐✣❝✉❧t②
t♦ ❝♦♠♣✉t❡ t❤❡ s♦❧✉t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♠❛② ✐♥❞✐❝❛t❡
t❤❛t t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ♣❛r❛♠❡t❡r ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ♣r❡❞✐❝t✐♦♥ ♣❤❛s❡ ✐s t♦♦ ❜✐❣ ✭✐♥ ❝❛s❡
❛ ❝❧❛ss✐❝ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡ ✐s ❜❡✐♥❣ ✉s❡❞✮ ♦r t❤❛t t❤❡ ❛r❝ ❧❡♥❣t❤ ♣❛r❛♠❡t❡r ✉s❡❞ ✐♥
t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✐s ♥♦t ❛❞❡q✉❛t❡ ✭✐♥ ❝❛s❡ ❛♥ ❛r❝✲❧❡♥❣t❤ ♣r♦❝❡❞✉r❡ ✐s ❜❡✐♥❣ ✉s❡❞✮✳
▲❡t ✉s ❞❡✜♥❡ Io ❛s t❤❡ ♦♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❝♦❞❡ ❜② t❤❡
✉s❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ Ii ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥
♣❤❛s❡ ♥✉♠❜❡r i✳ ❖❜✈✐♦✉s❧②✱ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ❝♦rr❡❝t✐♦♥
❈✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✶✾✼
♣❤❛s❡ ❤❛✈❡ ❜❡❡♥ ❜✐❣❣❡r t❤❡ t❤❡ ♦♣t✐♠✉♠ ♦♥❡✱ t❤❡ ♣r♦❣r❛♠ ❝♦✉❧❞ ❛❞❥✉st t❤❡ ✐♥❝r❡♠❡♥t ♦❢
❧♦❛❞ ❢❛❝t♦r ♦r t❤❡ ❛r❝✲❧❡♥❣t❤ ♣❛r❛♠❡t❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧♦❝❛❧ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡
str✉❝t✉r❡ r❡s♣♦♥❞s✳ ■♥ t❤✐s t❤❡s✐s✱ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ t♦ ✉♣❞❛t❡ ❜♦t❤ t❤❡ ✐♥❝r❡♠❡♥t
♦❢ ❧♦❛❞ ❢❛❝t♦r ❛♥❞ ❛r❝✲❧❡♥❣t❤ ♣❛r❛♠❡t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆❧s♦✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✢♦✇❝❤❛rt
✭✜❣✉r❡ ❈✳✶✼ ✮ ❡①♣❧❛✐♥s ✇❤❡r❡ t❤❡ ♣r❡✈✐♦✉s ♠♦❞✐✜❝❛t✐♦♥ ♠✉st ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳
i+1∆λ = i∆λ
√
Id
Ii
; i+1∆l = i∆l
√
Id
Ii
✭❈✳✸✷✮
❙❚❆❘❚
■♥❝r❡♠❡♥t❛❧ ❧♦❛❞ ❧♦♦♣
❯♣❞❛t❡ ∆l✿
∆l = ∆l
√
Io
Ii
❯♣❞❛t❡ ∆λ✿
∆λ = ∆λ
√
Io
Ii
Pr❡❞✐❝t✐♦♥ ♣❤❛s❡
❈♦rr❡❝t✐♦♥ ♣❤❛s❡
❯♣❞❛t❡ Ii
❊♥❞ ❧♦❛❞ ❧♦♦♣
P♦st♣r♦❝❡ss✐♥❣
❊◆❉
◆❡✇t♦♥✲❘❛♣❤s♦♥
s❝❤❡♠❡
■♠♣r♦✈❡❞
◆✲❘ s❝❤❡♠❡
i = nIncLoad
i < nIncLoad
❋✐❣✉r❡ ❈✳✶✼✿ ❋❧♦✇ ❝❤❛rt ♦❢ t❤❡ ❛✉t♦♠❛t✐❝ ❧♦❛❞ ✐♥❝r❡♠❡♥t ♣r♦❝❡❞✉r❡
✶✾✽ ◆✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♥♦♥ ❧✐♥❡❛r ❛♥❛❧②s✐s
❈✳✷✳✸ Pr❡❝♦♥❞✐t✐♦♥✐♥❣ ❛♥❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠
❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s②st❡♠
Ku = f ✭❈✳✸✸✮
■❢ t❤❡ ❡♥tr✐❡s ♦❢ K ✈❛r② ❣r❡❛t❧② ✐♥ s✐③❡✱ ✐t ✐s ❧✐❦❡❧② t❤❛t ❞✉r✐♥❣ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ ♣r♦❝❡ss
❧❛r❣❡ ❡♥tr✐❡s ❛r❡ s✉♠♠❡❞ t♦ s♠❛❧❧ ❡♥tr✐❡s✱ ✇✐t❤ ❛ ❝♦♥s❡q✉❡♥t ♦♥s❡t ♦❢ r♦✉♥❞✐♥❣ ❡rr♦rs✳ ❚♦
st✉❞② t❤✐s✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ♠❛tr✐① K ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞✳
❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r C (K) ♦❢ ❛ ♠❛tr✐① K ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
C (K) = |K| ∣∣K−1∣∣ ✭❈✳✸✹✮
■t ❝❛♥ ❜❡ ♣r♦✈❡❞ ✭s❡❡ ❬◗✉❛rt❡r♦♥✐✱ ✷✵✵✵❪✮ t❤❛t ❢♦r s②♠♠❡tr✐❝ ❞❡✜♥✐t❡ ♣♦s✐t✐✈❡ ♠❛tr✐❝❡s✱
t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r r❡❞✉❝❡s t♦ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❜✐❣❣❡st ❛♥❞ t❤❡
s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐①✱ ✇❤✐❝❤ ❛r❡ ❡①♣r❡ss❡❞ ❛s λM ❛♥❞ λm r❡s♣❡❝t✐✈❡❧②✳
C (K) =
λM
λm
✭❈✳✸✺✮
■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ ❛ ♠❛tr✐① ❛✛❡❝ts t❤❡ st❛❜✐❧✐t②✭✷✮ ♦❢ t❤❡
❧✐♥❡❛r s②st❡♠✳ ❚❤✐s s❡♥t❡♥❝❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛✳
δu
u
≤ C (K)
1− C (K)
δf
f
✭❈✳✸✻✮
■♥ t❤✐s t❤❡s✐s✱ ❛ ♠❡t❤♦❞ t♦ ♣r❡❝♦♥❞✐t✐♦♥ t❤❡ ❛♠tr✐① ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ♦♥ ❡❛❝❤
✐t❡r❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞✳ ❈♦♥s✐❞❡r ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❞❡✜♥❡❞ ❛s
❢♦❧❧♦✇s
D =
 β
r1
✳ ✳ ✳
βrn
 ✭❈✳✸✼✮
❛♥❞ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥❡❞ s②st❡♠
DKD︸ ︷︷ ︸
A
D−1u︸ ︷︷ ︸
x
= Df︸︷︷︸
b
✭❈✳✸✽✮
❚❤✐s ♥❡✇ s②st❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❞ t❤❡ ✈❡❝t♦r x ♦❜t❛✐♥❡❞✳ ❚❤❡♥✱ t❤❡ r❡❛❧ ✈❡❝t♦r u
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ x ❛s
u =Dx ✭❈✳✸✾✮
❆♥ ✐♠♣♦rt❛♥t ♠❛tt❡r ✐s ❤♦✇ t♦ ❝❤♦♦s❡ t❤❡ ♠❛tr✐① D✳ ■♥ t❤✐s ✇♦r❦✱ t❤❡ ♠❡t❤♦❞ ✉s❡❞
t♦ ♦❜t❛✐♥❡❞ t❤❡ ♠❛tr✐① ✐s ✐♠♣♦s✐♥❣ ❛ r❡str✐❝t✐♦♥ ✐♥ t❤❡ ❞✐❛❣♦♥❛❧ t❡r♠s ♦❢ t❤❡ ♠❛tr✐① A✱
✇❤✐❝❤ ✐s
✭✷✮❍❡r❡✱ t❤❡ t❡r♠ st❛❜✐❧✐t② ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❤♦✇ ♠✉❝❤ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts δu ✐s ❛✛❡❝tt❡❞ ❜② ❛
✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ✐♥♣✉t ♦❢ t❤❡ s②st❡♠ δf
❈✳✷ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛s♣❡❝ts ✶✾✾
∀i = 1, . . . , n 1 ≤ |Aii| ≤ β ✭❈✳✹✵✮
❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s ♦❢ t❤❡ ♠❛tr✐① A ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❡r♠s ♦❢ t❤❡
❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐① K ❛s
Aii = β
2riKii ✭❈✳✹✶✮
t❤❡ ❡q✉❛t✐♦♥ ❈✳✹✵ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts ri✳
rm = − ln (|Kii|)
2 ln (β)
≤ ri ≤ ln (β)− ln (|Kii|)
2 ln (β)
= rM ✭❈✳✹✷✮
❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡s❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❛❧✇❛②s s❛t✐s✜❡❞ ♥♦♠❛tt❡r t❤❡ ✈❛❧✉❡ ♦❢Kii✱
❛ s♦❧✉t✐♦♥ t❤❛t s❛t✐s✜❡s ❈✳✹✷ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛s t❤❡ ♠❡❞✐✉♠ ❜❡t✇❡❡♥ rm ❛♥❞ rM ✳
ri =
ln (β)− 2 ln (|Kii|)
4 ln (β)
✭❈✳✹✸✮
❚❤❡ ♠❡t❤♦❞ ♣r❡✈✐♦✉s❧② ❡①♣♦s❡❞ ❛❧❧♦✇s t♦ ♣r❡❝♦♥❞✐t✐♦♥ t❤❡ ❧✐♥❡❛r s②st❡♠✳ ❉✉r✐♥❣ t❤❡
♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✱ t❤✐s t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② ❡✛❡❝t✐✈❡✳
■♥ ❛❞❞✐tt✐♦♥✱ ❛♥ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ ❛❧s♦ ✐♠♣❧❡♠❡♥t❡❞ t♦ ❞❡❛❧ ✇✐t❤ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞
s②st❡♠s ✇❤❡♥ t❤❡ ♠❡t❤♦❞ ♣r❡✈✐♦✉s❧② ❡①♣❧❛✐♥❡❞ ✐s ♥♦t ❛❜❧❡ t♦ ❝♦♠♣❧❡t❡❧② ❝♦♥❞✐t✐♦♥ t❤❡
s②st❡♠✳ ❚❤❡ ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❡❞ ✐s ❝❛❧❧❡❞ ✐t❡r❛t✐✈❡ r❡✜♥❡♠❡♥t✳
❲❤❡♥ t❤❡ ♠❛tr✐① ♦❢ ❛ ❧✐♥❡❛r s②st❡♠ ✐s ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ❛♥❞ t❤❡ t❡❝❤♥✐q✉❡ t♦ ❝♦♥❞✐t✐♦♥
✐t ❢❛✐❧s✱ t❤❡ ✐t❡r❛t✐✈❡ r❡✜♥❡♠❡♥t t❡❝❤♥✐q✉❡ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ t❤❡ s②st❡♠✳ ❈♦♥s✐❞❡r
t❤❡ s②st❡♠ ❈✳✸✸ ✇✐t❤ ❛♥ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ♠❛tr✐① A✳ ❚❤❡ ✐t❡r❛t✐✈❡ r❡✜♥❡♠❡♥t ✐s ❛ t❡❝❤♥✐❝
❢♦r ✐♠♣r♦✈✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛ s♦❧✉t✐♦♥ ②✐❡❧❞❡❞ ❜② ❛ ❞✐r❡❝t ♠❡t❤♦❞✳ ❙✉♣♣♦s❡ t❤❛t t❤❡
❧✐♥❡❛r s②st❡♠ ❤❛s ❜❡❡♥ s♦❧✈❡❞✱ ❛♥❞ ❞❡♥♦t❡ x0 t❤❡ ✜rst s♦❧✉t✐♦♥✳ ❍❛✈✐♥❣ ✜①❡❞ ❛ t♦❧❡r❛♥❝❡
tol t❤❡ ✐t❡r❛t✐✈❡ r❡✜♥❡♠❡♥t ♣❡r❢♦r♠s ❛s ❢♦❧❧♦✇s✿ ❢♦r i = 1, . . . , ✉♥t✐❧❧ ❝♦♥✈❡r❣❡♥❝❡✿
✶✳ ❈♦♠♣✉t❡ r❡s✐❞✉❛❧ ✈❡❝t♦r✿ r(i) = f −Kx(i)
✷✳ ❙♦❧✈❡ t❤❡ ❧✐♥❡❛r s②st❡♠ Kz = r(i)
✸✳ ❯♣❞❛t❡ s♦❧✉t✐♦♥✿ x(i+1) = x(i) + z
✹✳ ■❢
|z|
|x(i+1)| ≤ tol ❛♥❞
∣∣r(i)∣∣
f
≤ tol t❤❡ ♣r♦❝❡❞✉r❡ ❝❛♥ st♦♣✱ ♦t❤❡r✇✐s❡ st❛rt ❛t st❡♣ ✶✳
❚❤✐s ♣r♦❝❡❞✉r❡ ❛❧❧♦✇s t♦ s♦❧✈❡ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ s②st❡♠s ✇✐t❤ r❡❧❛t✐✈❡❧② ✇❡❧❧ st❛❜✐❧✐t②✳
❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬◗✉❛rt❡r♦♥✐✱ ✷✵✵✵❪✳

D ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ s♦♠❡ s❡❝t✐♦♥s ❛r❡ ❛♥❛❧②③❡❞ ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ t❤❡ ✷❉ ❛♥❞ ✸❉ ♠♦❞❡❧s✳
❋✐❣✉r❡ ❉✳✶ s❤♦✇s t❤❡ s❡❝t✐♦♥s ❛♥❛❧②③❡❞✳
✭❛✮ ❘❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✭❜✮ ❈✐r❝✉❧❛r s❡❝t✐♦♥ ✭❝✮ ❚r❛♣❡③✐♦♥❞❛❧ s❡❝t✐♦♥
✭❞✮ ❇♦① s❡❝t✐♦♥
❋✐❣✉r❡ ❉✳✶✿ ❙❡❝t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞
❆❧t❤♦✉❣❤t t❤❡ ❡q✉❛t✐♦♥s ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞ ❝❛♥ ❜❡ ✉s❡❞ ❛ss✉♠✐♥❣ ❛♥② ♣♦s✐t✐♦♥ ❛♥❞
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ✜rst ❞❡r✐✈❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❛t
t❤❡ s❡❝t✐♦♥s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ❛♥❞ t❤❡ ♦♥❧② ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✐s t❤❡ ✈❡rt✐✲
❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ❜❡❛♠ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥
❝❤❛♣t❡r ✹✱ ✇❤❡r❡ ❛ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ❛♥❞ t❡st❡❞ ✉♥❞❡r t❤❡ ❤②♣♦t❤✲
❡s✐s ♦❢ s♠❛❧❧ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ ✷❉ s♣❛❝❡✳ ■♥ t❤✐s ♣❛rt✱ ❢♦✉r s❡❝t✐♦♥s ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞✿
r❡❝t❛♥❣✉❧❛r✱ tr❛♣❡③♦✐❞❛❧✱ ❝✐r❝✉❧❛r ❛♥❞ ❜♦① s❡❝t✐♦♥s✳
▲❛t❡r✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r s❡❝t✐♦♥s ❢r❡❡ t♦ ♠♦✈❡ ✐♥ t❤❡✐r s✐① ❞❡❣r❡❡s ♦❢ ❢r❡❡✲
✷✵✷ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
❞♦♠ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞ ❛♥❞ ❞❡s❝r✐❜❡❞ ❞❡❡♣❧② t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣❤②s✐❝s ❜❡❤✐♥❞ t❤❡ ✢✉✐❞✲
s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥✳
❚❤❡♥✱ t❤❡ ❜♦① s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❛❣❛✐♥ ❛♥❛❧②③❡❞ ❝♦♥s✐❞❡r✐♥❣ ✐t ♥♦t ✐s♦❧❛t❡❞ ❛❣❛✐♥st t❤❡
❡♥tr❛♥❝❡ ♦❢ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✇✐❧❧ ❜❡ ❛❧s♦ ♣❡r❢♦r♠❡❞
❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦❧❡s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❡❝t✐♦♥✳
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
❉✳✶✳✶ ❘❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥
❚❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ s❡❝t✐♦♥s ✐♥ t❤❡ ✜❡❧❞ ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s✳
❯s✉❛❧❧②✱ t❤❡ ✢♦❛t✐♥❣ ❜r❡❛❝❦✇❛t❡rs ❛r❡ ❜✉✐❧t ❛❞♦♣t✐♥❣ t❤✐s t②♣❡ ♦❢ s❡❝t✐♦♥ ❞✉❡ t♦ ✐ts ❝❛♣❛❝✲
✐t② t♦ ✢♦❛t ❛♥❞ ❜❡❝❛✉s❡ ✐ts s✐♠♣❧✐❝✐t② ✐♥ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥ ✐♥t❡r❛❝t✐♦♥✳
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❞❡❡♣❧② ❞✐s❝✉ss❡❞✳ ❚❤❡
❡①♣❧❛♥❛t✐♦♥ ✇✐❧❧ st❛rt ✇✐t❤ t❤❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐♥
t❤❡ ✷❉ ♠♦❞❡❧✳
❈♦♥s✐❞❡r ✜❣✉r❡ ❉✳✷✱ ✇❤❡r❡ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞ ✐s ❞❡♣✐❝t❡❞✳
❙✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ❞❡✈❡❧♦♣s ♦♥❧② ✐♥ t❤❡ ✈❡rt✐❝❛❧ ♣❧❛♥❡✱ t❤❡ ♠❛✐♥ ✈❛r✐❛❜❧❡ ✐s t❤❡ ❞❡♣t❤ ♦❢
t❤❡ s❡❝t✐♦♥ ✐♥s✐❞❡ t❤❡ ✢✉✐❞ z✳
Fx′ =

lγf
2
z2 z ≤ h
hγf l
2
(2z − h) z > h
✭❉✳✶✮
Fz′ =
{
lγfz z ≤ h
lγfh z > h
✭❉✳✷✮
My′ =

lγf
12
z2 (3h− 2z) z ≤ h
lγf
12
h3 z > h
✭❉✳✸✮
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✵✸
❋✐❣✉r❡ ❉✳✷✿ ❙❦❡t❝❤ ♦❢ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ♠❛❦✐♥❣ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞ ✐♥
t❤❡ ✷❉ ♠♦❞❡❧
❋✐❣✉r❡ ❉✳✸✿ ❙❦❡t❝❤ ♦❢ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ♠❛❦✐♥❣ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞ ✐♥
t❤❡ ✷❉ ♠♦❞❡❧ ✇✐t❤ z ❜✐❣❣❡r t❤❛♥ h
❚♦ ❜❡tt❡r ❛♥❛❧②s❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤✐s s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ✢✉✐❞✱ t❤r❡❡ ✈❛r✐❛❜❧❡s
❛r❡ ❞❡✜♥❡❞ ✐♥ ♦r❞❡r t♦ ♥♦r♠❛❧✐③❡ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s✳ F ✱ ❛ ❢♦r❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤✱ p✱ ❛
❢♦r❝❡ ♣❡r ✉♥✐t ❛r❡❛ ❛♥❞ M ❛ ♠♦♠❡♥t ♣❡r ✉♥✐t ❧❡♥❣t❤✳
F =
lγfh
2
2
p = lhγf M =
lγfh
3
12
✭❉✳✹✮
❈♦♥s✐❞❡r✐♥❣ t❤❡s❡ t❤r❡❡ ✈❛r✐❛❜❧❡s✱ t❤❡ ❧♦❛❞s ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ ❛♥ ❛❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠✳
fx′ =
Fx′
F
=
{
η2 η ≤ 1
(2η − 1) η > 1 ✭❉✳✺✮
fz′ =
Fz′
p
=
{
η η ≤ 1
1 η > 1
✭❉✳✻✮
my′ =
My′
M
=
{
η2 (3− 2η) η ≤ 1
1 η > 1
✭❉✳✼✮
✷✵✹ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
✇✐t❤
η =
z
h
✭❉✳✽✮
◆✉♠❡r✐❝❛❧ ❛♥❛❧②s❡s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s s❤♦✇ t❤❡ t❤r❡❡
❛❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s ✭fx′ ✱ fz′ ❛♥❞ my′✮ ❛s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❛❞✐♠❡♥s✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡ η✳
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fx′ =
Fx′
F
= η2
fz′ =
Fz′
p
= η
my′ =
My′
M
= η2 (3 − 2η)
❋✐❣✉r❡ ❉✳✹✿ ◆♦r♠❛❧✐③❡❞ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ♣❛rt✐❛❧❧②
✉♥❞❡r ❛ ✢✉✐❞
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✵✺
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fx′ =
Fx′
F
= 2η − 1
fz′ =
Fz′
p
= 1
my′ =
My′
M
= 1
❋✐❣✉r❡ ❉✳✺✿ ◆♦r♠❛❧✐③❡❞ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ t♦t❛❧❧② ✉♥❞❡r
❛ ✢✉✐❞
❉✳✶✳✷ ❚r❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥
❚❤✐s ❦✐♥❞ ♦❢ s❡❝t✐♦♥ ❤❛s ❛ ✈❡r② ❣♦♦❞ ✢♦❛t✐♥❣ ❝❛♣❛❜✐❧✐t② ❛♥❞ ♠❛② ❝❛rr② ♦✉t ❧❛r❣❡ ✇❡✐❣❤t
✇✐t❤♦✉t ✐♥❝r❡❛s✐♥❣ t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ ✐t✬s ❝❡♥tr♦✐❞✳
❚❤❡ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ❤❛s ❜❡❡♥ tr❛❞✐t✐♦♥❛❧❧② ✉s❡❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❜r✐❞❣❡s✳
❋✐❣✉r❡ ❉✳✻ s❤♦✇s t❤❡ s❦❡t❝❤ ♦❢ t❤❡ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥✳ ❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐♥
t❤❡ ✷❉ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❞❡r✐✈❡❞✳
✷✵✻ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
❋✐❣✉r❡ ❉✳✻✿ ❙❦❡t❝❤ ♦❢ t❤❡ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♠❛❦✐♥❣ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞
❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r❝❡s Fx′ ❛♥❞ Fz′ ❛♥❞ t❤❡ ♠♦♠❡♥t My′ ❛r❡ ✜rst ❞❡r✐✈❡❞✳ ❚♦ ❞♦
s♦✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥s✐❞❡ t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡
✢✉✐❞✳ ❋✐rst✱ t❤❡ ❧♦❛❞ ❛❝t✐♥❣ ♦♥ t❤❡ ① ❛①❡s ✐s ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧✿
Fx′ =
∫ z
0
γf (z − u) b (u) du ✭❉✳✾✮
❋r♦♠ t❤❡ s❦❡t❝❤ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❉✳✻✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ t❤✐❝❦♥❡ss
b ❛s
b (u) = lb +
lt − lb
h︸ ︷︷ ︸
α>0
u ✭❉✳✶✵✮
✇❤❡r❡ ✐t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✭❛s ❛♥ ❤②♣♦t❤❡s✐s✮ t❤❛t α > 0✳
❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ s✉❜st✐t✉t❡❞ ✐♥ ❡q✉❛t✐♦♥ ❉✳✾✳ ❚❤❡ ✐♥t❡❣r❛❧ ❜❡❝♦♠❡s✿
Fx′ =
∫ z
0
γf (z − u) (lb + αu) du ✭❉✳✶✶✮
P❡r❢♦r♠✐♥❣ t❤❡ ✐♥t❡❣r❛❧✱ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢♦r❝❡ Fx′ ♠❛② ❜❡ ♦❜t❛✐♥❡❞✿
Fx′ =
γfz
6
z2 (3lb + αz) ✭❉✳✶✷✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❆r❝❤✐♠❡❞❡✬s ♣r✐♥❝✐♣❧❡✱ t❤❡ ✈❡rt✐❝❛❧ ❧♦❛❞ ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ ❝❛♥ ❜❡
❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s✉❜♠❡r❣❡❞ ❛r❡❛ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡ s❡❧❢ ✇❡✐❣❤t ♦❢ t❤❡ ✢✉✐❞✳
Fz′ = γf
lb + b (z)
2
z =
γfz
2
(2lb + αz) ✭❉✳✶✸✮
❋✐♥❛❧❧②✱ t❤❡ ♠♦♠❡♥t ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ ♦♥ t❤❡ s❡❝t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧✳
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✵✼
My′ =
∫ z
0
γf (z − u) b (u) a (u) du ✭❉✳✶✹✮
✇❤❡r❡ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s b ❛♥❞ a ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❉✳✻✳ ❙♦❧✈✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ♦♥❡
♠✐❣❤t ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
My′ =
γfz
2
12
(
6lbzg + 2z (αzg − lb) + 3αz2
)
✭❉✳✶✺✮
✇✐t❤ zg t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥tr♦✐❞✳
zg = h
4lt − lb
6lt
✭❉✳✶✻✮
❖♥❝❡ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❞❡r✐✈❡❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♥♦r♠❛❧✐③❡ t❤❡♠
❝♦♥s✐❞❡r✐♥❣ t❤❡ t❤r❡❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s✿
F =
γfh
2
6
(3lb + αh) ; p =
γfh
2
(2lb + αh) ; M =
γfh
2
12
(
6lbzg + 2h (αzg − lb) + 3αh2
)
✭❉✳✶✼✮
β =
lb
h
η =
z
h
✭❉✳✶✽✮
❙✉❜st✐t✉t✐♥❣ t❤❡ ✜✈❡ ✈❛r✐❛❜❧❡s ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✐♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✱ t❤❡
♥♦r♠❛❧✐③❡❞ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ ❛ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
fx′ =
Fx′
F
= η2
3β + αη
3β + α
✭❉✳✶✾✮
fz′ =
Fz′
p
= η
2β + αη
2β + α
✭❉✳✷✵✮
zg =
3β + 4α
6 (β + α)
h ✭❉✳✷✶✮
my′ =
My′
M
= η2
A+Bη + Cη2
A+B + C
✭❉✳✷✷✮
✇✐t❤
A = β (3β + 4α) B = −αβ + 4
3
α2 − 2β2 C = 3α (α + β)
◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣✳ ❙♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ ♣❛r❛♠❡t❡rs α ❛♥❞ β✳ ❋✐rst✱ t❤r❡❡ ♣❧♦ts
s❤♦✇ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ α ♦♥ t❤❡ ❢♦r❝❡s fx′ ✱ fz′ ❛♥❞ ♠♦♠❡♥t my′ ✳ ▲❛t❡r✱ t❤❡
s❛♠❡ ✇✐❧❧ ❜❡ ❞♦♥❡ ✇✐t❤ ♦t❤❡r t❤r❡❡ ♣❧♦ts ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ α ✜①❡❞ ❛♥❞ ✈❛r②✐♥❣ β✳
✷✵✽ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
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❋✐❣✉r❡ ❉✳✼✿ fx′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ α ♦♥ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
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❋✐❣✉r❡ ❉✳✽✿ fz′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ α ♦♥ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✵✾
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❋✐❣✉r❡ ❉✳✾✿ my′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ α ♦♥ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
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❋✐❣✉r❡ ❉✳✶✵✿ fx′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ β ♦♥ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
✷✶✵ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
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❋✐❣✉r❡ ❉✳✶✶✿ fz′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ β ♦♥ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
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❋✐❣✉r❡ ❉✳✶✷✿ my′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ β ♦♥ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞
■t ♠✉st ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ❡q✉❛t✐♦♥s ♣r❡✈✐♦✉s❧② ❞❡r✐✈❡❞ ❛r❡ ♦♥❧② ✈❛❧✐❞ ✇❤❡♥ t❤❡
s❡❝t✐♦♥ ✐s ♣❛rt✐❛❧❧② ✉♥❞❡r t❤❡ ✢✉✐❞✳ ■t ❝❛♥ ❜❡ ❛❧s♦ ♥♦t✐❝❡❞ t❤❛t t❤❡ ✈❡rt✐❝❛❧ ❧♦❛❞ ❛♥❞ t❤❡
♠♦♠❡♥t ✇✐❧❧ ♥♦t ✐♥❝r❡❛s❡ ❛❢t❡r t❤❡ ✢✉✐❞ ❝♦♠♣❧❡t❡❧② ❝♦✈❡rs t❤❡ s❡❝t✐♦♥✳ ❚❤❡ ♦♥❧② ❢♦r❝❡
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✶✶
✇❤✐❝❤ ✐♥❝r❡❛s❡s ✐s Fx′ ✳ ❚♦ ❛♥❛❧②s❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡❝t✐♦♥ ❝♦♠♣❧❡t❡❧② ✉♥❞❡r ✇❛t❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
Fx′ = Fx′ (z = h) + γf (z − h)hlt + lb
2
✭❉✳✷✸✮
❚❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ ✐t✬s ✜♥❛❧ ❡①♣r❡s✐♦♥ ✐s
fx′ (η > 1) = fx′ (η = 1) + 3 (η − 1) 2β + α
3β + α
✭❉✳✷✹✮
❉✳✶✳✸ ❈✐r❝✉❧❛r s❡❝t✐♦♥
❆ ❝✐r❝✉❧❛r s❡❝t✐♦♥ ✐s ❛♥❛❧②③❡❞✳ ❯s✉❛❧❧②✱ ❛♥❝❤♦r❛❣❡ s②st❡♠s ❛r❡ ❜✉✐❧t ❝♦♥str✉❝t✐♥❣ ❤❡❛✈②
✇❡✐❣❤t❡❞ ❝♦♥❝r❡t❡ s✉♣♣♦rts ♦♥ t❤❡ s❡❛❜❡❞ ❛♥❞ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡s t♦ t❤❡♠✳ ❚❤✐s ❝❛❜❧❡s
✉s✉❛❧❧② ❛r❡ ♠❛❞❡ ❜② st❡❡❧ ❡❧❡♠❡♥ts ✇✐t❤ ❝✐r❝✉❧❛r s❡❝t✐♦♥s✳
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤✐s s❡❝t✐♦♥ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t s✐♥❝❡ ❝✐r❝✉❧❛r
❝❛❜❧❡s ❛r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ t♦ ❛♥❝❤♦r❡ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐t❤ t❤❡ s❡❛❜❡❞✳
❈♦♥s✐❞❡r t❤❡ ✜❣✉r❡ ❉✳✶✸✱ ✇❤❡r❡ ❛ ❝✐r❝✉❧❛r s❡❝t✐♦♥ ♣❛rt✐❛❧❧② ✉♥❞❡r ❛ ✢✉✐❞ ✐s ❞❡♣✐❝t❡❞✳
❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❝♦♥s✐❞❡r✐♥❣ ❥✉st t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛s t❤❡ ♠❛✐♥ ✈❛r✐✲
❛❜❧❡✳
❋✐❣✉r❡ ❉✳✶✸✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❝✐r❝✉❧❛r s❡❝t✐♦♥ ♠❛❦✐♥❣ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ✉♥♠♦✈❡❞ ✢✉✐❞
❚♦ ❛♥❛❧②t✐❝❛❧❧② ❞❡r✐✈❡ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✱ t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ θ ♠❛② ❜❡ ✉s❡❞✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Fx′ ✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥✳
Fx′ = 2
∫ z
0
γf (z − u) b du ✭❉✳✷✺✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❡q✉❛❧✐t✐❡s
z = r (1− cos θ) u = r (1− cosα) b = r sinα ✭❉✳✷✻✮
t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ ♠✐❣❤t ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✳
✷✶✷ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
Fx′ (θ) = 2
∫ θ
0
sin2 α (cosα− cos θ) dα ✭❉✳✷✼✮
❚❤❡ ✜♥❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ ♣r❡ss✉r❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ s♦❧✈✐♥❣ t❤❡ ♣r❡✈✐♦✉s
✐♥t❡❣r❛❧✳
Fx′ =
γfr
3
6
(
4 sin3 θ − 3 cos θ [2θ − sin 2θ]) ✭❉✳✷✽✮
❋♦r t❤❡ ✈❡rt✐❝❛❧ ❧♦❛❞ ❛ s✐♠✐❧❛r ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛r❡❛ ♦❢ t❤❡
❝✐r❝❧❡ ✉♥❞❡r t❤❡ ✢✉✐❞✳ ❇② ❆r❝❤✐♠❡❞❡✬s ♣r✐♥❝✐♣❧❡✱ t❤✐s ❛r❡❛ ✐s r❡❛❧❛t❡❞ t♦ t❤❡ ✈❡rt✐❝❛❧ ❧♦❛❞
❛♣♣❧✐❡❞ ♦♥ t❤❡ s❡❝t✐♦♥✳
Fz′ = 2
∫ z
0
γfb (u) du ✭❉✳✷✾✮
❈♦♥s✐❞❡r✐♥❣ ❡q✉❛t✐♦♥s ❉✳✷✻✱ t❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❛r✐❛❜❧❡ θ✳
Fz′ =
γfr
2
2
(2θ − sin 2θ) ✭❉✳✸✵✮
❋✐♥❛❧❧②✱ t❤❡ ♠♦♠❡♥t ✐♥ t❤❡ ② ❛①❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ❡q✉❛✲
t✐♦♥ ❉✳✸✶✳
My′ =
∫ z
0
γf (z − u) b (u) a (u) du ✭❉✳✸✶✮
❚❤❡ ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ❉✳✷✻ ❛♥❞ ✐ts ❡①♣r❡ss✐♦♥ ✐s
My′ =
γfr
4
48
(
3 [4θ − sin 4θ]− 32 cos θ sin3 θ) ✭❉✳✸✷✮
❆❞♦♣t✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ✉s❡❞ ❢♦r t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥✱ t❤❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡
♥♦r♠❛❧✐③❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ t❤r❡❡ ✈❛r✐❛❜❧❡s ❧✐st❡❞ ✐♥ ❡q✉❛t✐♦♥ ❉✳✸✸✳
F = piγfr
3 p = piγfr
2 M =
γfr
4
4
pi ✭❉✳✸✸✮
◆♦r♠❛❧✐③✐♥❣ ❡q✉❛t✐♦♥s ❉✳✷✽✱ ❉✳✸✵ ❛♥❞ ❉✳✸✷ ✐t ♠✐❣❤t ❜❡ ♦❜t❛✐♥❡❞
fx′ =
Fx′
F
=
1
6pi
(
4 sin3 θ − 3 cos θ [2θ − sin 2θ]) ✭❉✳✸✹✮
fz′ =
Fz′
p
=
1
2pi
(2θ − sin 2θ) ✭❉✳✸✺✮
my′ =
My′
M
=
1
12pi
(
3 [4θ − sin 4θ]− 32 cos θ sin3 θ) ✭❉✳✸✻✮
❚❤❡s❡ t❤r❡❡ ❡q✉❛t✐♦♥s ❛r❡ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❝✐r❝✉❧❛r s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t
✇✐t❤ ❛ ✢✉✐❞ ❜✉t t❤❡② ❝❛♥ ❛❧s♦ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ z✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠
✜❣✉r❡ ❉✳✶✸ t❤❛t t❤❡ ✈❛r✐❛❜❧❡ z ✇✐❧❧ ❣✐✈❡ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡
❡q✉❛t✐♦♥s ❛❧t❤♦❣✉❤t t❤❡ ❡①♣r❡ss✐♦♥s ❛r❡ ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡①✳
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✶✸
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❛❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡ η =
z
2r
❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐❣♦♥♦♠❡tr✐❝ ✐❞❡♥t✐✲
t✐❡s
cos θ (z) = 1− z
r
= 1− 2η ✭❉✳✸✼✮
sin θ (z) =
√
z
r
(
2− z
r
)
= 2
√
η (1− η) ✭❉✳✸✽✮
sin 2θ = 2 sin θ cos θ cos 2θ = cos2 θ − sin2 θ ✭❉✳✸✾✮
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ ❛❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡ η ♠❛② ❜❡ ✇r✐tt❡♥ ❛s
❢♦❧❧♦✇s✳
fx′ =
1
6pi
(
32 [η (1− η)]3/2−
3 (1− 2η)
[
2 arccos (1− 2η)− 4
√
η (1− η) (1− 2η)
] ) ✭❉✳✹✵✮
fz′ =
1
pi
(
arccos (1− 2η)− 2
√
η (1− η) (1− 2η)
)
✭❉✳✹✶✮
my′ =
1
12pi
(
3
[
4 arccos (1− 2η)− 8
√
η (1− η) (1− 2η) ([1− 2η]2 − 4η [1− η])]
−256 (1− 2η) [η (1− η)]3/2
)
✭❉✳✹✷✮
❋r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ♠♦r❡
❝♦♠♣❛❝t ✇❛② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❛♥❣✉❧❛r ✈❛r✐❛❜❧❡ θ ❜✉t✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛r❡ ♥♦t s✉✐t❛❜❧❡
t♦ ❜❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ ❜❡❝❛✉s❡ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♠✉st ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s
♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ s❡❝t✐♦♥ ✭t❤❡ t❤r❡❡ ❞✐s♣❧❛❝❡♠♥ts ♦❢ t❤❡ ❝❡♥tr♦✐❞
♣❧✉s t❤❡ t❤r❡❡ ❊✉❧❡r r♦t❛t✐♦♥s✮✳ ❚❤❡ ❡q✉❛t✐♦♥s ❉✳✹✵✱ ❉✳✹✶ ❛♥❞ ❉✳✹✷ ♣r♦✈✐❞❡ t❤❡ ❛♥❛❧②t✲
✐❝❛❧ ❡①♣r❡ss✐♦♥s t♦ ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞✳
❙♦♠❡ ♥✉♠❡r✐❝❛❧ t❡sts ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛♥❞ t❤❡ ♣❧♦ts ♦❢ t❤❡ t❤r❡❡ ❢♦r❝❡s ❛♥❞ ♠♦✲
♠❡♥t ❛r❡ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ❉✳✶✹ ❛♥❞ ❉✳✶✺
✷✶✹ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
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fx′ = 2η − 1
fz′ = 1
my′ = 1
❋✐❣✉r❡ ❉✳✶✺✿ ◆♦r♠❛❧✐③❡❞ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ t❤❡ ❝✐r❝✉❧❛r s❡❝t✐♦♥ t♦t❛❧❧② ✉♥❞❡r
❛ ✢✉✐❞
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✶✺
❉✳✶✳✹ ❇♦① s❡❝t✐♦♥
❚❤❡ ❛♥❛❧②s✐s ♦❢ ❛ ❜♦① s❡❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✉♣ t♦
♥♦✇✱ t❤❡ ✷❉ ♠♦❞❡❧ ✐s ✜rst ✐♥tr♦❞✉❝❡❞ ❛♥❞ t❤❡ ✸❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞
❧❛t❡r✳
❋r♦♠ t❤❡ ❛♥❛❧②s✐s ♣❡r❢♦r♠❡❞ ❡❛r❧✐❡r✱ ♦♥❡ ♠❛② ❝♦♥s✐❞❡r t❤❛t t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
✐♥ t❤❡ ✷❉ s♣❛❝❡ ❝❛♥ ❛❧✇❛②s ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ s♦♠❡ ✈❛r✐❛❜❧❡s t❤❛t ❣♦✈❡r♥ t❤❡ ♣r♦❜✲
❧❡♠✳ ❚❤✐s ✐s ♥♦t ❝♦♠♣❧❡t❡❧② tr✉❡✳ ❙♦♠❡t✐♠❡s✱ ❞✉❡ t♦ t❤❡ s❤❛♣❡ ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ♣r♦❜❧❡♠
❝♦✉❧❞ ♥♦t ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ t❤❡ ✐♥t❡❣r❛❧s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts✳
■♥ t❤♦s❡ ❝❛s❡s✱ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❛r❡ r❡q✉✐r❡❞ ❛♥❞ t❤❡ ♠❡s❤❡s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✶
❝❛♥ ❜❡ ✈❡r② ✉s❡❢✉❧✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❣❡♥❡r❛❧✐t② ♦❢ t❤❡ ♣r♦❣r❛♠ ❞❡✈❡❧♦♣❡❞ ❝❛♥ ♥♦t ❞❡♣❡♥❞
♦♥ t❤❡ ✈✐❛❜✐❧✐t② ♦❢ ❞❡s❝r✐❜✐♥❣ ❛♥❛❧②t✐❝❛❧❧② t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✱ s♦ t❤❡ ♥✉♠❡r✐❝❛❧
❡①♣r❡ss✐♦♥s ✭●❛✉ss ✐♥t❡❣r❛t✐♦♥ ❢♦r ❡❛❝❤ ❡❧❡♠❡♥t ♦♥ t❤❡ ♠❡s❤✮ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷ ✇✐❧❧
❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❛ ❣❡♥❡r✐❝ s❤❛♣❡ s❡❝t✐♦♥ ✇✐t❤ ♦r ✇✐t♦✉t ❤♦❧❡s✳
❚❤❡ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❢♦r ❛ ❜♦① s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♥✉♠❡r✐❝❛❧❧② ❞❡r✐✈❡❞✳ ❆s ❝♦♥✲
s✐❞❡r❡❞ ❜❡❢♦r❡✱ t❤❡ ♦♥❧② ✈❛r✐❛❜❧❡ ✐♥ t❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t✳ ❈♦♥s✐❞❡r
✜❣✉r❡ ❉✳✶✻✱ ✇❤❡r❡ t❤❡ ❜♦① s❡❝t✐♦♥ ✉s❡❞ ✐s ❞❡♣✐❝t❡❞✳ ❚❤❡ ♠❡❛s✉r❡s ❝❤♦s❡♥ t♦ ❝❤❛r❛❝t❡r✐③❡
t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❡❝t✐♦♥ ❛r❡ ✭❛❧❧ ✉♥✐ts ✐♥ ♠❡t❡rs✮
b = 10 c = 5 a = 30 tt = 2 tb = 5 ✭❉✳✹✸✮
❋✐❣✉r❡ ❉✳✶✻✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❜♦① s❡❝t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ✸❉ ❛♥❛❧②s✐s
P❡r❢♦r♠✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞✳ ■t ♠✐❣❤t
❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ ✜❣✉r❡s ❤❛✈❡ ❜❡❡♥ ♥♦r♠❛❧✐③❡❞ t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ✐♥t❡r❛❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ✢✉✐❞ ❛♥❞ t❤❡ s❡❝t✐♦♥✳ ❚❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ✉s❡❞ t♦ ♥♦r♠❛❧✐③❡ ❛r❡ t❤❡
♠❛①✐♠✉♠ ❢♦r❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ ✭F ✮✱ ❢♦r❝❡ ♣❡r ✉♥✐t ❛r❡❛ ✭p✮ ❛♥❞ ♠♦♠❡♥t ♣❡r ✉♥✐t ❧❡♥❣t❤
✭M✮ t❤❛t Fx′ ✱ Fz′ ❛♥❞ My′ r❡s♣❡❝t✐✈❡❧② r❡❛❝❤❡❞✳
F = 3.7782e+03
[
kN
m
]
p = 1.3500e+03
[
kN
m2
]
M = −5.2212e+03
[
kNm
m
]
✷✶✻ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
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❋✐❣✉r❡ ❉✳✶✼✿ fx′ ❢♦r❝❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❜♦① s❡❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t
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❋✐❣✉r❡ ❉✳✶✽✿ fz′ ❢♦r❝❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❜♦① s❡❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t
❉✳✶ ✷❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✶✼
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❋✐❣✉r❡ ❉✳✶✾✿ my′ ♠♦♠❡♥t ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❜♦① s❡❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡✲
♠❡♥t
❈♦♥s✐❞❡r ♥♦✇ t❤❡ s❛♠❡ s❡❝t✐♦♥ ❜✉t ✇✐t❤ ❛ ❤♦❧❡ ✐♥ t❤❡ ♠✐❞❞❧❡ ❛s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❉✳✷✵✳
❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❝❤❛♥❣❡ t❤❡✐r ❡①♣r❡ss✐♦♥ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦❧❡ ❛♥❞ Fx′ ✇✐❧❧ ❞❡❝r❡❛s❡ ❞✉❡ t♦
t❤❡ ❢❛❝t t❤❛t t❤❡ ❛r❡❛ ♦❢ t❤❡ ❤♦❧❡ ✇✐❧❧ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♥♦r♠❛❧ ♣r❡ss✉r❡✳
❋✐❣✉r❡ ❉✳✷✵✿ ❙❦❡t❝❤ ♦❢ t❤❡ ❜♦① s❡❝t✐♦♥ ✇✐t❤ ❛ ❤♦❧❡ ✐♥s✐❞❡
■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♣r♦❣r❛♠ ❞❡✈❡❧✲
♦♣❡❞✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❣❡♦♠❡tr② ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✱ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♥♦r♠❛❧ ♣r❡ss✉r❡
❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ✐s ❡①♣❡❝t❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s s❤♦✇ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
❢♦r❝❡s ❛♥❞ ♠♦♠❡♥t ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✭♥♦♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥✮ ❛♥❞ ❛r❡ ❝♦♠♣❛r❡❞
t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ✭✐s♦❧❛t❡❞ s❡❝t✐♦♥✮✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ t❤r❡❡ ❢♦r❝❡s
❛♥❞ ♠♦♠❡♥ts ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♥♦✇ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐s ❛❧s♦ ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡
❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦❧❡ ❛♥❞ t❤❡ ❛r❡❛ ♦❢ t❤❡ s❡❝t✐♦♥ ❤❛s ❜❡❡♥ r❡❞✉❝❡❞✳
❋✐❣✉r❡ ❉✳✷✶ s❤♦✇s t❤❡ ♥♦r♠❛❧ ♣r❡ss✉r❡ ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝t✐♦♥ r❡❞✉❝❡s ✐ts ✈❛❧✉❡ s✐♥❝❡
t❤❡ s❡❝t✐♦♥ ❤❛s ❧❡ss ❛r❡❛✳ ■♥ ❛❞❞✐t✐♦♥✱ ✜❣✉r❡ ❉✳✷✷ s❤♦✇s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ fz′ ❜❡❝❛✉s❡
✷✶✽ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
t❤❡ ♣r❡ss✉r❡ ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❤♦❧❡ ❤❛s ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ✐♥ t❤❡ t♦t❛❧ ❆r❝❤✐♠❡❞❡✬s
❢♦r❝❡✳ ❋✐♥❛❧❧②✱ ✜❣✉r❡ ❉✳✷✸ s❤♦✇s ❛❧s♦ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t ❞✉❡ t♦ t❤❡ s❛♠❡ r❡❛s♦♥✳
❍❡r❡✱ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛r❡❛ ✐♥ ❛ ③♦♥❡ ✉♥❞❡r t❤❡ ❝❡♥tr♦✐❞ ♣r♦❞✉❝❡s ❛ r❡❞✉❝t✐♦♥✭✶✮✳
❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❡♠♣❤❛s✐③❡ t❤❡ ✐♥✢✉❡♥❝❡ t❤❛t ✐s♦❧❛t✐♥❣ ❛ s❡❝t✐♦♥ ❤❛s ✐♥ t❤❡ ❝♦♥✲
st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ♠✉st ❜❡ s❛✐❞ t❤❛t t❤✐s ✐♥✢✉❡♥❝❡ ❝❛♥ ❛❧s♦ ❛✛❡❝t t❤❡
✸❉ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡
♣❡r❢♦r♠❡❞ ❝♦♥s✐❞❡r✐♥❣ ❛♥ ✐s♦❧❛t❡❞ s❡❝t✐♦♥✳
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Covered Section
Uncovered Section
❋✐❣✉r❡ ❉✳✷✶✿ fx′ ❢♦r❝❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❜♦① s❡❝t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s❡❝t✐♦♥ ❝♦✈❡r❡❞ ❛♥❞
✉♥❝♦✈❡r❡❞
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❋r♦♠ ✜❣✉r❡ ❉✳✷✹✱ ♦♥❡ ♠❛② r❡❛❧✐③❡ t❤❛t t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ t❤❡ x′ ❛♥❞
y′ ❛①❡s ❞♦❡s ♥♦t ♠♦❞✐❢② ❛♥② ♦❢ t❤❡ s✐① ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts t❤❛t ❛❝t ♦♥ t❤❡ s❡❝t✐♦♥✳ ■♥✲
❞❡❡❞✱ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛♥② ❞✐s♣❧❛❝❡♠❡♥t ✐♥ ❜♦t❤ x′ ❛♥❞ y′ ❛①❡s t❤❡ s❡❝t✐♦♥ r❡♠❛✐♥s ❛t t❤❡
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lc =
√
∆y2 +∆z2 ✭❉✳✹✺✮
0 0.05 0.1 0.15 0.2 0.250
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.1
η = ∆w
lc
F
x
′
′
F
❋✐❣✉r❡ ❉✳✷✺✿ ❋♦r❝❡ fx′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t w
✷✷✷ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
0 0.05 0.1 0.15 0.2 0.250
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
η = ∆w
lc
F
z
′
′
p
❋✐❣✉r❡ ❉✳✷✻✿ ❋♦r❝❡ fz′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t w
0 0.05 0.1 0.15 0.2 0.250
0.5
1
1.5
2
2.5
3
3.5
4
4.5 x 10
−3
η = ∆w
lc
M
y
′
′
M
❋✐❣✉r❡ ❉✳✷✼✿ ❋♦r❝❡ my′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t w
❉✳✷ ✸❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✷✸
0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
−0.05
0
0.05
0.1
0.15
∆ϕx
 
 
Fx′′
F
Mx′′
F
❋✐❣✉r❡ ❉✳✷✽✿ ❋♦r❝❡ fx′′ ❛♥❞ ♠♦♠❡♥t mx′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ϕx
0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
∆ϕx
 
 
Fy′′
p
Fz′′
p
❋✐❣✉r❡ ❉✳✷✾✿ ❋♦r❝❡s fy′′ ❛♥❞ fz′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ϕx
✷✷✹ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
−0.005
0
0.005
0.01
0.015
0.02
0.025
0.03
0.035
∆ϕx
 
 
My′′
M
Mz′′
M
❋✐❣✉r❡ ❉✳✸✵✿ ▼♦♠❡♥ts mx′′ ✱ my′′ ❛♥❞ mz′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r♦t❛t✐♦♥ ϕx
0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
0.0907
0.0907
0.0908
0.0908
∆ϕy
F
x
′
′
F
❋✐❣✉r❡ ❉✳✸✶✿ ❋♦r❝❡ fx′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ϕy
❉✳✷ ✸❉ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✷✺
0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
−0.2
0
0.2
0.4
0.6
0.8
1
∆ϕy
F
z
′
′
p
❋✐❣✉r❡ ❉✳✸✷✿ ❋♦r❝❡ fz′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ϕy
0 pi/12 pi/6 pi/4 pi/3 5pi/12 pi/2
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5 ξ 10
−3
∆ϕy
M
y
′
′
M
❋✐❣✉r❡ ❉✳✸✸✿ ❋♦r❝❡ my′′ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ϕy
❆s t❤❡ ✜❣✉r❡s ❤❛✈❡ s❤♦✇♥✱ t❤❡ ❣r❡❛t ✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s str♦♥❣❧②
❞❡♣❡♥❞s ♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ s❡❝t✐♦♥ ❜✉t ❛❧s♦ ♦♥ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥✳ ❆s ✐t ❤❛s
✷✷✻ ❆♥❛❧②s✐s ♦❢ ♣r♦t♦t✐♣❛❧ s❡❝t✐♦♥s
❜❡❡♥ ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ ❛ s❡❝t✐♦♥ r❡❧❛t❡s t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦✲
♠❡♥ts ❛❝t✐♥❣ ♦♥ ✐t ✭t❤❡ t❤r❡❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛❝t✐♥❣ ♦♥ ❡❛❝❤ ❛①❡s ♦❢ t❤❡ s❡❝t✐♦♥✮ ❛s
❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥tr♦✐❞ ✭vG✮ ❛♥❞ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ✭❝❤❛r❛❝✲
t❡r✐③❡❞ ❜② t❤❡ r♦t❛t✐♦♥ ♠❛tr✐① MR✮✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ✐t ❝❛♥ ❜❡ s❛✐❞ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐✈♦❝❛❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢♦r❝❡s ❛♥❞
♠♦♠❡♥ts ❛♥❞ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭s❤❛♣❡✱ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥✮ ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ ♠❛♥②
✈❛r✐❛❜❧❡s ❛✛❡❝t t❤❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ✐♥ ♠❛♥② ✇❛②s✳
❚❤❡ ♣r♦❣r❛♠ ❞❡✈❡❧♦♣❡❞ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛ ❣r❡❛t t♦♦❧ t♦ ❛♥❛❧②s❡ t❤❡ ✢✉✐❞✲s❡❝t✐♦♥
✐♥t❡r❛❝t✐♦♥ ✐♥ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❝♦♥st✐t✉t✐✈❡
❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❛♥❞ ✇✐❧❧ ❜❡ tr❡❛t❡❞ ❛♥❞ ❛❞❛♣t❡❞ t♦ ♠♦❞❡❧ t❤❡
✐♥t❡r❛❝t✐♦♥ ♦❢ ❜❡❛♠ ❡❧❡♠❡♥ts ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ✢✉✐❞✳ ■♥ ❝❤❛♣t❡r ✹ t❤❡ ✷❉ ♠♦❞❡❧ ✇✐❧❧ ❜❡
♣r❡s❡♥t❡❞ ❛♥❞ ✐♥ ❝❤❛♣t❡r ✺ t❤❡ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❡①t❡♥❞❡❞ t♦ ❞❡❛❧ ✇✐t❤ ✢♦❛t✐♥❣ str✉❝t✉r❡ ✐♥
❛ ❣❡♥❡r❛❧ ✸❉ ❛♣♣r♦❛❝❤✳
❉✳✸ P❛r❛♠❡tr✐❝ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
◆♦✇✱ ❛ ❜r✐❡❢ st✉❞② ♦♥ s♦♠❡ s❡❝t✐♦♥s ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t✳ ❚❤❡ st✉❞② ✇✐❧❧ ❜❡ ❢♦❝✉s❡❞ ♦♥
t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✸❉ s♣❛❝❡✱ ♠♦r❡ ♣r❡❝✐s❡❧② ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
t✇✐st✐♥❣ r♦t❛t✐♦♥ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ♣❡♥❡tr❛t✐♦♥ ♦❢ t❤❡ s❡❝t✐♦♥ ✐♥s✐❞❡ t❤❡ ✢✉✐❞✳ ❚❤❡ ♠♦❞❡❧
❞❡✈❡❧♦♣❡❞ ✐♥ ❝❤❛♣t❡r ✺ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✢❡①✉r❛❧
❛♥❞ t✇✐st✐♥❣ r♦t❛t✐♦♥s t❤❛t t❤❡ str✉❝t✉r❡s ♠❛② s✉✛❡r✳ ❚♦ ❡♠♣❤❛s✐③❡ t❤❡ ✐♥✢✉❡♥❝❡ t❤❛t
t❤❡ t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r ✭✐♥ t❡r♠s ♦❢ ✢✉✐❞✲str✉❝t✉r❡ ✐♥t❡r❛❝t✐♦♥✮ ❤❛s ✐♥ t❤❡ ❝♦♥st✐t✉t✐✈❡
❡q✉❛t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤r❡❡ s❡❝t✐♦♥s ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞✳ ❚❤❡ ♠❛✐♥ ❣♦❛❧ ❤❡r❡ ✐s t♦ ❞❡✈❡❧♦♣
t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ s❡❝t✐♦♥s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t♦rs✐♦♥❛❧ r♦t❛t✐♦♥✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❛♥❞ t✇✐st✐♥❣
♠♦♠❡♥t ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ t♦ t❤❡ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♣❧♦tt❡❞ ❛♥❞ s♦♠❡ ❞✐s❝✉ss✐♦♥s ✇✐❧❧ ❜❡
❡①♣♦s❡❞✳ ❋✐❣✉r❡ ❉✳✸✹ s❤♦✇s ❛ ❣❡♥❡r✐❝ s❡❝t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ✐♥ ❝♦♥t❛❝t ✇✐t❤
❛ ✢✉✐❞ ❛♥❞ t❤❡ t✇♦ ♠❛✐♥ ✈❛r✐❛❜❧❡s t❤❛t ❣♦✈❡r♥s t❤❡ ♣r♦❜❧❡♠
(
ξ =
h
H (α)
, α
)
❛r❡ ❞❡♣✐❝t❡❞✳
❚❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❝♦♠♣✉t✐♥❣ t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❛♥❞ t✇✐st✐♥❣ ♠♦♠❡♥t
❛❝t✐♥❣ ♦♥ t❤❡ s❡❝t✐♦♥ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ❝♦♦r❞✐♥❛t❡s (h, α)✳ ❚❤❡ ❢♦r❝❡ ♣❡r ✉♥✐t ❧❡♥❣t❤ Ff
✇✐❧❧ ❜❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t t❤❡ ♠❛①✐♠✉♠ ✈❡rt✐❝❛❧ ❧♦❛❞ t❤❛t t❤❡ ✢✉✐❞ ❝❛♥ ♣r♦❞✉❝❡s
P = γfAs✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ♣❡r ✉♥✐t ❧❡♥❣t❤ ✇✐❧❧ ❜❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤
r❡s♣❡❝t ❛ ❣❡♥❡r✐❝ t✇✐st✐♥❣ ♠♦♠❡♥t M = γfAsH (α)✳ ■♥ t❤❡ ①✲❛①✐s ♦❢ ❛❧❧ t❤❡ ♣❧♦ts✱ t❤❡
❛❝t✉❛❧ ❤❡✐❣❤t ✇✐t❤ r❡s♣❡❝t t❤❡ ❧♦✇❡st ♣♦✐♥t ♦❢ t❤❡ s❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♥♦r♠❛❧✐③❡❞ ✇✐t❤ r❡s♣❡❝t
t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ s❡❝t✐♦♥ ❢♦r ❡❛❝❤ ❛♥❣❧❡ α✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❛ ♥♦r♠❛❧✐③❡❞ ❧❡♥❣t❤ ❞❡✜♥❡❞
❛s ξ =
h
H (α)
✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✈❡rt✐❝❛❧ ♣❡♥❡tr❛t✐♦♥ ✐♥ t❤❡ ✢✉✐❞✳
❉✳✸ P❛r❛♠❡tr✐❝ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✷✼
❋✐❣✉r❡ ❉✳✸✹✿ ❙❡❝t✐♦♥ ✐♥ ❛ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ✇✐t❤ t❤❡ ✈❛r✐❛❜❧❡s t❤❛t ❣♦✈❡r♥ t❤❡ ♣r♦❜❧❡♠
❚❤❡ s❡❝t✐♦♥s ✉s❡❞ ✐♥ t❤✐s ❛♥❛❧②s✐s ❛r❡ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✭❋✐❣✉r❡ ❉✳✸✺✮✱ t❤❡ tr❛♣❡✲
③♦✐❞❛❧ s❡❝t✐♦♥ ✭❋✐❣✉r❡ ❉✳✸✻✮ ❛♥❞ t❤❡ s❡❝t✐♦♥ ♥✉♠❜❡r ✸ ✭❋✐❣✉r❡ ❉✳✸✼✮✳
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❋✐❣✉r❡ ❉✳✸✼✿ ❙❡❝t✐♦♥ ♥✉♠❜❡r ✸
❚❤❡ ❝♦♥st✐t✉✈❡ ❡q✉❛t✐♦♥s ✐♥ t❡r♠s ♦❢ t❤❡ t✇♦ ♥♦r♠❛❧✐③❡❞ ✈❛r✐❛❜❧❡s (ξ, α) ❛r❡ ♥♦✇
♣r❡s❡♥t❡❞✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❧② t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❛♥❞ t✇✐st✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ t❤❡ s❡❝t✐♦♥
✇✐❧❧ ❜❡ s❤♦✇♥✳ ❋✐❣✉r❡s ❉✳✸✽ ❛♥❞ ❉✳✸✾ s❤♦✇ t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❛♥❞ t✇✐st✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣
❉✳✸ P❛r❛♠❡tr✐❝ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✷✷✾
♦♥ t❤❡ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥✳ ❋✐❣✉r❡s ❉✳✹✵ ❛♥❞ ❉✳✹✶ s❤♦✇ t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❛♥❞ t✇✐st✐♥❣
♠♦♠❡♥t ❢♦r t❤❡ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ❛♥❞ ✜❣✉r❡s ❉✳✹✷ ❛♥❞ ❉✳✹✸ s❤♦✇ t❤❡ ✈❡rt✐❝❛❧ ❢♦r❝❡ ❛♥❞
t✇✐st✐♥❣ ♠♦♠❡♥t ❛❝t✐♥❣ ♦♥ s❡❝t✐♦♥ ♥✉♠❜❡r ✸✳
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❋✐❣✉r❡ ❉✳✹✸✿ ❚✇✐st✐♥❣ ♠♦♠❡♥t ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞ ♦♥ s❡❝t✐♦♥ ♥✉♠❜❡r ✸

E ❇❡♥❝❤♠❛r❦s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s
♦❢ t❤❡ ❢✐rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥
❊✳✶ ❇❡♥❝❤♠❛r❦s
❋✐rst✱ t❤❡ s❡❝t✐♦♥s ✉s❡❞ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦s ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❛♥❞ ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t
t❤❡✐r ❝♦♥s✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✐s ♣r❡s❡♥t❡❞✳ ▲❛t❡r✱ ✢♦❛t❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❝♦♥st❛♥t ❝r♦ss s❡❝✲
t✐♦♥ ❜❡❛♠ ❡❧❡♠❡♥ts ✐s ♣r❡s❡♥t❡❞✳
■♥ t❤❡ ❧❛st ♣❛rt✱ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❛ ✢♦❛t✐♥❣ ❜❡❛♠ ✇✐t❤ t❤❡ ♥❡✇
✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❛♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ s❛♠❡ ❜❡❛♠ ✇✐t❤ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧ ✐s ❝❛rr✐❡❞
♦✉t✳
❊✳✶✳✶ ❙❡❝t✐♦♥s ❛♥❞ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
❙❡❝t✐♦♥ ✶✿ ❘❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥
❚❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ❊✳✶✳
✷✸✹ ❇❡♥❝❤♠❛r❦s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ✜rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥
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❋✐❣✉r❡ ❊✳✶✿ ❙❡❝t✐♦♥ ✶ ✲ ❘❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❜❡♥❝❤♠❛r❦s
❚❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ❤❛s ❛ ✈❡r② s✐♠♣❧❡ ❝♦♥s✐t✉t✐✈❡ ❡q✉❛t✐♦♥✳ ■♥❞❡❡❞✱ ❝♦♥s✐❞❡r✐♥❣
t❤❡ ❡q✉❛t✐♦♥ ❉✳✹ ❛♥❞ ❉✳✻✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ♠❛② ❜❡
✇r✐tt❡♥ ❛s✿
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✇✐t❤ z t❤❡ ❝♦♦r❞✐♥❛t❡ t❤❛t st❛rts ❛t t❤❡ ❜♦tt♦♠ ♣♦✐♥t ♦❢ t❤❡ s❡❝t✐♦♥ ❛♥❞ ❛♥❞ ❣♦❡s
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t❤❡ ❡q✉❛t✐♦♥ ❉✳✶✼ ❛♥❞ ❉✳✷✵✱ ✇❡ ♠❛② ✇r✐tt❡♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ♦❢ ♦✉r tr❛♣❡③♦✐❞❛❧
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❊✳✶✳✷ ❆♥❛❧②s✐s ♦❢ ❜❡❛♠ str✉❝t✉r❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ❛ ❢❧✉✐❞
❊✳✶✳✷✳✶ ❇❡♥❝❤♠❛r❦ ✶
❚❤❡ ✜rst ❜❡♥❝❤♠❛r❦ ✐s t❤❡ st✉❞② ♦❢ t❤❡ ✢♦t❛❜✐❧✐t② ❝❛♣❛❝✐t② ♦❢ ❛ ✶✵✵ ♠❡t❡rs ❧♦♥❣ ❜❡❛♠
✇✐t❤ ❛ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❊✳✸✳
❋✐❣✉r❡ ❊✳✸✿ ❇❡❛♠ ❜❡♥❝❤♠❛r❦ ✶ ✲ ❋❧♦t❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❛ ❜❡❛♠ ✇✐t❤ ❛ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥
❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ✢♦❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ♦❢ t❤✐s ❜❡❛♠✳ ❚❤✐s
✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥t❡❣r❛t✐♥❣ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ✭♥♦t ✐♥s✐❞❡ t❤❡
❤♦❧❡s✱ s✐♥❝❡ t❤❡ s❡❝t✐♦♥ ♦❢ t❤✐s ❜❡❛♠ ✐s ✐s♦❧❛t❡❞✮✳ ❆ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ❛❧❧♦✇s t♦ ♣r❡❞✐❝t
✷✸✻ ❇❡♥❝❤♠❛r❦s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ✜rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✢♦❛t✐♥❣ ♣♦s✐t✐♦♥ heq✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ✈❡rt✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥✱ t❤❡
❤②❞r♦st❛t✐❝ ❧♦❛❞ ✇✐❧❧ ❤❛✈❡ t♦ ❝♦✉♥t❡r❛❝t t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❜❡❛♠✱ s♦ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥
heqbγf l = γmAsγml → heq = As
b
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✭❊✳✸✮
❈♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡❝t✐♦♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳
As = 7.5; b = 10→ heq = 1.875 ✭❊✳✹✮
❚❤❡ ♣r♦❣r❛♠ ✇✐❧❧ ✉s❡ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ♣r❡✈✐♦✉s❧②
r❡♣♦rt❡❞ ❛♥❞✱ ❛❞❞♦♣t✐♥❣ ❛ s❡❝❛♥t s❝❤❡♠❡✱ t❤❡ s❛♠❡ ✈❛❧✉❡ ✐s ♦❜t❛✐♥❡❞✳ ■♥❞❡❡❞✱ ❢r♦♠
❡q✉❛t✐♦♥ ❊✳✶ t❤❡ st✐✛♥❡ss ✇✐t❤ r❡s♣❡❝t t❤❡ ✐♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛② ❜❡ ❝♦♠♣✉t❡❞ ❛s
Fz = K (z) z → K (z′) = γf l ✭❊✳✺✮
❆ ✈❡r② ✐♥t❡r❡st✐♥❣ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥
❤❛✈❡ ❛ ❝♦♥st❛♥t ❜✉♦②❛♥❝② st✐✛♥❡ss ✇❤✐❝❤ ❞✐r❡❝t❧② ❞❡♣❡♥❞s ♦♥ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ s❡❝t✐♦♥
❛♥❞ t❤❡ s❡❧❢✇❡✐❣❤t ♦❢ t❤❡ ✢✉✐❞✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❧✐♥❡❛r ♣r♦❜❧❡♠ t❤❛t ❝❛♥ ❜❡ ❡❛s✐❧② s♦❧✈❡❞✳
❊✳✶✳✷✳✷ ❇❡♥❝❤♠❛r❦ ✷
❆ ✢♦t❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❛ ❜❡❛♠ ✇✐t❤ ❛ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✳ ❉✉❡ t♦ t❤❡ ♥♦♥✲
❧✐♥❡❛r ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥✱ t❤❡ ♣r♦❣r❛♠ ♥❡❡❞s s♦♠❡ ✐t❡r❛t✐♦♥s
t♦ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②s✐s✳ ❚❤❡ ❜❡❛♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❊✳✹✳
❋✐❣✉r❡ ❊✳✹✿ ❇❡❛♠ ❜❡♥❝❤♠❛r❦ ✷ ✲ ❋❧♦t❛❜✐❧✐t② ❛♥❛❧②s✐s ♦❢ ❛ ❜❡❛♠ ✇✐t❤ ❛ tr❛♣❡③♦✐❞❛❧ s❡❝t✐♦♥
❈♦♥s✐❞❡r✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛❞♦♣t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❜❡♥❝❤♠❛r❦✱ t❤❡ ✜♥❛❧ ❡q✉✐❧✐❜✲
r✐✉♠ ✢♦❛t✐♥❣ ♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♠❛❦✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡s✉❧t✐♥❣ ♦❢
t❤❡ ❤②❞r♦st❛t✐❝ ❧♦❛❞ ❛♥❞ t❤❡ ✇❡✐❣❤t ♦❢ t❤❡ ❜❡❛♠✳
Fz = γmAs → αheq + h2eq = β ✭❊✳✻✮
✇✐t❤
α =
2lbh
ltlb
β =
2γmAsh
γf (lt − lb)
❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s
❊✳✶ ❇❡♥❝❤♠❛r❦s ✷✸✼
heq =
α±
√
α2 + 4β
2
✭❊✳✼✮
❛♥❞ s✉❜st✐t✉t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ t❤❡ ❜❡♥❝❤♠❛r❦ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣♦s✐t✐✈❡
s♦❧✉t✐♦♥ ✇❡ ♦❜t❛✐♥
heq = 8.602 ✭❊✳✽✮
❋✐❣✉r❡ ❊✳✺ s❤♦✇s t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡❞✉r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ st✐✛♥❡ss ♠❡t❤♦❞✱ ✜❣✲
✉r❡ ❊✳✻ s❤♦✇s t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss ❞✉r✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡✱ ✜❣✉r❡ ❊✳✼ s❤♦✇s t❤❡ ❡q✉✐✲
❧✐❜r✐✉♠ ✢♦❛t✐♥❣ ♣♦s✐t✐♦♥ ❞✉r✐♥❣ t❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss✱ ✜❣✉r❡ ❊✳✽ s❤♦✇s t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡
✭✇❡✐❣❤t ♦❢ t❤❡ ❜❡❛♠ ♣❡r ✉♥✐t ❧❡♥❣t❤✮ ❛♥❞ t❤❡ r❡❛❝t✐♦♥ ✭❤②❞r♦st❛t✐❝ ❧♦❛❞ ♣❡r ✉♥✐t ❧❡♥❣t❤✮
♦❢ t❤❡ s②st❡♠ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐♦♥s ❛♥❞ t❤❡ ❧❛st ✜❣✉r❡ ✭✜❣✉r❡ ❊✳✾✮ s❤♦✇s t❤❡ ✜♥❛❧
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ✢♦❛t✐♥❣ ✐♥ t❤❡ ✢✉✐❞✳
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✷✹✵ ❇❡♥❝❤♠❛r❦s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ✜rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥
❊✳✶✳✷✳✸ ❇❡♥❝❤♠❛r❦ ✸
❚❤❡ ❧❛st ❜❡♥❝❤♠❛r❦ ❝♦♥❝❡r♥✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✢♦❛t✐♥❣ str✉❝t✉r❡s ❛♥❞ ❛ ✢✉✐❞
s✉rr♦✉♥❞✐♥❣ t❤❡♠ ✐s ❛ ❧♦♥❣ ❜❡❛♠ s✐♠♣❧② s✉♣♣♦rt❡❞ ✐♥ ❛ ✢✉✐❞✬s ❢r❡❡ s✉r❢❛❝❡ ✉♥❞❡r ❛ ❝♦♥✲
❝❡♥tr❛t❡❞ ✈❡rt✐❝❛❧ ❧♦❛❞ ✐♥ t❤❡ ♠✐❞❞❧❡✳ ❚❤❡ s❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ✇✐❧❧ ❜❡ t❤❡ ♦♥❡ ✐♥ ✜❣✉r❡ ❊✳✶✳
❚❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❛❧s♦ ✉s❡❞ t♦ ❛♥❛❧②s❡ t❤❡ s❛♠❡ ❜❡❛♠ ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥
✇✐t❤ t❤❡ s❛♠❡ ✈❡rt✐❝❛❧ st✐✛♥❡ss ❛s t❤❡ ♦♥❡ ❝♦♠♣✉t❡❞ ✐♥ t❤✐s ❜❡♥❝❤♠❛r❦✭✶✮✳
❋✐❣✉r❡ ❊✳✶✵✿ ❇❡♥❝❤♠❛r❦ ✸ ✲ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ✐♥ t❤❡ ♠✐❞❞❧❡
❚♦ ❡♥s✉r❡ t❤❡ ✢♦❛t❛❜✐❧✐t② ❝❛♣❛❝✐t② ♦❢ t❤❡ ❜❡❛♠✱ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ P ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ t♦t❛❧ ✇❡✐❣❤t ♦❢ t❤❡ ❜❡❛♠ W ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ r❡str✐❝t✐♦♥
W + αP < γfAsl ✭❊✳✾✮
❚❤✐s ❡q✉❛t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ t♦t❛❧ ✈❡rt✐❝❛❧ ❧♦❛❞ ❝❛♥ ♥♦t ❡①❝❡❡❞ t❤❡ ♠❛①✐♠✉♠ ❤②❞r♦✲
st❛t✐❝ r❡❛t✐♦♥ ♣r♦❞✉❝❡❞ ❜② t❤❡ ✢✉✐❞✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❜❡❛♠ ✇✐❧❧ ♥♦t ❜❡ ❛❜❧❡ t♦ ✢♦❛t ❛♥❞
t❤❡ s♦❧✉t✐♦♥ ✇✐❧❧ ❞✐✈❡r❣❡✳
❚♦ ♣❡r❢♦r♠ t❤❡ ❛♥❛❧②s✐s ✇✐t❤ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧✱ ✐t ✐s ♥❡❡❞❡❞ t♦ ❡♥s✉r❡ t❤❡ ❛❝❝✉r❛❝②
♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❛ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ❝❤❛♥❣✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✇✐❧❧
❜❡ ♣❡r❢♦r♠❡❞✱ ✉♥t✐❧ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐♥ t❤❡ ♠✐❞❞❧❡ r❡❛❝❤❡s ❛ ❝♦♥st❛♥t ✈❛❧✉❡✳ ❖♥❝❡ t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧ ✐s ♦❜t❛✐♥❡❞✱ t❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ♥❡✇
✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛t s♣❡❝✐✜❝
♣♦✐♥ts ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞✳
❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❡①♣❧♦✐t✐♥❣ t❤❡ s②♠♠❡tr②✳ ■♥❞❡❡❞✱ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡
♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❛♥❞ ♦♥❧② ❤❛❧❢ ❜❡❛♠ ♥❡❡❞s t♦ ❜❡ ❛♥❛❧②③❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡
s❤♦✇s t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✉s❡❞ ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s✳
✭✶✮❘❡♠❡♠❜❡r t❤❛t t❤❡ ❜✉♦②❛♥❝② st✐✛♥❡ss ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥ ♦❢ ❛ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✐s ❝♦♥st❛♥t✱
s♦ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ✇✐t❤ ❛ ❲✐♥❦❧❡r ♠♦❞❡❧ ❛♥❞ t❤❡ r❡s✉❧ts ✇✐❧❧ ❝♦✐♥❝✐❞❡✳
❊✳✶ ❇❡♥❝❤♠❛r❦s ✷✹✶
❋✐❣✉r❡ ❊✳✶✶✿ ❇❡♥❝❤♠❛r❦ ✸ ✲ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✉s❡❞ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ t❤✐r❞ ❜❡♥❝❤✲
♠❛r❦
❚❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❲✐♥❦❧❡r ♣r♦❜❧❡♠ ✐s ♣r❡s❡♥t❡❞✳ ■♥ ✜❣✉r❡ ❊✳✶✷ t❤❡ ✈❛r✐✲
❛t✐♦♥ ♦❢ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♠♣✉t❡❞ ❛t t❤❡ r✐❣❤t ❡♥❞ ♦❢ t❤❡ ❜❡❛♠ ✐s ♣❧♦tt❡❞ ❛s ❛
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❋✐❣✉r❡ ❊✳✶✸✿ ❇❡♥❝❤♠❛r❦ ✸ ✲ ❊rr♦r ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
❡❧❡♠❡♥ts ✐♥ t❤❡ ♠❡s❤ ✉s✐♥❣ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧
❈♦♥s✐❞❡r✐♥❣ t❤❛t ❛❢t❡r ✶✷✽ ❡❧❡♠❡♥ts t❤❡ ❞✐s♣❧❛❝❡♠❡♥t r❡♠❛✐♥s ❛❧♠♦st ❝♦♥st❛♥t✱ t❤❡
❡rr♦r ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡s❤ ♦❢ ✶✵✷✹ ❡❧❡♠❡♥ts ❛s ✐t ❤❛s ❜❡❡♥ ♠❛❞❡ ✐♥
✜❣✉r❡ ❊✳✶✸✳
❆s ❛ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s✱ ✐t ❝❛♥ ❜❡ s❛✐❞ t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ❡♥♦✉❣❤❧②
❛❝❝✉r❛t❡❞ ❛❢t❡r ne = 512 ❡❧❡♠❡♥ts✳ ❚❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ♥❡✇ ✜♥✐t❡
❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ❝♦♠♣❛r❡❞ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❜❡♥❞✲
✐♥❣ ♠♦♠❡♥t ❛t t❤❡ r✐❣❤t ❡♥❞ ♦❢ t❤❡ ❜❡❛♠✳
❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❞
❝♦♠♣✉t❛t✐♦♥❛❧❧② ❧❡ss ❡①♣❡♥s✐✈❡ t❤❛♥ t❤❡ ❲✐♥❦❧❡r✬s ♦♥❡ ❜❡❝❛✉s❡ t❤❡ r❡s✉❧ts ❛r❡ ❛❝❝✉r❛t❡
❡♥♦✉❣❤ ✇✐t❤ ❛ ❧♦✇❡r ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✳
❊✳✶ ❇❡♥❝❤♠❛r❦s ✷✹✸
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s♦❧✉t✐♦♥ ♦❢ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧
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❋✐❣✉r❡ ❊✳✶✼✿ ❇❡❛♠ ❜❡♥❝❤♠❛r❦ ✸ ✲ ❊rr♦r ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐t❤ r❡s♣❡❝t t❤❡
s♦❧✉t✐♦♥ ♦❢ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧
❊✳✷ Pr❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✷✹✺
❊✳✷ Pr❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s
❚❤❡ ❜❡♥❝❤♠❛r❦s ❤❛✈❡ ♣r♦✈❡❞ t❤❡ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧✳
❚❤❡r❡❢♦r❡✱ r❡❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❝♦♥s✐❞✲
❡r✐♥❣ t②♣✐❝❛❧ s✐t✉❛t✐♦♥s ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s✳
❊✳✷✳✶ ❆♥❛❧②s✐s ♦❢ ❛ ❢❧♦❛t✐♥❣ ❜r✐❞❣❡ ❞✉r✐♥❣ t❤❡ ♣❛ss❛❣❡ ♦❢ ❛ tr✉❝❦
❆ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✇✐t❤ ♥♦ ❛♥❝❤♦r✐♥❣ s②st❡♠ ✐s ❛♥❛❧②s❡❞ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♠♦✈✐♥❣
✈❡❤✐❝❧❡✳ ❚❤❡ ❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ♣❡r❢♦r♠❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✈❡❤✐❝❧❡ s♠❛❧❧ ✐♥
♦r❞❡r t♦ ❝♦♥s✐❞❡r ❛ st❛t✐❝ ♣r♦❜❧❡♠✳
❚❤❡ ❜r✐❞❣❡ ✐s r❡str❛✐♥❡❞ ♦♥ t❤❡ ❧❡❢t ♣❛rt✳ ❯s✉❛❧❧②✱ t❤✐s ❦✐♥❞ ♦❢ str✉❝t✉r❡s ❛r❡ ♥♦t ❝♦♠✲
♣❧❡t❡❧② r❡str❛✐♥❡❞ ❜❡❝❛✉s❡ t❤❡② ♠✉st ❜❡ ❛❜❧❡ t♦ s♦♠❡❤♦✇ ❢♦❧❧♦✇ t❤❡ ♣♦ss✐❜❧❡ ✈❛r✐❛t✐♦♥ ✐♥
t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ✢✉✐❞ ✭❛♥ ❡①❛♠♣❧❡ ✐s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s❡❛ ❧❡✈❡❧ ✇❤❡♥ str♦♥❣ t✐❞❡s ❛r❡
♣r❡s❡♥t❡❞✮✳ ❚♦ ♣r♦♣❡r❧② ♠♦❞❡❧ t❤✐s✱ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❛r❡ ✉s✉❛❧❧② ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝♦❛st
❛❧❧♦✇✐♥❣ t❤❡ r❡❧❛t✐✈❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐♥ t❤❡ ❝♦♥❡❝t✐♦♥✳
❖♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ♦❢ t❤❡ ❜r✐❞❣❡✱ ❛ ❝♦♠♣❧❡t❡❧② ❢r❡❡ ❡❞❣❡ ✐s ✐♠♣♦s❡❞ ❜❡❝❛✉s❡ ✉s✉✲
❛❧❧② t❤❡ ❝♦♥str✉❝t✐♦♥ ♠✉st ❜❡ ❜✉✐❧t ❛❧❧♦✇✐♥❣ ♣♦ss✐❜❧❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥ts t❤❛t t❤❡
❜r✐❞❣❡ ♠❛② s✉✛❡r ✭❢♦r ❡①❛♠♣❧❡✱ ❞✉❡ t♦ t❤❡r♠✐❝ ❡①♣❛♥s✐♦♥ ♦r ❤♦r✐③♦♥t❛❧ ❧♦❛❞s✮✳ ❖t❤❡r✲
✇✐s❡✱ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❝♦✉❧❞ s✉✛❡r s♦♠❡ s♣✉r✐♦✉s str❡ss❡s✳ ❚❤❡ s❝❤❡♠❡ ♦❢ t❤❡ ❜r✐❞❣❡
✐s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡ ❊✳✶✽✳
❋✐❣✉r❡ ❊✳✶✽✿ Pr❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✶ ✲ ❆♥❛❧②s✐s ♦❢ ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛
♠♦✈✐♥❣ ✈❡❤✐❝❧❡
❚❤❡ s❡❝t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❊✳✷ ❚❤❡ ❝♦♥❝❡♥tr❛t❡❞ ✈❡rt✐❝❛❧ ❧♦❛❞ Fc
r❡♣r❡s❡♥ts ❛ ✈❡❤✐❝❧❡ t❤❛t ♠♦✈❡s ❢r♦♠ t❤❡ r✐❣❤t s✐❞❡ t♦ t❤❡ ❧❡❢t s✐❞❡✳ ■ts ✈❛❧✉❡ ❤❛s ❜❡❡♥
❝♦♥s✐❞❡r❡❞ ❡q✉❛❧ t♦ Fc = 300 KN ✭✇❤✐❝❤ ✐s t❤❡ ✇❡✐❣❤t ♦❢ ❛ tr✉❝❦ ✇✐t❤ ✸✵ t♦♥❡s ♠❛ss✮✳
❚❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛♥❞ t❤❡ ❝♦✉♣❧✐♥❣
❜❡t✇❡❡♥ t❤❡ ❛①✐❛❧ ❛♥❞ ❜❡♥❞✐♥❣ ❜❡❤❛✈✐♦✉r ✇✐❧❧ ❜❡ ❤✐❣❤❧✐❣❤t❡❞✳
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❲❡✐❣❤t ♦❢ t❤❡ ❜r✐❞❣❡ [KN ] ✶✳✻❡✻
▼❛①✐♠✉♠ ❆r❝❤✐♠❡❞❡s r❡❛❝t✐♦♥ [KN ] ✺❡✻
❈r✐t✐❝❛❧ ❧♦❛❞ ♦❢ t❤❡ ❜r✐❞❣❡ [KN ] 3.4e6
❚❛❜❧❡ ❊✳✶✿ ❈r✐t✐❝❛❧ ✈❡rt✐❝❛❧ ❧♦❛❞ ♦❢ t❤❡ ❜r✐❞❣❡
■♥ ✜❣✉r❡ ❊✳✸✷ t❤❡ s❝❤❡♠❡ ♦❢ t❤❡ ❜r✐❞❣❡ ✐s ❞❡♣✐❝t❡❞✳
❋✐❣✉r❡ ❊✳✸✷✿ Pr❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✷ ✲ ❆♥❛❧②s✐s ♦❢ ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢
s❡✈❡r❛❧ tr✉❝❦s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❛❧♦♥❣ t❤❡ ❜r✐❞❣❡
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ❛❧♦♥❣ t❤❡
❜r✐❞❣❡ ❡q✉❛❧ t♦ pc = 100 [KN/m]✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣❧❛❝❡ ✷✵✵ tr✉❝❦s ♦❢ ✺✵ t♦♥❡s ❡❛❝❤
♦♥❡ s❡♣❛r❛t❡❞ ❜② ❛ ❞✐st❛♥❝❡ ♦❢ ✺ ♠❡t❡rs✳ ❋✐❣✉r❡ ❊✳✸✸ s❤♦✇s t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥
❛♥❞ ✜❣✉r❡s ❊✳✸✹ ❛♥❞ ❊✳✸✺ s❤♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ❛♥❞ s❤❡❛r ❢♦r❝❡ ❛❧♦♥❣
t❤❡ ❜r✐❞❣❡✳
✭✷✮❘❡♠❡♠❜❡r t❤❛t ❡✈❡r② ✢♦❛t✐♥❣ str✉❝t✉r❡ ❤❛s ❛ ❝r✐t✐❝❛❧ ❧♦❛❞ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❧♦❛❞ t❤❛t t❤❡ ❜✉♦②❛♥❝②
❤②❞r♦st❛t✐❝ r❡❛❝t✐♦♥ ✐s ♥♦t ❛❜❧❡ t♦ ❝♦✉♥t❡r❛❝t✳
✷✺✹ ❇❡♥❝❤♠❛r❦s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ✜rst ♦r❞❡r ❢♦r♠✉❧❛t✐♦♥
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❋✐❣✉r❡ ❊✳✸✺✿ Pr❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✷ ✲ ❙❤❡❛r ❞✐str✐❜✉t✐♦♥ ❛❧♦♥❣ t❤❡ ❜r✐❞❣❡
❚❤❡ ❜❡♥❝❤♠❛r❦s ❞❡✈❡❧♦♣❡❞ ♣r♦✈✐❞❡❞ ❣♦♦❞ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s✳
❚❤❡ ✢♦❛t❛❜✐❧✐t② ❛♥❛❧②s✐s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ t♦ ❜❡ ✈❡r② r❡❧✐❛❜❧❡ ❛♥❞ t✉r♥❡❞ ♦✉t t♦ ❜❡ ❛ ❣r❡❛t
t♦♦❧ t♦ ❛♥❛❧②s❡ ✢♦❛t✐♥❣ ❜❡❛♠ str✉❝t✉r❡s ✐♥ ❝♦♥t❛❝t ✇✐t❤ ✢✉✐❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❝♦♠♣❛r✐s♦♥
❜❡t✇❡❡♥ t❤❡ ❲✐♥❦❧❡r ♠♦❞❡❧ ❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ♥❡✇ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ♣r❡s❡♥ts r❡♠❛r✲
❝❛❜❧❡ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s✳
■t ♠✉st ❜❡ s❛✐❞ t❤❛t t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♠❜✐♥❡❞ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ str✉❝t✉r❡s ❞✐❞ ♥♦t ♣r♦✲
✈✐❞❡ ❣♦♦❞ r❡s✉❧ts ✉s✐♥❣ t❤❡ t❤❡❝♥✐q✉❡ ♣r❡✈✐♦✉s❧② ❞❡s❝r✐❜❡❞✳ ■♥❞❡❡❞✱ t❤❡ ❣r❡❛t ♥♦♥❧✐♥❡❛r✐t②
t❤❛t ❝❛❜❧❡ str✉❝t✉r❡s r❡q✉✐r❡s ♠♦r❡ ❛❞✈❛♥❝❡❞ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s✳ ❆s t❤❡ r❡❛❞❡r ♠❛②
r❡♠❡♠❜❡r✱ t❤❡ st✐✛♥❡ss ♠❡t❤♦❞ ✇❛s ✉s❡❞ t♦ s♦❧✈❡ t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ❜❡✲
❝❛✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ✇❛s ❞❡✈❡❧♦♣❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡
t♦t❛❧ ❧❛❣r❛♥❣✐❛♥ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤✐s ♥✉♠❡r✐❝❛❧ s❝❤❡♠❡ ✭t❤❡ st✐✛♥❡ss ♠❡t❤♦❞✮ ✐s s✉✐t❛❜❧❡
❢♦r ❛♥❛❧②s✐s ✇❤❡r❡ t❤❡ ♦✈❡r❛❧❧ str✉❝t✉r❡ ❤❛s ❛ st✐✛❡♥✐♥❣ ♦r s♦❢t❡♥✐♥❣ ❜❡❤❛✈✐♦✉r ❞✉r✐♥❣ t❤❡
❞❡❢♦r♠❛t✐✈❡ ♣❛t❤✳ ❚❤❡ ♠❡t❤♦❞ ✐s ♥♦t ❛❜❧❡ t♦ ❢♦❧❧♦✇ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ ❞✉r✐♥❣ t❤❡ ❧♦❛❞
♣r♦❝❡❞✉r❡ ✐❢ t❤❡ str✉❝t✉r❡ ♣r❡s❡♥ts s♥❛♣✲t❤r♦✉❣❤ ♦r s♥❛♣✲❜❛❝❦ ❜❡❤❛✈✐♦✉rs✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s
❝❤❛♣t❡r ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ❣❡♥❡r❛❧ ✸❉ ♥♦♥❧✐♥❡❛r ✜♥✐t❡ ❡❧❡♠❡♥t ❝♦❞❡
t♦ ❛♥❛❧②s❡ ❝♦♠❜✐♥❡❞ ❝❛❜❧❡ ❛♥❞ ❢r❛♠❡ ✢♦❛t✐♥❣ str✉❝t✉r❡s✳

F ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
■♥ t❤✐s ❝❤❛♣t❡r✱ ❛ ❞❡❡♣ ❛♥❛❧②s✐s ♦♥ s❡✈❡r❛❧ ❜❡♥❝❤♠❛r❦s ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t t♦ ❡♥s✉r❡ t❤❡
❛❝❝✉r❛❝② ❛♥❞ r❡❧✐❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❣r❛♠ ❞❡✈❡❧♦♣❡❞✳ ❆s t❤❡ r❡❛❞❡r ♠❛② r❡♠❡♠❜❡r✱ t❤❡ ♣r♦✲
❣r❛♠ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❝♦♥s✐❞❡r✐♥❣ s❡✈❡r❛❧ ❤②♣♦t❤❡s✐s✿ ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ✜♥✐t❡
r♦t❛t✐♦♥s✱ s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥s ✇✐t❤ r❡s♣❡❝t t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ♦❢ t❤❡ ❜❡❛♠ ❡❧❡♠❡♥t ❛♥❞
❧✐♥❡❛r ❡❧❛st✐❝ ♠❛t❡r✐❛❧✳
❚❤❡ ❝❤❛♣t❡r ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♣❛rt ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ s❡✈❡r❛❧
❜❡♥❝❤♠❛r❦s ♦❜t❛✐♥❡❞ ❢r♦♠ ❧✐t❡r❛t✉r❡✳ ❈❛❜❧❡ str✉❝t✉r❡s ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞
❛♥❞ ❛❧s♦ ♦r❞✐♥❛r② str✉❝t✉r❡s ❝♦♠♣♦s❡❞ ❜② ❜❡❛♠ ❡❧❡♠❡♥ts ✇✐❧❧ ❜❡ st✉❞✐❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱
s✐♠♣❧❡ ❛♥❛❧②s✐s ♦❢ ✢♦❛t✐♥❣ ❜❡❛♠ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s ✇✐❧❧ ❜❡
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s ❝♦♠♣♦s❡❞
❜② ❝❛❜❧❡ ❛♥❞ ❜❡❛♠ ❡❧❡♠❡♥ts✳ ❍❡r❡✱ t❤❡ ♣r♦♣♦s❡❞ ❡❧❡♠❡♥t ✇✐❧❧ ❜❡ ✈❛❧✐❞❛t❡❞✳ ■t s❤♦✉❧❞ ❜❡
❡♠♣❤❛s✐③❡❞ t❤❛t✱ ❛s ♠♦st st✉❞✐❡s ✐♥ t❤❡ ♣❛st ❤❛✈❡ ♥♦t ❞❡✈❡❧♦♣❡❞ s✐♠✐❧❛r ♠♦❞❡❧s ❢♦r t❤❡
st✉❞② ♦❢ ✢♦❛t✐♥❣ str✉❝t✉r❡s✱ t❤❡ r❡s✉❧ts ✐♥ t❤✐s s❡❝♦♥❞ ♣❛rt ❤❛✈❡ ♥♦t ❜❡❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤
♦t❤❡r r❡s✉❧ts ❢r♦♠ ❧✐t❡r❛t✉r❡✳
❋✳✶ ❇❡♥❝❤♠❛r❦s
❙♦♠❡ ❜❡♥❝❤♠❛r❦s ❛r❡ ❛♥❛❧②③❡❞ t♦ t❡st t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦❣r❛♠ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡
❛♥❛❧②s✐s ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ❛♥❞ r❡s✉❧ts ❝♦♠♣❛r❡❞ ✇✐t❤ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✳
❋✐rst✱ s♦♠❡ ❝❛s❡s ❝♦♥❝❡r♥✐♥❣ ❝❛❜❧❡ str✉❝t✉r❡s ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤
t❤❡ s♦❧✉t✐♦♥s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✉♥❡①t❡♥s✐❜❧❡ ❛♥❞ ❡❧❛st✐❝ ❝❛t❡♥❛r② ♠♦❞❡❧s✳
❙❡❝♦♥❞✱ t❤❡ ❝❧❛ss✐❝ ❡①❛♠♣❧❡ ♦❢ ♥♦♥❧✐♥❡❛r ❜❡❤❛✈✐♦✉r ♣r♦✈✐❞❡❞ ❜② t❤❡ ❊✉❧❡r✬s ❛r❝❤ ✐s ❛♥✲
❛❧②③❡❞ ❛♥❞ t❤❡ r❡❛❝t✐♦♥✲❞✐s♣❧❛❝❡♠❡♥t r❡s♣♦♥s ❝✉r✈❡ ✐s ❞❡♣✐❝t❡❞ ✉s✐♥❣ ❜♦t❤ t❤❡ ❛♥❛❧②t✐❝❛❧
❛♥❞ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧s✳
❋✐♥❛❧❧②✱ s♦♠❡ ❜❡♥❝❤♠❛r❦s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ✢♦❛t✐♥❣ ❜❡❛♠ str✉❝t✉r❡s ❛r❡
♣❡r❢♦r♠❡❞✳ ❍❡r❡✱ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ✇❤❡♥ ♣♦ss✐❜❧❡ ❛♥❞ t❤❡ ❝♦♠✲
✷✺✽ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
♣❛r✐s♦♥ ✇✐❧❧ ❜❡ ♠❛❞❡ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ✐♥ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts ♦❢ t❤❡
str✉❝t✉r❡✳
❋✳✶✳✶ ❚✇♦✲♠❡♠❜❡r tr✉ss ✉♥❞❡r ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞
❚❤❡ ♣r♦❜❧❡♠ ♦❢ t✇♦ tr✉ss ❡❧❡♠❡♥ts r❡str❛✐♥❡❞ t♦ ❡❛❝❤ ❡♥❞ ❛♥❞ ❧♦❛❞❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ❛s t❤❡
♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✶ ✐s ❛♥❛❧②③❡❞✳ ❚❤❡ r❡❛❝t✐♦♥✲❞✐s♣❧❛❝❡♠❡♥t r❡s♣♦♥s ❝✉r✈❡ ✐s ✜rst
♦❜t❛✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛♥❞ t❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts✳
❋✐❣✉r❡ ❋✳✶✿ ❚✇♦ ♠❡♠❜❡r tr✉ss ✉♥❞❡r ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞
❋✳✶✳✶✳✶ ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥
❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❋✐rst✱ t❤❡ r❡❛❝t✐♦♥ ♦❢ t❤❡ s②st❡♠
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ str✉❝t✉r❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿
R = 2N cosα ✭❋✳✶✮
✇❤❡r❡ N ✐s t❤❡ ❛①✐❛❧ ❢♦r❝❡ ♦❢ t❤❡ ❜❛rs ❛♥❞ α ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞ ❡❛❝❤
♦♥❡ ♦❢ t❤❡ ❜❛rs✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❜❛rs✱ t❤❡ ❛①✐❛❧ str❡ss ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥
t❡r♠s ♦❢ t❤❡ ❡❧♦♥❣❛t✐♦♥ ∆l✳
N =
EA
l0
∆l ✭❋✳✷✮
✇❤❡r❡ ∆l ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s✿
∆l = l − l0 ✭❋✳✸✮
l =
√
l2 + (h+ η)2 l0 =
√
l2 + h2
❇② ❣❡♦♠❡tr✐❝❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✱ t❤❡ ❝♦s✐♥❡ ♦❢ α ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧
❞✐s♣❧❛❝❡♠❡♥t η✳
cosα =
h+ η
l
✭❋✳✹✮
❋✳✶ ❇❡♥❝❤♠❛r❦s ✷✺✾
❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥s ❋✳✷✱ ❋✳✸ ❛♥❞ ❋✳✹ ✐♥ ❡q✉❛t✐♦♥ ❋✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥❧✐♥❡❛r ❡q✉✐✲
❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t η ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
R = 2
EA
l0
(√
l2 + (h+ η)2 − l0
)
h+ η√
l2 + (h+ η)2
✭❋✳✺✮
❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❛❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ η ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳
dR
dη
= 2
EA
l0l
[
(h+ η)
dl
dη
+ (l − l0)
(
l − [h+ η] dl
dη
)]
✭❋✳✻✮
dl
dη
=
h+ η√
l1 + (h+ η)2
= cosα
❈♦♥s✐❞❡r✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s r❡♣♦rt❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ t❤❡ r❡❛❝t✐♦♥✲❞✐s♣❧❛❝❡♠❡♥t
❝✉r✈❡ ❝❛♥ ❜❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✷
E [kN/m2] A [m2] l0 [m
2] l [m] h [m] P [kN ]
✷❡✽ ✵✳✶✻✹✺✽✽ ✷✺✳✵✵✼✺ ✷✺ ✵✳✻✶✷✸✻✶ ✸✶✽✳✾✽✹✹✺
❚❛❜❧❡ ❋✳✶✿ ❚✇♦ ♠❡♠❜❡r tr✉ss ✉♥❞❡r ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ✲ ▼❡❝❤❛♥✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧
✈❛r✐❛❜❧❡s
0 4 · 10−2 8 · 10−2 0.12 0.16 0.20
100
200
300
400
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❱❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t✱ η [m]
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❡❛
❝t
✐♦
♥
✱
[K
N
]
❋✐❣✉r❡ ❋✳✷✿ ❚✇♦ ♠❡♠❜❡r tr✉ss ✉♥❞❡r ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ✲ ❘❡❛❝t✐♦♥✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡
❙♦❧✈✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ ◆❡✇t♦♥✲❘❛♣❤s♦♥ s❝❤❡♠❡✱ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥t η t❤❛t ❞❡✜♥❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✐s r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ❋✳✸✳ ❲✐t❤ t❤❡
✷✻✵ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
❞✐s♣❧❛❝❡♠❡♥t ❝♦♠♣✉t❡❞✱ t❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡
s❛♠❡ t❛❜❧❡✳
❋✳✶✳✶✳✷ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ str✉❝t✉r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✶ ❤❛s ❜❡❡♥ ❛❧s♦ ❝❛rr✐❡❞ ♦✉t ✇✐t❤ t❤❡
✜♥✐t❡ ❡❧❡♠❡♥t ❝♦❞❡✳ ❚❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞ ❛r❡ r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ❋✳✷✳
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ❋❊▼
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ✲
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ✲
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ✲
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✹
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✹
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✹
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✶✵
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❆♥❣❧❡
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✵✳✺
❈r✐t✐❝❛❧ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ B ✵✳✷✺
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✵✳✵✺
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✺✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ❋✳✷✿ ❚✇♦ ♠❡♠❜❡r tr✉ss ✉♥❞❡r ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
P❡r❢♦r♠✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ ❛♥❛❧②s✐s✱ t❤❡ r❡❛❝t✐♦♥✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ✐s ♦❜✲
t❛✐♥❡❞ ❛♥❞ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ❋✳✸✳ ■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ r❡❢❡r❡♥❝❡ s②st❡♠ ✉s❡❞ ✐♥ t❤❡
✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s ❤❛s t❤❡ ♣♦s✐t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ ❢♦r❝❡s ✉♣s✐❞❡✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡♥
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■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✵✳✵✺
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✺✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ❋✳✻✿ ❙②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧✲
②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
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❯♥❡①t❡♥s✐❜❧❡ ❝❛t❡♥❛r②
■♥✐t✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❋✳❊✳▼✳
❊❧❛st✐❝ ❝❛t❡♥❛r②
❋✐♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❋✳❊✳▼✳
❋✐❣✉r❡ ❋✳✼✿ ❙②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ✲ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❜❡✲
t✇❡❡♥ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s
❋✳✶ ❇❡♥❝❤♠❛r❦s ✷✻✺
❋✳✶✳✸ ❆s②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t
◆♦✇✱ ❛ ❝❛❜❧❡ ❛ss②♠♠❡tr✐❝❛❧❧② r❡str❛✐♥❡❞ ❢r♦♠ ❜♦t❤ ❡♥❞s ❛♥❞ s✉❜❥❡❝t❡❞ t♦ ✐ts ♦✇♥ s❡❧❢✲
✇❡✐❣❤t ✐s ❛♥❛❧②③❡❞✳
❋✐❣✉r❡ ❋✳✽✿ ❆s②♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t
❋✐rst✱ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❝❛t❡♥❛r② ❛♥❞
t❤❡ ❡❧❛st✐❝ ❝❛t❡♥❛r② ♠♦❞❡❧s✳ ❚❤❡♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ✇✐❧❧ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤
t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r♦❣r❛♠ ❛t ♣♦✐♥ts A✱ B ❛♥❞ C ✭✜❣✉r❡ ❋✳✽✮✳
❋✳✶✳✸✳✶ ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥
❚❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠♦❞❡❧ ♣r♦✈✐❞❡❞ ✐♥
s❡❝t✐♦♥ ❇✳✶✳✷✱ ✇❤❡r❡ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❡❧❛st✐❝ ❝❛❜❧❡ ✇❡r❡ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ❣❡♦✲
♠❡tr✐❝❛❧ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ✉s❡❞ ✐♥ t❤✐s ❜❡♥❝❤♠❛r❦s ❛r❡ r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ❋✳✼✳
E [kN/m2] A [m2] l0 [m] l [m] h [m] γm [kN/m
3]
✷❡✽ ✵✳✶✻✹✺✽✽ ✺✶✳✶ ✺✵ ✶✵ ✼✼✳✺
❚❛❜❧❡ ❋✳✼✿ ❆s②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ✲ ▼❡❝❤❛♥✐❝❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ ✈❛r✐✲
❛❜❧❡s
❯s✐♥❣ t❤❡ ❡❧❛st✐❝ ❝❛t❡♥❛r② ♠♦❞❡❧✱ t❤❡ ❞❡❢♦r♠❡❞ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡ ❝❛♥ ❜❡
❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✾✳ ■♥ t❤✐s ✜❣✉r❡✱ t❤❡ ✉♥❡①t❡♥s✐❜❧❡ ❝❛t❡♥❛r② s♦❧✉t✐♦♥ ❤❛s ❛❧s♦ ❜❡❡♥
✐♥❝❧✉❞❡❞ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛①✐❛❧ str❡ss ❛❧♦♥❣ t❤❡
❞❡❢♦r♠❡❞ ❡❧❛st✐❝ ❝❛❜❧❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✶✵✳
✷✻✻ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
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❋✐❣✉r❡ ❋✳✶✵✿ ❆s②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r ✐ts ♦✇♥ s❡❧❢ ✇❡✐❣❤t ✲ ❆①✐❛❧ str❡ss ❞✐str✐❜✉t✐♦♥
❛❧♦♥❣ t❤❡ ❞❡❢♦r♠❡❞ ❡❧❛st✐❝ ❝❛t❡♥❛r②
❆s ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛t ♣♦✐♥ts A✱ B ❛♥❞ C ❤❛✈❡ ❜❡❡♥
❋✳✶ ❇❡♥❝❤♠❛r❦s ✷✻✼
❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ❛♥❞ r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ❋✳✾✳
❋✳✶✳✸✳✷ ◆✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥
◆♦✇✱ t❤❡ ❝❛❜❧❡ ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s
✇♦r❦✳ ❚❤❡ ♥✉♠❜❡r ♦❢ str❛✐❣❤t ✜♥✐t❡ ❡❧❡♠❡♥ts ✉s❡❞ ✐s ❡q✉❛❧ t♦ 149✳ ■♥ t❛❜❧❡ ❋✳✽ t❤❡ ♣❛✲
r❛♠❡t❡rs ❛♥❞ ♠♦❞❡❧s ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ ❛r❡ ❧✐st❡❞✳
❋✐♥❛❧❧②✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✐♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ str❡ss❡s ❛t t❤❡ s♣❡❝✐✜❡❞ ♣♦✐♥ts
❛r❡ s✉♠♠❡❞ ✉♣ ✐♥ t❛❜❧❡ ❋✳✾✳
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ❋❊▼
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ✲
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ✲
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ✲
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✹
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✹
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✹
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✷✺
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❆♥❣❧❡
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✵✳✺
❈r✐t✐❝❛❧ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ B ✵✳✷✺
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✵✳✵✺
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✺✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ❋✳✽✿ ❆s②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
❈♦♥❝❡♣t ❙②♠❜♦❧✴❯♥✐ts ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❋❊▼ s♦❧✉t✐♦♥ ❊rr♦r[%]
❱❡rt✐❝❛❧ ❉✐s♣❧❛❝❡♠❡♥t η [m] ✵✳✵✼✹✾✶ ✵✳✵✼✹✽✾✺ ✷❡✲✷
❆①✐❛❧ str❡ss ♣♦✐♥t ❆ NA [kN ] ✾✷✵✳✻✽✷✹ ✾✶✽✳✻✽✸ ✷❡✲✶
❆①✐❛❧ str❡ss ♣♦✐♥t ❇ NB [kN ] ✾✵✾✳✼✾✼✻ ✾✵✼✳✽✾✶ ✷❡✲✶
❆①✐❛❧ str❡ss ♣♦✐♥t ❈ NC [kN ] ✶✵✹✽✳✷ ✶✵✹✺✳✸✺ ✷❡✲✶
❚❛❜❧❡ ❋✳✾✿ ❆s②♠♠❡tr✐❝ ❡❧❛st✐❝ ❝❛❜❧❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ✲ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡s✉❧ts ❜❡t✇❡❡♥
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N =
EA
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∆l ✭❋✳✽✮
✇❤❡r❡ t❤❡ ✐♥❝r❡♠❡♥t ♦❢ ❧❡♥❣t❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿
∆l = l − l0 ✭❋✳✾✮
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❖♥❡ ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ t❤✐s ❜❡♥❝❤♠❛r❦ ✐s t❤❛t ✐t ✐♥✈♦❧✈❡s ❝♦♥s✐❞❡r❛❜❧❡ ❧❛r❣❡ ❞✐s♣❧❛❝❡✲
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Shear force in the beam elements (T ′y). λ = 0.1
 
 
−8.113
−8.112
−8.111
−8.11
−8.109
−8.108
−8.107
−8.106
−8.105
−8.104
−8.103
❋✐❣✉r❡ ❋✳✷✵✿ ❈❛♥t✐❧❡✈❡r ❜❡❛♠ ❧♦❛❞❡❞ ❛t t❤❡ t✐♣ ✲ ❙❤❡❛r ❢♦r❝❡s ✐♥ t❤❡ y′ ❛①✐s ❛t t❤❡ λ = 0.1
✷✼✻ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
0 50 100 150 200 250 300 350 400−150
−100
−50
0
50
100
150
X [cm]
Y
[c
m
]
Axial force in the beam elements (N). λ = 0.1
 
 
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
❋✐❣✉r❡ ❋✳✷✶✿ ❈❛♥t✐❧❡✈❡r ❜❡❛♠ ❧♦❛❞❡❞ ❛t t❤❡ t✐♣ ✲ ❆①✐❛❧ ❢♦r❝❡ ✐♥ t❤❡ x′ ❛①✐s ❛t t❤❡ λ = 0.1
−50 0 50 100 150 200 250 300
−250
−200
−150
−100
−50
0
X [cm]
Y
[c
m
]
Bending moment in the beam elements (M ′
z
). λ = 5
 
 
−9
−8
−7
−6
−5
−4
−3
−2
−1
x 104
❋✐❣✉r❡ ❋✳✷✷✿ ❈❛♥t✐❧❡✈❡r ❜❡❛♠ ❧♦❛❞❡❞ ❛t t❤❡ t✐♣ ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t ✐♥ t❤❡ z′ ❛①✐s ❛t t❤❡
λ = 5
❋✳✶ ❇❡♥❝❤♠❛r❦s ✷✼✼
−50 0 50 100 150 200 250 300
−250
−200
−150
−100
−50
0
X [cm]
Y
[c
m
]
Shear force in the beam elements (T ′y). λ = 5
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Axial force in the beam elements (N). λ = 5
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Shear force in the beam elements (T ′y). λ = 10
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Axial force in the beam elements (N). λ = 10
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External loads analysis. Comparison with several configurations.
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❋✳✶✳✼ P✐♥♥❡❞✲❢✐①❡❞ sq✉❛r❡ ❞✐❛♠♦♥❞ ❢r❛♠❡ ✐♥ t❡♥s✐♦♥
❆ ♣✐♥♥❡❞✲✜①❡❞ sq✉❛r❡ ❞✐❛♠♦♥❞ ❢r❛♠❡ ✐s ❧♦❛❞❡❞ ✐♥ t❡♥s✐♦♥ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ❋✳✸✻✳ ❙✐♥❝❡
t❤❡ ♣r♦❜❧❡♠ ✐s s②♠♠❡tr✐❝✱ ♦♥❧② ❤❛❧❢ ♦❢ t❤❡ ❞✐❛♠♦♥❞ ✐s ❛♥❛❧②③❡❞✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❛♥❛❧②③❡❞
❜② ✉s✐♥❣ ✜✈❡ ❡❧❡♠❡♥ts ♣❡r ♠❡♠❜❡r✳
❋✐❣✉r❡ ❋✳✸✻✿ P✐♥♥❡❞✲✜①❡❞ sq✉❛r❡ ❞✐❛♠♦♥❞ ❢r❛♠❡ ✐♥ t❡♥s✐♦♥
◆♦✇✱ t❤❡ ♣✐♥♥❡❞✲✜①❡❞ sq✉❛r❡ ❞✐❛♠♦♥❞ ❢r❛♠❡ ✐♥ t❡♥s✐♦♥ ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ❝♦♥s✐❞❡r✐♥❣
t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦✳ ■♥ t❛❜❧❡ ❋✳✶✸ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ♠♦❞❡❧s
✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ ❛r❡ ❧✐st❡❞✳
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ✲
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ❋❊▼
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ❙❛✐♥t ❱❡♥❛♥t
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✸
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✶✵✵
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❘❡st♦r✐♥❣
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✵✳✶
▼✐♥✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ Bm ✵✳✺
▼❛①✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ BM ✶✵✵
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✵✳✵✺
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶✵
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✷✵✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺✵
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ❋✳✶✸✿ P✐♥♥❡❞✲✜①❡❞ sq✉❛r❡ ❞✐❛♠♦♥❞ ❢r❛♠❡ ✐♥ t❡♥s✐♦♥ ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r
❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
❚❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦♥❡s ♦❜t❛✐♥❡❞
❜② ❬P✳ ◆❛♥❛❦♦r♥✱ ✷✵✵✻❪✳ ●♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❜♦t❤ r❡s✉❧ts ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡
✷✽✻ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
❝♦♠♣❛r✐s♦♥ ❝♦♥s✐❞❡r✐♥❣ ❧✐♥❡❛r ❡❧❛st✐❝ ♠❛t❡r✐❛❧✳
❙♦♠❡ ✜♥❛❧ r❡s✉❧ts ♣r♦✈✐❞❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❛r❡ ❧✐st❡❞ ❤❡r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦r♠❛❧✐③❡❞
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X [m]
Y
[m
]
 
 
6 = 0
6 = 0.1
6 = 1.5
6 = 5
6 = 7.5
6 = 10
❋✐❣✉r❡ ❋✳✸✼✿ P✐♥♥❡❞✲✜①❡❞ sq✉❛r❡ ❞✐❛♠♦♥❞ ❢r❛♠❡ ✐♥ t❡♥s✐♦♥ ✲ ❈♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠
✐♥ s❡✈❡r❛❧ ❧♦❛❞ st❡♣s
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r✐❣❤t ♣♦✐♥t ♦❢ t❤❡ ❜❡❛♠ ❛♥❞ t❤❡ ♣♦✐♥t ❛t
t❤❡ ✉♣♣❡st ♣♦s✐t✐♦♥ ❛r❡ ♣❧♦tt❡❞✳ ❋✐❣✉r❡ ❋✳✸✽ ❛♥❞ ✜❣✉r❡ ❋✳✸✾ s❤♦✇ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤s
♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡ ♣♦✐♥t ♣♦s✐t✐♦♥❡❞ ♦♥ t❤❡ r✐❣❤t ♦❢
t❤❡ sq✉❛r❡ ❢r❛♠❡ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ ✜❣✉r❡ ❋✳✹✵ s❤♦✇s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ ♦❢ t❤❡
✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ✉♣♣❡st ♣♦✐♥t ♦❢ t❤❡ str✉❝t✉r❡✳
❆❢t❡r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤s ❤❛✈❡ ❜❡❡♥ ♣❧♦tt❡❞ ❢♦r t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♥♦❞❡s ♦❢ t❤❡
str✉❝t✉r❡✱ ♦✉r ❛tt❡♥t✐♦♥ ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ str❡ss ✜❡❧❞ ♦❢ t❤❡ str✉❝t✉r❡ ✐♥
s♦♠❡ ♣❛rt✐❝✉❧❛r ❧♦❛❞ ❢❛❝t♦rs✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✐♥ t❤❡ z ❛①✐s✱ t❤❡ s❤❡❛r
❢♦r❝❡ ✐♥ t❤❡ ❧♦❝❛❧ ❛①✐s y′ ❛♥❞ t❤❡ ❛①✐❛❧ ❢♦r❝❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts ✇✐❧❧ ❜❡ ♣❧♦tt❡❞✳ ❋✐❣✉r❡s ❋✳✹✶✱
❋✳✹✷ ❛♥❞ ❋✳✹✸ s❤♦✇ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t✱ s❤❡❛r ❢♦r❝❡ ❛♥❞ ❛①✐❛❧ ❢♦r❝❡ ✇❤❡♥ t❤❡ ❧♦❛❞ ✐s
❛t λ = 0.1✳ ❚❤❡ s❛♠❡ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛r❡ r❡♣r❡s❡♥t❡❞ ✇❤❡♥ t❤❡ ❧♦❛❞ ✐s ❛t λ = 5 ✐♥
✜❣✉r❡s ❋✳✹✹✱ ❋✳✹✹ ❛♥❞ ❋✳✹✹ ❛♥❞ ✜❣✉r❡s ❋✳✹✼✱ ❋✳✹✽ ❛♥❞ ❋✳✹✾ s❤♦✇ t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥
♦❢ t❤❡ ❜❡❛♠ ✇❤❡♥ λ = 10✳
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Axial force in the beam elements (N). λ = 1
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Shear force in the beam elements (T ′y). λ = 1
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Shear force in the beam elements (T ′z). λ = 1
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Twisting moment in the beam elements (M ′x). λ = 1
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Bending moment in the beam elements (M ′y). λ = 1
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Bending moment in the beam elements (M ′z). λ = 1
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Shear force in the beam elements (T ′y). λ = 0.4
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Bending moment in the beam elements (M ′z). λ = 0.4
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Axial force in the beam elements (N). λ = 0.15003
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Shear force in the beam elements (T ′y). λ = 0.15003
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Bending moment in the beam elements (M ′z). λ = 0.15003
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External loads analysis. Comparison with several con-gurations.
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Axial force in the beam elements (N). λ = 0.045447
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Axial force in the beam elements (N). λ = 1.041
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Shear force in the beam elements (T ′y). λ = 0.045447
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Shear force in the beam elements (T ′y). λ = 1.041
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❆ s✐♠♣❧② ✢♦❛t✐♥❣ ❜❡❛♠ ✇✐t❤ ❛ ❱ ❢♦r♠ ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✾✺ ✐s ❛♥❛❧②③❡❞✳
❋✐❣✉r❡ ❋✳✾✺✿ ❋❧♦❛t✐♥❣ ❱✲❇❡❛♠ s✉❜❥❡❝t❡❞ t♦ ✐ts ♦✇♥ s❡❧❢ ✇❡✐❣❤t
❋✳✷✳✶ ❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥
■♥ t❤✐s ❝❛s❡✱ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s ✈❡r② s✐♠♣❧❡ t♦ ♦❜t❛✐♥✳ ■♥❞❡❡❞✱ t❤❡ s✐♠♠❡tr② ♦❢ t❤❡
♣r♦❜❧❡♠ ❡♥s✉r❡s t❤❛t t❤❡ str❡ss❡s ✐♥s✐❞❡ ❜♦t❤ ❜❡❛♠ ✇✐❧❧ ❜❡ ♥✉❧❧✳ ❚❤❡ r♦t❛t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢
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▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ❙❛✐♥t ❱❡♥❛♥t
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
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▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❘❡st♦r✐♥❣
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▼✐♥✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ Bm ✵✳✹
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❆❝t✉❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ λ = 1
❋✐❣✉r❡ ❋✳✾✻✿ ❋❧♦❛t✐♥❣ ❱✲❇❡❛♠ s✉❜❥❡❝t❡❞ t♦ ✐ts ♦✇♥ s❡❧❢ ✇❡✐❣❤t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥
♦❜t❛✐♥❡❞ ❜② t❤❡ ♣r♦❣r❛♠
❚❤❡ ♥♦❞❛❧ ♣♦s✐t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ ❢r❡❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✢✉✐❞ ♦❜t❛✐♥❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ✐s
−0.375✳ ❚❤✐s ❛❣r❡❡s ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳ ■♥❞❡❡❞✱ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ s❡❝t✐♦♥ ♦❢
t❤❡ ❜❡❛♠ ✭♣♦s✐t✐♦♥ ♦❢ t❤❡ ♥♦❞❡ ✐♥ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♣r♦❣r❛♠✮ ✐s ❧♦❝❛t❡❞ 1.5 ♠❡t❡rs ❛❜♦✈❡
t❤❡ ❜♦tt♦♠ ♣❛rt ♦❢ t❤❡ ❜❡❛♠✳
❋✳✸ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t
❆ s✐♠♣❧② str❛✐❣❤t ✢♦❛t✐♥❣ ❜❡❛♠ ❛s t❤❡ ♦♥❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✾✼ ✐s ❛♥❛❧②③❡❞✳ ■♥ t❛✲
❜❧❡ ❋✳✶✾ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ♠♦❞❡❧s ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ ❛r❡ ❧✐st❡❞✳
❚❤❡ s♦❧✉t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦ ♣r♦✈✐❞❡s✱
❢♦r ❡✈❡r② ✈❛❧✉❡ ♦❢ M ✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞
r♦t❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ ♦❢ ❜♦t❤ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
✭✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t✇✐st✐♥❣ r♦t❛t✐♦♥✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡s ❋✳✾✽ ✭✈❡rt✐❝❛❧ ❞✐s✲
♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❝❡♥tr♦✐❞ ♦❢ t❤❡ ❜❡❛♠✮ ❛♥❞ ❋✳✾✾ ✭r♦t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t❤❡ ♥♦r♠❛❧ ❛①✐s
♦❢ t❤❡ s❡❝t✐♦♥✮✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❜❡❛♠ ✉♥❞❡r ✐ts ♦✇♥ s❡❧❢ ✇❡✐❣❤t✱ ✇❤❡♥
t❤❡ ❜❡❛♠ ❤❛s r♦t❛t❡❞ α =
pi
6
✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡①t❡r♥❛❧ t✇✐st✐♥❣ ♠♦♠❡♥t ❡q✉❛❧
❋✳✸ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✸✷✸
t♦ M = 25.5748 [kN ·m]✮ ❛♥❞ α = pi
2
r❛❞✐❛♥s ✭✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡❧❢✲❡q✉✐❧✐❜r❛t❡❞
❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✱ M = 0✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡s ❋✳✶✵✵✱ ❋✳✶✵✶ ❛♥❞ ❋✳✶✵✷ r❡s♣❡❝✲
t✐✈❡❧②✳
❋✐❣✉r❡ ❋✳✾✼✿ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ✲
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ❋❊▼
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ❙❛✐♥t ❱❡♥❛♥t
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✸
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✶✵✵
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❘❡st♦r✐♥❣
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✵✳✵✶
▼✐♥✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ Bm ✵✳✹
▼❛①✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ BM ✶✳✷
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✵✳✵✶
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✶✵✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺✵
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ❋✳✶✾✿ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s
✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
✸✷✹ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
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❋✐❣✉r❡ ❋✳✾✾✿ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣❛t❤ ♦❢ t❤❡ r♦t❛t✐♦♥ ♦❢
t❤❡ s❡❝t✐♦♥
❋✳✸ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✸✷✺
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❋✐❣✉r❡ ❋✳✶✵✵✿ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✉♥❞❡r ✐t✬s
♦✇♥ s❡❧❢ ✇❡✐❣❤t
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❋✐❣✉r❡ ❋✳✶✵✶✿ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✇❤❡♥ t❤❡
❡①t❡r♥❛❧ t✇✐st✐♥❣ ♠♦♠❡♥t ✐s ❡q✉❛❧ t♦ M = 25.5748 [kN ·m]
✸✷✻ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
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❋✐❣✉r❡ ❋✳✶✵✷✿ ❋❧♦❛t✐♥❣ ❜❡❛♠ ✉♥❞❡r t✇✐st✐♥❣ ♠♦♠❡♥t ✲ ❊q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥ ✇❤❡♥ t❤❡
❡①t❡r♥❛❧ t✇✐st✐♥❣ ♠♦♠❡♥t ✐s ❡q✉❛❧ t♦ M = 0 [kN ·m]
❋✳✹ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ ✉♥❞❡r ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥
◆♦✇✱ ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✇✐t❤ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞✳ ❚❤❡ ♠❛✐♥
❣♦❛❧ ✐s t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❞❡❢♦r♠❛❜✐❧✐t② ✐♥ t❤❡ ✐♥t❡r♥❛❧ ❢♦r❝❡s ❛♥❞ ♠♦♠❡♥ts ❛❝t✲
✐♥❣ ♦♥ t❤❡ ❜r✐❞❣❡✳ ❙✉❝❤ ✐♥✢✉❡♥❝❡ ✇✐❧❧ ❜❡ ♠❡❛s✉r❡❞ ❝♦♠♣❛r✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❛♥❛❧②s✐s
✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜r✐❞❣❡ ❝♦♠♣❧❡t❡❧② r✐❣✐❞✳ ❚❤❡ ❜r✐❞❣❡
✐s ♠❛❞❡ ♦❢ ❝♦♥❝r❡t❡ ❛♥❞ t❤❡ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❜r✐❞❣❡ ✇✐❧❧ s✐♠✉❧❛t❡ ❛ ✸✵
t♦♥❡s tr✉❝❦ s♦ ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ 300 kN ✳ ❚❤❡ ❜r✐❞❣❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ❋✳✶✵✸✳
◆♦✇✱ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✐♥ t❤❡ ♠✐❞❞❧❡
✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ✇♦r❦✳ ■♥ t❛❜❧❡ ❋✳✷✵
t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ♠♦❞❡❧s ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠ ❛r❡ ❧✐st❡❞✳
❆s ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✱ t❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t
❛♥❞ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ♠❡s✉r❡❞ ✐♥ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ✐s ❛♣♣❧✐❡❞✳ ❚❤❡
❞❡♣t❤ ✐♥ t❤❡ ✇❛t❡r ❛♥❞ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ♠❡s✉r❡❞ ✐♥ t❡ ♣♦✐♥t A ❛r❡ ❞❡♣✐❝t❡❞ ❛♥❞
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ r✐❣✐❞ ♠♦❞❡❧ ✐♥ ✜❣✉r❡s ❋✳✶✵✹ ❛♥❞ ❋✳✶✵✺✱ r❡s♣❡❝t✐✈❡❧②✳
❋✳✹ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ ✉♥❞❡r ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✸✷✼
❋✐❣✉r❡ ❋✳✶✵✸✿ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ✲
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ❋❊▼
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ❙❛✐♥t ❱❡♥❛♥t
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✸
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✶✵✵
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❘❡st♦r✐♥❣
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✵✳✵✶
▼✐♥✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ Bm ✵✳✹
▼❛①✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ BM ✶✳✷
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✶
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✶✵✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺✵
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ❋✳✷✵✿ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✲ P❛r❛♠❡t❡rs
❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
✸✷✽ ❇❡♥❝❤♠❛r❦s ❛♥❞ ✈❛❧✐❞❛t✐♦♥
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Rigid bridge
Flexible bridge
❋✐❣✉r❡ ❋✳✶✵✹✿ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✐♥ t❤❡
♠✐❞❞❧❡ ✲ ▼❛①✐♠✉♠ ♣❡♥❡tr❛t✐♦♥ ✐♥ t❤❡ ✢✉✐❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜r✐❞❣❡
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜r✐❞❣❡ r✐❣✐❞ ❛♥❞ ✢❡①✐❜❧❡
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Rigid bridge
Flexible bridge
❋✐❣✉r❡ ❋✳✶✵✺✿ ❋❧♦❛t✐♥❣ ❜r✐❞❣❡ s✉❜♠✐tt❡❞ t♦ ❛ ❝♦♥❝❡♥tr❛t❡❞ ❧♦❛❞ ❛t ♠✐❞❞❧❡ s♣❛♥ ✐♥ t❤❡
♠✐❞❞❧❡ ✲ ❇❡♥❞✐♥❣ ♠♦♠❡♥t ❛t t❤❡ ❛❝t✐♥❣ ❧♦❛❞ ♣♦✐♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜r✐❞❣❡
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜r✐❞❣❡ r✐❣✐❞ ❛♥❞ ✢❡①✐❜❧❡
G ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ❢❧♦❛t✐♥❣ ❜♦①✲
❣✐r❞❡r ❜r✐❞❣❡
●✳✶ ■♥tr♦❞✉❝t✐♦♥
❚❤❡ ♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ♥♦✇ ❛♣♣❧✐❡❞ t♦ t❤❡ str✉❝t✉r❛❧ ❛♥❛❧②s✐s ♦❢ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r
❜r✐❞❣❡✳ ❚❤❡ ❝♦♥s✐❞❡r❡❞ str✉❝t✉r❡ ✐s ✐♥s♣✐r❡❞ t♦ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ▼❡♠♦r✐❛❧ ❇r✐❞❣❡✳
❚❤✐s str✉❝t✉r❡ ✐s ❛ ✢♦❛t✐♥❣ ❜r✐❞❣❡ t❤❛t ❝❛rr✐❡s t❤❡ ❡❛st❜♦✉♥❞ ❧❛♥❡s ♦❢ ■♥t❡rst❛t❡ ✾✵ ❛❝r♦ss
▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ❢r♦♠ ❙❡❛tt❧❡ t♦ ▼❡r❝❡r ■s❧❛♥❞✱ ❲❛s❤✐♥❣t♦♥✳ ❲❡st❜♦✉♥❞ tr❛✣❝ ✐s ❝❛rr✐❡❞
❜② t❤❡ ❍♦♠❡r ▼✳ ❍❛❞❧❡② ▼❡♠♦r✐❛❧ ❇r✐❞❣❡ r✉♥♥✐♥❣ ♣❛r❛❧❧❡❧ t♦ ✐t✳ ❚❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇
▼❡♠♦r✐❛❧ ❇r✐❞❣❡ ✐s t❤❡ s❡❝♦♥❞ ❧♦♥❣❡st ✢♦❛t✐♥❣ ❜r✐❞❣❡ ♦♥ ❊❛rt❤ ❛t ✻✱✻✷✵ ❢t ✭✷✱✵✷✵ ♠✮✱
✇❤❡r❡❛s t❤❡ ❧♦♥❣❡st ✐s t❤❡ ●♦✈❡r♥♦r ❆❧❜❡rt ❉✳ ❘♦s❡❧❧✐♥✐ ❇r✐❞❣❡✖❊✈❡r❣r❡❡♥ P♦✐♥t ❥✉st ❛
❢❡✇ ♠✐❧❡s t♦ t❤❡ ♥♦rt❤ ♦♥ t❤❡ s❛♠❡ ❧❛❦❡✱ ❜✉✐❧t ✷✸ ②❡❛rs ❧❛t❡r✳ ❚❤❡ t❤✐r❞ ❧♦♥❣❡st ✐s t❤❡
❍♦♦❞ ❈❛♥❛❧ ❇r✐❞❣❡✱ ❛❧s♦ ✐♥ ❲❛s❤✐♥❣t♦♥ ❙t❛t❡✱ ❛❜♦✉t ✸✵ ♠✐❧❡s ✭✹✽ ❦♠✮ t♦ t❤❡ ♥♦rt❤✇❡st
♦❢ t❤❡ ❊✈❡r❣r❡❡♥ P♦✐♥t ❋❧♦❛t✐♥❣ ❇r✐❞❣❡✳
❋✐❣✉r❡ ●✳✶✿ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ r❡❢❡rr❡❞ t♦ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛
✸✸✵ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
❋✐❣✉r❡ ●✳✷✿ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ r❡❢❡rr❡❞ t♦ t❤❡ ❲❛s❤✐♥❣t♦♥ st❛t❡
❋✐❣✉r❡ ●✳✸✿ ▲♦❝❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✐♥ ❙❡❛tt❧❡
●✳✷ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ ❤✐st♦r✐❝❛❧ ❝♦♥t❡①t ✸✸✶
❆❧♦♥❣ ✇✐t❤ t❤❡ ❡❛st ♣♦rt❛❧s ♦❢ t❤❡ ▼♦✉♥t ❇❛❦❡r ❘✐❞❣❡ ❚✉♥♥❡❧✱ t❤❡ ❜r✐❞❣❡ ✐s ❛♥ ♦✣❝✐❛❧
❈✐t② ♦❢ ❙❡❛tt❧❡ ❧❛♥❞♠❛r❦✳ ❲❤✐❧❡ t❤❡ ❜r✐❞❣❡ ♦r✐❣✐♥❛❧❧② ❤❛❞ ❛♥ ♦♣❡♥✐♥❣ s♣❛♥ ❛t t❤❡ ❝❡♥t❡r
♦❢ t❤❡ ❜r✐❞❣❡ t♦ ❛❧❧♦✇ ❛ ❤♦r✐③♦♥t❛❧ ♦♣❡♥✐♥❣ ♦❢ ✷✵✷ ❢❡❡t ✭✻✷ ♠✮ ❢♦r ♠❛❥♦r ✇❛t❡r❜♦r♥❡ tr❛✣❝✱
t❤❡ ♦♥❧② ❜♦❛t ♣❛ss❛❣❡s ❝✉rr❡♥t❧② ❛r❡ ❡❧❡✈❛t❡❞ ✜①❡❞ s♣❛♥s ❛t t❤❡ ❡♥❞s ✇✐t❤ ✷✾ ❢❡❡t ✭✽✳✽
♠✮ ♦❢ ✈❡rt✐❝❛❧ ❝❧❡❛r❛♥❝❡✳ ❚❤❡ s✐t✉❛t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡s ●✳✶✱ ●✳✷ ❛♥❞ ●✳✸✳
●✳✷ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ ❤✐st♦r✐❝❛❧ ❝♦♥t❡①t
❚❤❡ ❜r✐❞❣❡ ✇❛s t❤❡ ❜r❛✐♥❝❤✐❧❞ ♦❢ ❡♥❣✐♥❡❡r ❍♦♠❡r ❍❛❞❧❡②✱ ✇❤♦ ♠❛❞❡ t❤❡ ✜rst ♣r♦♣♦s❛❧ ✐♥
✶✾✷✶✳ ❈♦♥str✉❝t✐♦♥ ❜❡❣❛♥ ❏❛♥✉❛r② ✶✱ ✶✾✸✾ ❛♥❞ ✇❛s ❝♦♠♣❧❡t❡❞ ✐♥ ✶✾✹✵✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥
❝♦st ❢♦r t❤❡ ♣r♦❥❡❝t ✇❛s ♦♥ t❤❡ ♦r❞❡r ♦❢ 9, 000, 000 $ ✐♥❝❧✉❞✐♥❣ ❛♣♣r♦❛❝❤❡s✳ ■t ✇❛s ♣❛rt✐❛❧❧②
✜♥❛♥❝❡❞ ❜② ❛ ❜♦♥❞ ✐ss✉❡ ♦❢ 4, 184, 000 $✳ ❚♦❧❧s ✇❡r❡ r❡♠♦✈❡❞ ✐♥ ✶✾✹✾✳ ■t s❛♥❦ ✐♥ ❛ st♦r♠
♦♥ ◆♦✈❡♠❜❡r ✷✺✱ ✶✾✾✵✱ ✇❤✐❧❡ ✐t ✇❛s ✉♥❞❡r❣♦✐♥❣ r❡❢✉r❜✐s❤✐♥❣ ❛♥❞ r❡♣❛✐r✳ ❚❤❡ ❝✉rr❡♥t
❜r✐❞❣❡ ✇❛s ❜✉✐❧t ✐♥ ✶✾✾✸✳ ❚❤❡ ❡♣♦♥②♠♦✉s ▲❛❝❡② ❱✳ ▼✉rr♦✇ ✇❛s t❤❡ s❡❝♦♥❞ ❉✐r❡❝t♦r ♦❢
t❤❡ ❲❛s❤✐♥❣t♦♥ ❙t❛t❡ ❍✐❣❤✇❛② ❉❡♣❛rt♠❡♥t ❛♥❞ ❛ ❤✐❣❤❧② ❞❡❝♦r❛t❡❞ ❯❙ ❆✐r ❋♦r❝❡ ♦✣❝❡r
✇❤♦ s❡r✈❡❞ ✐♥ ❲♦r❧❞ ❲❛r ■■✳ ❍❡ ✇❛s t❤❡ ♦❧❞❡st ❜r♦t❤❡r ♦❢ ❈❇❙ ❝♦♠♠❡♥t❛t♦r ❊❞✇❛r❞ ❘✳
▼✉rr♦✇✳
❋♦r♠❡r❧② ❦♥♦✇♥ ❛s t❤❡ ✧▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ❋❧♦❛t✐♥❣ ❇r✐❞❣❡✧✱ t❤❡ ♦r✐❣✐♥❛❧ ❜r✐❞❣❡ ✇❛s
❜✉✐❧t ✉♥❞❡r ❛ ✶ ✶✴✷✲②❡❛r ❝♦♥tr❛❝t ❛✇❛r❞❡❞ t♦ t❤❡ P✉❣❡t ❙♦✉♥❞ ❇r✐❞❣❡ ❛♥❞ ❉r❡❞❣✐♥❣ ❈♦♠✲
♣❛♥② ✭t❤❡ ♣r♦❥❡❝t ✇❛s ❧❡❞ ❜② ❡♥❣✐♥❡❡r P❡t❡r ❏♦❤♥ ❏❡♥s❡♥✮ ✐♥ t❤❡ ❛♠♦✉♥t ♦❢ 3, 254, 000 $✳
■t ✐♥❝❧✉❞❡❞ ❛ ♠♦✈❛❜❧❡ s♣❛♥ t❤❛t ❝♦✉❧❞ ❜❡ r❡tr❛❝t❡❞ ✐♥t♦ ❛ ♣♦❝❦❡t ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡
✜①❡❞ s♣❛♥ t♦ ♣❡r♠✐t ❧❛r❣❡ ❜♦❛ts t♦ ♣❛ss✳ ❚❤✐s ❞❡s✐❣♥ r❡s✉❧t❡❞ ✐♥ ❛ r♦❛❞✇❛② ✧❜✉❧❣❡✧ t❤❛t
r❡q✉✐r❡❞ ✈❡❤✐❝❧❡s t♦ s✇❡r✈❡ t✇✐❝❡ ❛❝r♦ss ♣♦❧✐s❤❡❞ st❡❡❧ ❥♦✐♥ts ❛s t❤❡② ♣❛ss❡❞ t❤❡ ❜✉❧❣❡✳ ❆
✧r❡✈❡rs✐❜❧❡ ❧❛♥❡✧ s②st❡♠✱ ✐♥❞✐❝❛t❡❞ ❜② ❧✐❣❤t❡❞ ♦✈❡r❤❡❛❞ ❧❛♥❡ ❝♦♥tr♦❧ s✐❣♥❛❧s ✇✐t❤ ❛rr♦✇
❛♥❞ ✬❳✬ s✐❣♥s✱ ❝♦♠♣♦✉♥❞❡❞ t❤❡ ❤❛③❛r❞ ❜② ♣✉tt✐♥❣ ♦♥❡ ❧❛♥❡ ♦❢ tr❛✣❝ ♦♥ t❤❡ ✧✇r♦♥❣✧ s✐❞❡
♦❢ t❤❡ ❜✉❧❣❡ ❛t ❞✐✛❡r❡♥t t✐♠❡s ♦❢ ❞❛② ✐♥ ❛♥ ❡✛♦rt t♦ ❛❧❧❡✈✐❛t❡ r✉s❤✲❤♦✉r tr❛✣❝ ✐♥t♦ ♦r ♦✉t
♦❢ ❙❡❛tt❧❡✳ ❚❤❡r❡ ✇❡r❡ ♠❛♥② s❡r✐♦✉s ❝♦❧❧✐s✐♦♥s ♦♥ t❤❡ ❜r✐❞❣❡✳ ❚❤❡ ♣r♦❜❧❡♠s ❣r❡✇ ✇♦rs❡ ❛s
t❤❡ tr❛✣❝ ❧♦❛❞ ✐♥❝r❡❛s❡❞ ♦✈❡r t❤❡ ②❡❛rs ❛♥❞ ❢❛r ♦✉tstr✐♣♣❡❞ t❤❡ ❞❡s✐❣♥❡❞ ❝❛♣❛❝✐t②✳ ❘❡♥♦✲
✈❛t✐♦♥ ♦r r❡♣❧❛❝❡♠❡♥t ✇❛s ❡ss❡♥t✐❛❧ ❛♥❞ ❛ ♣❛r❛❧❧❡❧ ❜r✐❞❣❡✱ t❤❡ ❍♦♠❡r ▼✳ ❍❛❞❧❡② ▼❡♠♦r✐❛❧
❇r✐❞❣❡✱ ✇❛s ❝♦♠♣❧❡t❡❞ ✐♥ ✶✾✽✾✳
❚❤❡ P✉❣❡t ❙♦✉♥❞ r❡❣✐♦♥✱ ♣❛rt✐❝✉❧❛r❧② t❤❡ ✉r❜❛♥ ❛r❡❛s ♦❢ ❙❡❛tt❧❡ ❛♥❞ ✇❤❛t ✐s ❝♦♠♠♦♥❧②
❦♥♦✇♥ ❛s t❤❡ ✏❊❛sts✐❞❡✑ ✕ ❝♦♠♠✉♥✐t✐❡s ❡❛st ♦❢ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ✐♥❝❧✉❞✐♥❣ ❇❡❧❧❡✈✉❡✱ ▼❡❞✲
✐♥❛✱ ❍✉♥ts P♦✐♥t✱ ❨❛rr♦✇ P♦✐♥t✱ ❈❧②❞❡ ❍✐❧❧✱ ❑✐r❦❧❛♥❞✱ ❘❡❞♠♦♥❞✱ ❛♥❞ ♠❛♥② ♦t❤❡rs ✕ ✇❛s
✐♥ ❧❛r❣❡ ♣❛rt ❞❡✈❡❧♦♣❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥✉♠❡r♦✉s ❞❡❡♣ ♣♦rts✱ r✐✈❡rs✱ ❛♥❞ ❢r❡s❤ ✇❛t❡r ❧❛❦❡s✱
✇❤✐❝❤ ♣r♦✈✐❞❡ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ s✉♣♣♦rt ♠❛r✐t✐♠❡ ❝♦♠♠❡r❝❡✳ ❲❛t❡r ✐s ❛ ✉❜✐q✉✐t♦✉s ❢❡❛✲
t✉r❡ ✐♥ t❤❡ r❡❣✐♦♥✳ ■♥❤❛❜✐t❛♥ts ♦❢ t❤❡ P✉❣❡t ❙♦✉♥❞ r❡❣✐♦♥ ❤❛✈❡ ❧♦♥❣ ❜❡❡♥ t❛s❦❡❞ ✇✐t❤
❝r♦ss✐♥❣ ❛♥❞ ♥❛✈✐❣❛t✐♥❣ t❤❡ ❛r❡❛✬s ♥✉♠❡r♦✉s ✇❛t❡r✇❛②s✱ ✇❤❡t❤❡r ❜② ❤❛♥❞✲❝❛r✈❡❞ ❝❛♥♦❡s✱
❢❡rr✐❡s✱ ♣❧❡❛s✉r❡ ❝r❛❢t✱ ♦r ❜r✐❞❣❡s✳ ❚❤❡ ♣❧❛♥♥✐♥❣ ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇
♠❡♠♦r✐❛❧ ❇r✐❞❣❡ ✇❛s ❛ ♠✐❞✲❝❡♥t✉r② s♦❧✉t✐♦♥ t♦ t❤❡ ♦♥❣♦✐♥❣ ❝❤❛❧❧❡♥❣❡ ♦❢ ♣r♦✈✐❞✐♥❣ ❛♥
❡✣❝✐❡♥t ❛♥❞ ❡✛❡❝t✐✈❡ ❝r♦ss✐♥❣ t♦ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥✳
✸✸✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
●✳✷✳✶ ❚r❛♥s♣♦rt❛t✐♦♥ ❛♥❞ ▼♦❜✐❧✐t② ✐♥ ❲❡st❡r♥ ❲❛s❤✐♥❣t♦♥
❲❛t❡r tr❛♥s♣♦rt❛t✐♦♥ ❤❛s ❤❛❞ ❛ ♣r♦❢♦✉♥❞ ✐♠♣❛❝t ♦♥ t❤❡ ❤✐st♦r✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❲❡st✲
❡r♥ ❲❛s❤✐♥❣t♦♥✳ ▼✉❧t✐♣❧❡ ❜♦❞✐❡s ♦❢ ✇❛t❡r✱ ✐♥❝❧✉❞✐♥❣ t❤❡ P❛❝✐✜❝ ❖❝❡❛♥✱ P✉❣❡t ❙♦✉♥❞✱
❛♥❞ ✐♥ t❤❡ ❙❡❛tt❧❡ ❛r❡❛✱ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ❛♥❞ ▲❛❦❡ ❯♥✐♦♥✱ ❜♦t❤ ❡♥❤❛♥❝❡ ❛♥❞ r❡str✐❝t
tr❛♥s♣♦rt❛t✐♦♥✳ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥✱ ✇❤✐❝❤ ✐s ✷✵ ♠✐❧❡s ❧♦♥❣ ❛♥❞ ✹ ♠✐❧❡s ❛❝r♦ss ❛t ✐ts ✇✐❞❡st
♣♦✐♥t✱ r❡♣r❡s❡♥ts t❤❡ ❡❛st❡r♥ ❜♦✉♥❞❛r② ♦❢ ❙❡❛tt❧❡✳ ❚❤❡ ▲❛❦❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ P✉❣❡t
❙♦✉♥❞ ❛♥❞ ✉❧t✐♠❛t❡❧② t♦ t❤❡ P❛❝✐✜❝ ❖❝❡❛♥ ❛♥❞ ❜❡②♦♥❞✱ ❜② ✇❛② ♦❢ t❤❡ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥
❙❤✐♣ ❈❛♥❛❧✳ ❚❤❡ ❛r❡❛ s❡r✈❡❞ ❜② t❤❡ ❊✈❡r❣r❡❡♥ P♦✐♥t ❇r✐❞❣❡ ❛♥❞ ❙❘✺✷✵✱ ❢r♦♠ ■✲✺ t♦ t❤❡
❡❛st❡r♥ s❤♦r❡ ♦❢ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥✱ ✐♥❝❧✉❞❡s s♦♠❡ ♦❢ t❤❡ ♠♦st ❞✐✈❡rs❡ ❛♥❞ ❝♦♠♣❧❡① ❤✉♠❛♥
❛♥❞ ♥❛t✉r❛❧ ❧❛♥❞s❝❛♣❡s ✐♥ t❤❡ P✉❣❡t ❙♦✉♥❞ r❡❣✐♦♥✳ ❚❤❡ ❣❡♦❣r❛♣❤② ✐♥❝❧✉❞❡s ❞❡♥s❡❧② ❞❡✈❡❧✲
♦♣❡❞ ✉r❜❛♥ ❛♥❞ s✉❜✉r❜❛♥ ❛r❡❛s ❛♥❞ s♦♠❡ ♦❢ t❤❡ ♠♦st ❝r✐t✐❝❛❧ ♥❛t✉r❛❧ ❛r❡❛s ❛♥❞ s❡♥s✐t✐✈❡
❡❝♦s②st❡♠s t❤❛t r❡♠❛✐♥ ✐♥ t❤❡ ✉r❜❛♥ ❣r♦✇t❤ ❛r❡❛✳
❆s ❡❛r❧② ❛s ✶✽✺✾✱ t❤❡ t❡rr✐t♦r✐❛❧ ❧❡❣✐s❧❛t✉r❡ ✉♥s✉❝❝❡ss❢✉❧❧② ❝❛❧❧❡❞ ❢♦r t❤❡ ❯✳❙✳ ❈♦♥❣r❡ss
t♦ ❜✉✐❧❞ ❛ ✈✐❛❜❧❡ r♦❛❞ ♦✈❡r ❙♥♦q✉❛❧♠✐❡ P❛ss✱ ✇❤✐❝❤ ✇♦✉❧❞ ❡❛s❡ t❤❡ tr❛♥s♣♦rt ❛❝r♦ss t❤❡
♠♦✉♥t❛✐♥s ❛♥❞ ✇♦✉❧❞ s❡❝✉r❡ ❙❡❛tt❧❡✬s ♣♦s✐t✐♦♥ ❛s ❛♥ ❡❝♦♥♦♠✐❝ ❤✉❜✳ ❚❛❦✐♥❣ ♠❛tt❡rs ✐♥t♦
t❤❡✐r ♦✇♥ ❤❛♥❞s ✐♥ ✶✽✻✺✱ ❝✐t✐③❡♥s ♦❢ ❙❡❛tt❧❡ ❡①♣❧♦r❡❞ t❤❡ P❛ss ❛♥❞ r❛✐s❡❞ 2, 500 $ t♦
❢✉♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✜rst ✇❛❣♦♥ r♦❛❞ ❢r♦♠ ❘❛♥❣❡r✬s Pr❛✐r✐❡ ✭♥♦✇ ◆♦rt❤ ❇❡♥❞✮ ♦✈❡r
t❤❡ s✉♠♠✐t✳ P❛ss❛❣❡ r❡♠❛✐♥❡❞ ❞✐✣❝✉❧t✱ ❜✉t ♠♦♠❡♥t✉♠ ❢♦r ✐♠♣r♦✈❡♠❡♥ts ❛♥❞ ✉♣❣r❛❞❡s
❝♦♥t✐♥✉❡❞ ❞✉❡ t♦ t❤❡ ❞❡❞✐❝❛t✐♦♥ ❛♥❞ ❤❛r❞ ✇♦r❦ ♦❢ ❧♦❝❛❧ r❡s✐❞❡♥ts✳ ■♥ ✶✽✻✻✱ ❑✐♥❣ ❈♦✉♥t②
❛♥❞ t❤❡ ❚❡rr✐t♦r✐❛❧ ❆ss❡♠❜❧② ❜♦t❤ ❛♣♣r♦♣r✐❛t❡❞ ❢✉♥❞s ❢♦r t❤❡ ♣r♦❥❡❝t✱ ❛♥❞ ❜② ✶✽✻✼ tr❛✈❡❧
t✐♠❡ ♦✈❡r t❤❡ ♣❛ss ❤❛❞ ❜❡❡♥ s✉❜st❛♥t✐❛❧❧② r❡❞✉❝❡❞✳ ❉❡✈❡❧♦♣♠❡♥t ❝♦♥t✐♥✉❡❞✱ t❤♦✉❣❤ t❤❡
r♦❛❞ r❡♠❛✐♥❡❞ ♣r✐♠✐t✐✈❡✳ ■♥ ✶✾✵✾✱ ♠♦r❡ t❤❛♥ ✶✺✵ ❝❛rs tr❛✈❡❧❧❡❞ ♦✈❡r t❤❡ s✉♠♠✐t✳ ❚❤❡
❙♥♦q✉❛❧♠✐❡ P❛ss ❍✐❣❤✇❛② ✇❛s ❢♦r♠❛❧❧② ❞❡❞✐❝❛t❡❞ ✐♥ ✶✾✶✺✱ ❜✉t ✐t ✇❛s ♥♦t ✉♥t✐❧ t❤❡ ✇✐♥t❡r
♦❢ ✶✾✸✵✲✸✶ t❤❛t ✐t r❡♠❛✐♥❡❞ ♦♣❡♥ ❞✉r✐♥❣ t❤❡ ✇✐♥t❡r ❢♦r t❤❡ ✜rst t✐♠❡✳
●✳✷✳✷ ❈r♦ss✐♥❣ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥
■♥ t❤❡ ❧❛t❡ ♥✐♥❡t❡❡♥t❤ ❛♥❞ ❡❛r❧② ❝❡♥t✉r✐❡s✱ tr❛♥s♣♦rt ♦❢ ♣❡♦♣❧❡ ❛♥❞ ❣♦♦❞s ❛❝r♦ss ▲❛❦❡
❲❛s❤✐♥❣t♦♥ ❝♦♥t✐♥✉❡❞ t♦ ❜❡ ❜② ✇❛t❡r✱ ✉s✐♥❣ ❝❛♥♦❡s✱ ❜♦❛ts✱ ❜❛r❣❡s✱ ❛♥❞ ❢❡rr✐❡s✳ ❚❤❡s❡
✈❡ss❡❧s ♠♦✈❡❞ ❡✈❡r②t❤✐♥❣ ❢r♦♠ ♣❡♦♣❧❡ ❛♥❞ ❛♥✐♠❛❧s✱ t♦ ❣r❛✈❡❧ ❛♥❞ ❧✉♠❜❡r✱ ❢r♦♠ ♦♥❡ s✐❞❡ ♦❢
t❤❡ ❧❛❦❡ t♦ t❤❡ ♦t❤❡r✳ ❍✉♥❞r❡❞s ♦❢ ✈❡ss❡❧s ♥❛✈✐❣❛t❡❞ t❤✐s ✇❛t❡r ❜♦❞② ❡✈❡r② ❞❛②✳ ❖♥❡ ♦❢ t❤❡
❡❛r❧✐❡st ✈❡ss❡❧s t♦ ♠❛❦❡ r❡❣✉❧❛r r✉♥s ❛❝r♦ss t❤❡ ❧❛❦❡ ✇❛s t❤❡ ✢❛t✲❜♦tt♦♠❡❞ st❡❛♠ s❝♦✇✱ t❤❡
❙q✉❛❦✱ ❜✉✐❧t ✐♥ ✶✽✽✵✳ ❚❤❡ ✹✶✬ ❙q✉❛❦ tr❛♥s♣♦rt❡❞ ♣❡♦♣❧❡ ❛♥❞ ❣♦♦❞s ❛❝r♦ss t❤❡ ❧❛❦❡ ✉♥t✐❧
✐t s❛♥❦ ✐♥ ✶✽✾✵✳ ■ts ❝❛♣t❛✐♥✱ ❋r❛♥❦ ❈✉rt✐s✱ ❛♥❞ ❤✐s s♦♥s t❤❡♥ ❝♦♠♠✐ss✐♦♥❡❞ ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ ✻✵✬ s❤✐♣ t❤❡ ❊❧✜♥✱ ✇❤✐❝❤ ❜② ✶✽✾✶ ♦♣❡r❛t❡❞ ❜❡t✇❡❡♥ ❨❛rr♦✇ ❇❛②✱ ❑✐r❦❧❛♥❞✱ ❛♥❞ t❤❡
❜❛s❡ ♦❢ ▼❛❞✐s♦♥ ❙tr❡❡t ✐♥ ❙❡❛tt❧❡✳
❇② t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r②✱ t❤❡r❡ ✇❡r❡ ❛ ♠✉❧t✐t✉❞❡ ♦❢ ❜♦❛ts ❝r♦ss✐♥❣ t❤❡
❧❛❦❡✱ ✐♥❝❧✉❞✐♥❣ ❛ ❞♦✉❜❧❡✲❡♥❞❡❞ ♣✉❜❧✐❝ ❢❡rr②✱ t❤❡ ❑✐♥❣ ❈♦✉♥t② ♦❢ ❑❡♥t✱ ♦♣❡r❛t❡❞ ❜② t❤❡
❑✐♥❣ ❈♦✉♥t② P♦rt ❈♦♠♠✐ss✐♦♥✳ ■♥ ✶✾✶✺✱ t❤❡ st❡❛♠ ❢❡rr② ▲✐♥❝♦❧♥ ❜❡❣❛♥ s❡r✈✐❝❡ ❜❡t✇❡❡♥
t❤❡ ❜❛s❡ ♦❢ ▼❛❞✐s♦♥ ❙tr❡❡t ❛♥❞ ❑✐r❦❧❛♥❞✱ ✇✐t❤ ❛ ❝❛♣❛❝✐t② ♦❢ ✜❢t② ✈❡❤✐❝❧❡s✳ ❙❡✈❡r❛❧ r❡❣✉❧❛r
r♦✉t❡s ✇❡r❡ ❡st❛❜❧✐s❤❡❞ ❛s ❙❡❛tt❧❡ ❛♥❞ t❤❡ s✉rr♦✉♥❞✐♥❣ ❝♦♠♠✉♥✐t✐❡s ❣r❡✇❀ t❤❡s❡ r♦✉t❡s
♦r✐❣✐♥❛t❡❞ ✐♥ ▲❡s❝❤✐ P❛r❦ ❛♥❞ s❛✐❧❡❞ t♦ ❏✉❛♥✐t❛✱ ❍♦✉❣❤t♦♥✱ ❛♥❞ ❑✐r❦❧❛♥❞✳ ❖t❤❡r r♦✉t❡s
❝❛rr✐❡❞ ♣❛ss❡♥❣❡rs ❛♥❞ ❝❛r❣♦ ❜❡t✇❡❡♥ ▲❡s❝❤✐ ❛♥❞ ❊❛st ❙❡❛tt❧❡✲▼❡r❝❡r ■s❧❛♥❞✱ ▼❡②❞❡♥✲
❜❛✉❡r ❇❛②✱ ❛♥❞ ♦t❤❡r ♣♦✐♥ts ❡❛st✇❛r❞✳
●✳✷ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ ❤✐st♦r✐❝❛❧ ❝♦♥t❡①t ✸✸✸
❆❧t❤♦✉❣❤ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ✇❛s ❤✐❣❤❧② ✈❛❧✉❡❞ ❛s ❛ r❡❝r❡❛t✐♦♥❛❧ ❞❡st✐♥❛t✐♦♥ ❢♦r ❧♦❝❛❧
r❡s✐❞❡♥ts✱ ✐t ❝♦♥t✐♥✉❡❞ t♦ ❜❡ ❛♥ ♦❜st❛❝❧❡ ❢♦r ❛✉t♦♠♦❜✐❧❡ tr❛✣❝✳ ❚❤❡r❡ ✇❡r❡ ♥♦ ❜r✐❞❣❡s t♦
❢❛❝✐❧✐t❛t❡ ❝❛r tr❛✈❡❧ ❜❡t✇❡❡♥ ❙❡❛tt❧❡ ❛♥❞ t❤❡ ❊❛sts✐❞❡✱ ❛♥❞ ❝❛rs t♦ ❛♥❞ ❢r♦♠ t❤❡ ❝✐t② ❤❛❞
t♦ tr❛✈❡❧ ❡✐t❤❡r ♥♦rt❤ ♦r s♦✉t❤ ♦❢ t❤❡ ❧❛❦❡✱ ✉s✐♥❣ ❧♦❝❛❧ ❜r❛♥❝❤❡s ♦❢ Pr✐♠❛r② ❙t❛t❡ ❍✐❣❤✇❛②✳
❚❤✐s ✇❛s ❛ s❧♦✇✱ ❝✐r❝✉✐t♦✉s r♦✉t❡ ✈✐❛ t❤❡ ❇♦t❤❡❧❧ ❇r❛♥❝❤ ♦♥ t❤❡ ♥♦rt❤ ❛♥❞ t❤❡ ❘❡♥t♦♥
❇r❛♥❝❤ ♦♥ t❤❡ s♦✉t❤✳ ❚❤❡ s♦✉t❤❡r♥ r♦✉t❡ ❛❧♦♥❡ ✐♥✈♦❧✈❡❞ ✷✻ ♠✐❧❡s ♦❢ st♦♣✲❛♥❞✲❣♦ tr❛✣❝✱
♣❛rt✐❛❧❧② t❤r♦✉❣❤ r❡s✐❞❡♥t✐❛❧ ♥❡✐❣❤❜♦r❤♦♦❞s✳ ■♥ ✶✾✸✼✱ t❤❡ ❜r❛♥❝❤❡s ❥♦✐♥❡❞ t♦ ❝♦♥t✐♥✉❡ ♦✈❡r
❙♥♦q✉❛❧♠✐❡ P❛ss ❛s ♦♥❡ ❤✐❣❤✇❛②✳
▼❡❛♥✇❤✐❧❡ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ♦♥ t❤❡ ❊❛sts✐❞❡ ✇❛s ❣r❛❞✉❛❧✱ ❜✉t s❧♦✇✳ ❚❤❡ ❛r❡❛ ✇❛s
♠♦st❧② r✉r❛❧❀ t❤❡ t♦✇♥s ✇❡r❡ s♠❛❧❧✳ ❋❛r♠❡rs ❣r❡✇ ❜❡rr✐❡s ❛♥❞ r❛✐s❡❞ ♣♦✉❧tr②✳ ■♥❞✉str②
✐♥❝❧✉❞❡❞ t❤❡ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥ s❤✐♣②❛r❞s ❛♥❞ ❛ s♠❛❧❧ s❛s❤ ❛♥❞ ❞♦♦r ❡st❛❜❧✐s❤♠❡♥t✳ ❙♦♠❡
r❡s✐❞❡♥ts ❝♦♠♠✉t❡❞ t♦ ❙❡❛tt❧❡ ❢♦r ✇♦r❦✳ ●❡♥❡r❛❧❧② ❊❛sts✐❞❡ ❞❡✈❡❧♦♣♠❡♥t ❝❡♥t❡r❡❞ ♦♥
t❤❡ ❙❡❛tt❧❡ r❡s✐❞❡♥ts ✇❤♦ ❝♦✉❧❞ ❛✛♦r❞ s✉♠♠❡r ❛♥❞ ✇❡❡❦❡♥❞ ❤♦♠❡s ♦♥ t❤❡ ❧❛❦❡✱ ❜♦❛st✐♥❣
✐♠♣r❡ss✐✈❡ ✈✐❡✇s ❛♥❞ ✇❛t❡r ❛❝❝❡ss✳
■t ✇❛s ✇✐t❤✐♥ t❤✐s s❡tt✐♥❣ t❤❛t ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❊❛sts✐❞❡ ❜❡❣❛♥ t♦ t❛❦❡ ❤♦❧❞ ✇✐t❤ ❛♥
❡②❡ t♦✇❛r❞ ❛ ❞✐r❡❝t ❤✐❣❤✇❛② ❝♦♥♥❡❝t✐♦♥ t♦ ❙❡❛tt❧❡✳ ❙❡✈❡r❛❧ ♣♦t❡♥t✐❛❧ ❜r✐❞❣❡ ❝r♦ss✐♥❣s ✇❡r❡
s✉❣❣❡st❡❞ ❛s ❡❛r❧② ❛s ✶✾✷✻✳ ❉✉r✐♥❣ t❤❡ ❡❛r❧② ✶✾✸✵s✱ ❑✐♥❣ ❈♦✉♥t② ❛♥❞ ❊❛sts✐❞❡ ❞❡✈❡❧♦♣❡rs
s✉❝❤ ❛s ▼✐❧❧❡r ❋r❡❡♠❛♥ ♠♦✉♥t❡❞ ❛ ❝❛♠♣❛✐❣♥ ❢♦r ❜r✐❞❣❡ ❝♦♥str✉❝t✐♦♥✳
●✳✷✳✸ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ❇r✐❞❣❡
❚❤❡ ✐❞❡❛ ❢♦r ❛ ❜r✐❞❣❡ ❛❝r♦ss ▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ❜❡❣❛♥ t♦ t❛❦❡ ❤♦❧❞ ❞✉r✐♥❣ t❤❡ ❧❛t❡ ✶✾✷✵s✳
Pr♦♣♦♥❡♥ts ♦❢ ❛ ❜r✐❞❣❡ ❛❝r♦ss t❤❡ ❧❛❦❡ ❤❛❞ ❜❡❡♥ st②♠✐❡❞ ❜② s❡✈❡r❛❧ ❝❤❛❧❧❡♥❣❡s✿ t❤❡ ✇✐❞t❤
♦❢ t❤❡ ❧❛❦❡ ✭✶1
2
♠✐❧❡s ❛❝r♦ss ❛t t❤❡ ♥❛rr♦✇❡st s❡❝t✐♦♥✮✱ t❤❡ ❡①♣❡♥s❡ ♦❢ ❜✉✐❧❞✐♥❣ ♣✐❡rs ❢♦r ❛
❜r✐❞❣❡ ♦❢ t❤✐s ❧❡♥❣t❤✱ ❛♥❞ t❤❡ s♦❢t ♠✉❞ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❧❛❦❡✳ ❆ ②♦✉♥❣ ❡♥❣✐♥❡❡r ✇✐t❤
t❤❡ ❙❡❛tt❧❡ P✉❜❧✐❝ ❙❝❤♦♦❧ ❆r❝❤✐t❡❝t✬s ♦✣❝❡✱ ❍♦♠❡r ❍❛❞❧❡②✱ ✜rst ❤❛❞ t❤❡ ✐❞❡❛ ❢♦r ❛ ✢♦❛t✲
✐♥❣ ♣♦♥t♦♦♥ ❜r✐❞❣❡ ✐♥ ✶✾✷✵✳ ❍✐s ✐❞❡❛✖❛ ❜r✐❞❣❡ ❝♦♥str✉❝t❡❞ ✇✐t❤ ❤♦❧❧♦✇ ❝♦♥❝r❡t❡ ❜❛r❣❡s
❝♦♥♥❡❝t❡❞ ❡♥❞ t♦ ❡♥❞✱ s✉♣♣♦rt✐♥❣ ❛ ❞❡❝❦ r♦❛❞✇❛②✖✇♦✉❧❞ s♦❧✈❡ s❡✈❡r❛❧ ♦❢ t❤❡s❡ ❝❤❛❧❧❡♥❣❡s✳
❖♥ ❖❝t♦❜❡r ✶✱ ✶✾✷✶✱ ❤❡ ♣r❡s❡♥t❡❞ ❤✐s ✐❞❡❛ t♦ ❛ ♠❡❡t✐♥❣ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙♦❝✐❡t② ♦❢
❈✐✈✐❧ ❊♥❣✐♥❡❡rs✳ ❍♦✇❡✈❡r✱ ❤✐s ♣r♦♣♦s❛❧ ✇❛s ✐♥✐t✐❛❧❧② ❝♦♥s✐❞❡r❡❞ ♣r❡♣♦st❡r♦✉s ❛♥❞ ✇❛s ♠❡t
✇✐t❤ str♦♥❣ r❡s✐st❛♥❝❡ ❢♦r ②❡❛rs✳ ❋✉rt❤❡r♠♦r❡✱ ❤✐s ❛✣❧✐❛t✐♦♥ ✇✐t❤ t❤❡ P♦rt❧❛♥❞ ❈❡♠❡♥t
❈♦♠♣❛♥②✱ ✇❤♦s❡ ♠♦tt♦ ✇❛s ✏t♦ ❡①t❡♥❞ ❛♥❞ ♣r♦♠♦t❡ t❤❡ ✉s❡s ♦❢ ❝♦♥❝r❡t❡✑✱ ❜♦t❤ ❜♦❧st❡r❡❞
❍❛❞❧❡②✬s ❝♦♥✜❞❡♥❝❡ ✐♥ ❛ ❝♦♥❝r❡t❡ ❜r✐❞❣❡ ❛♥❞ ❝❛✉s❡❞ s♦♠❡ t♦ q✉❡st✐♦♥ ❤✐s ♠♦t✐✈❡s✳ ■t ✇❛s
♥♦t ✉♥t✐❧ t❤❡ ❝r❡❛t✐♦♥ ♦❢ t❤❡ ❲❛s❤✐♥❣t♦♥ ❙t❛t❡ ❚♦❧❧ ❇r✐❞❣❡ ❆✉t❤♦r✐t②✱ ❛♥❞ ✇✐t❤ t❤❡ s✉♣✲
♣♦rt ♦❢ ▲❛❝❡② ❱✳ ▼✉rr♦✇✱ t❤❡ ❉✐r❡❝t♦r ♦❢ t❤❡ ❙t❛t❡ ❍✐❣❤✇❛② ❉❡♣❛rt♠❡♥t✱ t❤❛t ❍❛❞❧❡②✬s
♣❧❛♥ t♦♦❦ s❤❛♣❡✳
❈♦♥str✉❝t✐♦♥ ♦♥ t❤❡ ▲❛❦❡ ❲❛s❤✐♥❣t♦♥ ❋❧♦❛t✐♥❣ ❇r✐❞❣❡✱ ❧❛t❡r ♥❛♠❡❞ t❤❡ ▲❛❝❡② ❱✳
▼✉rr♦✇ ❇r✐❞❣❡✱ st❛rt❡❞ ♦♥ ❏❛♥✉❛r② ✶✱ ✶✾✸✾✱ ❡✐❣❤t❡❡♥ ②❡❛rs ❛❢t❡r t❤❡ ✐❞❡❛ ❤❛❞ ✜rst ❜❡❡♥
♣r❡s❡♥t❡❞ t♦ t❤❡ ❆♠❡r✐❝❛♥ ❙♦❝✐❡t② ♦❢ ❈✐✈✐❧ ❊♥❣✐♥❡❡rs✳ ❚❤❡ ❜r✐❞❣❡ ♦♣❡♥❡❞ ♦♥ ❏✉❧② ✷✱ ✶✾✹✵✱
t♦ ❣r❡❛t ❢❛♥❢❛r❡✱ ❛♥❞ ✐♠♠❡❞✐❛t❡❧② ♣r♦✈✐❞❡❞ ❛ ♣❛ss❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❊❛sts✐❞❡
❛♥❞ ❙❡❛tt❧❡✳ ❲✐t❤ ✐ts t✐❡❞ ❛r❝❤ ❛♣♣r♦❛❝❤ ❛♥❞ t❤❡ ❆rt ❉❡❝♦✲st②❧❡❞ ❡❛st ♣♦rt❛❧s ♦❢ t❤❡
✸✸✹ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
▼♦✉♥t ❇❛❦❡r t✉♥♥❡❧✱ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✇❛s ❝♦♥s✐❞❡r❡❞ ❜♦t❤ t❡❝❤♥♦❧♦❣✐❝❛❧❧② ❛♥❞ ❛r❝❤✐✲
t❡❝t✉r❛❧❧② ❞✐st✐♥❝t✐✈❡✳
❋✐❣✉r❡ ●✳✹✿ ❈✉rr❡♥t s✐t✉❛t✐♦♥ ♦❢ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭r✐❣❤t✮ ❛♥❞ t❤❡
♥❡✇ ❍♦♠❡r ▼✳ ❍❛❞❧❡② ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭❧❡❢t✮✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆ ✭▲❛t✿ ✹✼✳✺✽✻✵✾✷✱
▲♦♥❣✿ ✲✶✷✷✳✷✾✵✵✷✸✮
❋✐❣✉r❡ ●✳✺✿ ❈✉rr❡♥t s✐t✉❛t✐♦♥ ♦❢ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭r✐❣❤t✮ ❛♥❞ t❤❡
♥❡✇ ❍♦♠❡r ▼✳ ❍❛❞❧❡② ♠❡♠♦r✐❛❧ ❜r✐❞❣❡ ✭❧❡❢t✮✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆ ✭▲❛t✿ ✹✼✳✺✾✾✷✽✹✱
▲♦♥❣✿ ✲✶✷✷✳✷✾✵✻✼✹✮
●✳✷ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ ❤✐st♦r✐❝❛❧ ❝♦♥t❡①t ✸✸✺
❋✐❣✉r❡ ●✳✻✿ ❖♥❧② t❤❡ ❝❡♥tr❛❧ ♣❛rts ♦❢ ❜♦t❤ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ❛♥❞ ❍♦♠❡r ▼✳ ❍❛❞❧❡②
♠❡♠♦r✐❛❧ ❜r✐❞❣❡s ❛r❡ ✢♦❛t✐♥❣✳ ❚❤❡ ♣❛rts t❤❛t ❝♦♥♥❡❝t t❤❡ ❜r✐❞❣❡s ✇✐t❤ t❤❡ ❝♦❛st r❡st
♦♥ s♦❧✐❞ ❝♦❧✉♠♥s ❛♥❝❤♦r❡❞ t♦ t❤❡ ✢♦♦r✳ P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆ ✭▲❛t✿ ✹✼✳✻✵✵✷✸✽✱ ▲♦♥❣✿
✲✶✷✷✳✷✽✺✾✶✵✮
❋✐❣✉r❡ ●✳✼✿ ❚❤❡ ■✲✾✵ r❛✐❧✇❛② ❣♦❡s ❢r♦♠ ❙❡❛tt❧❡ ✭t♦♣ ♦❢ t❤❡ ♣✐❝t✉r❡✮ t♦ ❇❡❧❧❡✈✉❡ ✭❜♦tt♦♠
♦❢ t❤❡ ♣✐❝t✉r❡✮ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ▼❡r❝❡r ✐s❧❛♥❞ ✭✐s❧❛♥❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ♣✐❝t✉r❡✮✳
P❤♦t♦ t❛❦❡♥ ❢r♦♠✿ ❯❙❆ ✭▲❛t✿ ✹✼✳✺✻✽✻✺✹✱ ▲♦♥❣✿ ✲✶✷✷✳✶✻✷✵✸✺✮
✸✸✻ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
❆❢t❡r ♦♣❡♥✐♥❣✱ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ❇r✐❞❣❡ s♦♦♥ ❡①❝❡❡❞❡❞ ✐ts ❡①♣❡❝t❡❞ ❝❛♣❛❝✐t② ♦❢
✷✵✱✵✵✵ ❝❛rs ♣❡r ❞❛②✳ ❘❡♠♦✈✐♥❣ t❤❡ t♦❧❧s ✐♥ ✶✾✹✾ tr✐❣❣❡r❡❞ ❛ r❛♣✐❞ ✉♣s✉r❣❡ ♦❢ tr❛✣❝✱ ❢r♦♠
✶✵✱✸✼✵ ✈❡❤✐❝❧❡s ♣❡r ❞❛② ✐♥ ✶✾✹✽ t♦ ✶✼✱✽✽✹ ♣❡r ❞❛② ✐♥ ✶✾✺✵❀ t❤✐s r❡s✉❧t❡❞ ✐♥ tr❛✣❝ ✈♦❧✉♠❡s
♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ ❡①♣❡❝t❡❞ ✶✺✱✵✵✵ ♣❡r ❞❛②✱ ♣r♦❥❡❝t❡❞ ❢♦r t❤❡ ✜rst ❢✉❧❧ ②❡❛r ♦❢ ♦♣❡r❛✲
t✐♦♥✳ ❆s ❡❛r❧② ❛s ✶✾✹✾✱ t❤❡ ❉❡♣❛rt♠❡♥t ♦❢ ❍✐❣❤✇❛②s✖t❤❡ ♣r❡❝✉rs♦r t♦ t❤❡ ❲❛s❤✐♥❣t♦♥
❙t❛t❡ ❉❡♣❛rt♠❡♥t ♦❢ ❚r❛♥s♣♦rt❛t✐♦♥ ✕ ✉♥❞❡rt♦♦❦ ✏❢❛❝t✲❣❛t❤❡r✐♥❣✑ st✉❞✐❡s t♦ ❞❡t❡r♠✐♥❡
t❤❡ ♥❡❡❞ ❛♥❞ ❢❡❛s✐❜✐❧✐t② ❢♦r ❛ s❡❝♦♥❞ ❜r✐❞❣❡ ❛❝r♦ss ▲❛❦❡ ❲❛s❤✐♥❣t♦♥✳ ❇❡t✇❡❡♥ ✶✾✺✵ ❛♥❞
✶✾✻✵✱ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❊❛sts✐❞❡✬s s✉❜✉r❜s ✐♥❝r❡❛s❡❞ ❜② ♥❡❛r❧② ✽✽ ♣❡r❝❡♥t✳ ❆❞❞✐t✐♦♥✲
❛❧❧②✱ ♣♦♣✉❧❛t✐♦♥ ❣r♦✇t❤ ✇✐t❤✐♥ t❤❡ ❙❡❛tt❧❡ ♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛ ❛t ❧❛r❣❡ ❡①♣❡r✐❡♥❝❡❞ ❛♥ ✶✶
♣❡r❝❡♥t ❣r♦✇t❤ ❜❡t✇❡❡♥ ✶✾✺✵ ❛♥❞ ✶✾✺✺ ❛❧♦♥❡✳
●✳✷✳✹ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢❧♦❛t✐♥❣ ❜r✐❞❣❡
❉✉r✐♥❣ t❤❡ ♣r♦❥❡❝t ♦❢ t❤❡ ▲❛❝❡② ❱✳ ▼✉rr♦✇ ✢♦❛t✐♥❣ ❜r✐❞❣❡✱ ✐ts ❝♦♥str✉❝t✐♦♥ ✇❡r❡ ❞✐✈✐❞❡❞
✐♥t♦ t❤r❡❡ ❞✐✛❡r❡♥t ♣❛rts✳ ❚❤❡ ✜rst ♦♥❡ ✇❛s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡s ❛t
❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❧❛❦❡ ✭❈♦❛sts ♦❢ ▼❡r❝❡r ✐s❧❛♥❞ ❛♥❞ ❙❡❛tt❧❡✮✳ ❚❤✐s ✜rst ❝♦♥str✉❝t✐♦♥ st❡♣s
❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ●✳✽ ❛♥❞ ●✳✾✳ ▲❛t❡r✱ ❡❛❝❤ ✢♦❛t✐♥❣ ♣♦♥t♦♦♥ ✇❛s ❝♦♥str✉❝t❡❞
✐♥ ❛ ✢♦❛t✐♥❣ ✈❡ss❡❧ ❢❛❝✐❧✐t② ❛♥❞ tr❛♥s♣♦rt❡❞ ❜② ♠❡❛♥s ♦❢ t✉❣❜♦❛ts ❛♥❞ ❝♦♥♥❡❝t❡❞ ✐♥ t❤❡
♠✐❞❞❧❡ ♦❢ t❤❡ ❧❛❦❡ ✭✜❣✉r❡●✳✾✮ t♦ t❤❡ ♣r❡✈✐♦✉s ✢♦❛t✐♥❣ ♣♦♥t♦♦♥ ✉s✐♥❣ ♠❡t❛❧❧✐❝ ❜♦❧ts✳ ❆t
t❤❡ s❛♠❡ t✐♠❡✱ s♦♠❡ ❝♦♥❝r❡t❡ ❜❧♦❝❦s ✇❡r❡ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♣❧❛❝❡s✳ ❲❤❡♥
t❤❡ ♥❡✇ ♣♦♥t♦♦♥ ✇❛s ❝♦♠♣❧❡t❡❧② ❛tt❛❝❤❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ t❤❡ ❛♥❝❤♦r❛❣❡ ❝❛❜❧❡s ✇❡r❡
❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❝♦♥❝r❡t❡ ❜❧♦❝❦s ❛♥❞ t❤❡ ♥❡✇ ♣♦♥t♦♦♥ ❛♥❞ t❤❡② ✇❡r❡ t❡♥s✐♦♥❡❞ t♦ t❤❡
❞❡s✐r❡❞ str❡ss✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✇❛s r❡♣❡❛t❡❞ ✉♥t✐❧❧ t❤❡ ❧❛st ♣♦♥t♦♦♥s ✇❛s ❛tt❛❝❤❡❞ ✐♥ t❤❡
❛t ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❧❛❦❡✳
❋✐❣✉r❡ ●✳✽✿ ■♥ t❤❡ ✜st st❛❣❡ ♦❢ ❝♦♥str✉❝t✐♦♥✱ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡s ✇❡r❡ ❜✉✐❧t ♦♥ ❡❛❝❤ s✐❞❡
♦❢ t❤❡ ❜r✐❞❣❡ ❛♥❞ t❤❡ ✜rst ✢♦❛t✐♥❣ ♣♦♥t♦♦♥ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❧❛❦❡
●✳✷ ❇❛❝❦❣r♦✉♥❞ ❛♥❞ ❤✐st♦r✐❝❛❧ ❝♦♥t❡①t ✸✸✼
❋✐❣✉r❡ ●✳✾✿ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ t❤❡ ♥❡✇ ♣♦♥t♦♦♥ ✇❛s ❛tt❛❝❤❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞
t❤❡ ❜❧♦❝❦ ♦❢ ❝♦♥❝r❡t❡ ♣♦s✐t✐♦♥❡❞ ✐♥ t❤❡ ❧❛❦❡✬s ❜❡❞
❖♥❝❡ t❤❡ ❜r✐❞❣❡ ✇❛s ❝♦♠♣❧❡t❡❧② ❝♦♥str✉❝t❡❞✱ ✐♥ ❏✉❧② ✷ ✶✾✻✵✱ ✐t ✇❛s ♦♣❡♥ t♦ t❤❡ ♣✉❜❧✐❝
❛s ✜❣✉r❡ ●✳✶✵✳
❋✐❣✉r❡ ●✳✶✵✿ ❚❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ♦❢ ❲❛s❤✐♥❣t♦♥ ✇❛s ♦♣❡♥♥❡❞ ✐♥ t❤❡ ✷♥❞ ❏✉❧② ♦❢ ✶✾✻✵
✸✸✽ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
●✳✸ ❆♥❛❧②s✐s ♦❢ t❤❡ ❢❧♦❛t✐♥❣ ❜r✐❞❣❡
●✳✸✳✶ ●❡♦♠❡tr② ♦❢ t❤❡ ❜r✐❞❣❡
❚❤❡ ❜r✐❞❣❡ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ tr❛♥s✐t✐♦♥ ③♦♥❡s ❛♥❞ ♦♥❡ ✢♦❛t✐♥❣ str✉❝t✉r❡✳ ❚❤❡ t✇♦
tr❛♥s✐t✐♦♥ ③♦♥❡s ❣♦ ❢r♦♠ t❤❡ ❙❡❛tt❧❡✬s ❛♥❞ ▼❡r❝❡r✬s ❝♦❛sts t♦ ♦♥❡ ❤✉♥❞r❡❞ ♠❡t❡rs ✐♥s✐❞❡
t❤❡ ❧❛❦❡✳ ❚❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡s ❛r❡ ❝♦♠♣♦s❡❞ ❜② t✇♦ ❞✐✛❡r❡♥t ♣❛rts✳ ❚❤❡ ✜rst ♣❛rt ✭❝❛❧❧❡❞
r✐❣✐❞ ♣❛rt✮ ✐s ❞✐r❡❝t❧② ❛♥❝❤♦r❡❞ t♦ t❤❡ ❧❛❦❡✬s ❜❡❞ ❜② ♠❡❛♥s ♦❢ r❡✐♥❢♦r❝❡❞ ❝♦♥❝r❡t❡ ❝♦❧✉♠♥s
t❤❛t ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ✶✵ ❛♥❞ ✷✺ ♠❡t❡rs ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt ✭❝❛❧❧❡❞ ✢❡①✐❜❧❡ ♣❛rt✮ r❡sts
♦♥ t❤❡ ✇❛t❡r✬s ❢r❡❡ s✉r❢❛❝❡ ❜② ♠❡❛♥s ♦❢ s❡✈❡r❛❧ ✢♦❛t❡rs✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✢❡①✐❜❧❡ ♣❛rts
❛r❡ ❝♦♥♥❡❝t❡❞ ✭♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❜r✐❞❣❡✮ t♦ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❜② ✢❡①✐❜❧❡ ❝♦♥♥❡❝t✲
✐♥❣ ❥♦✐♥ts t❤❛t ❛❧❧♦✇ t❤❡ r❡❧❛t✐✈❡ r♦t❛t✐♦♥s ❜❡t✇❡❡♥ ❜♦t❤ ♣❛rts✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥s ❛r❡
❤②❞r❛✉❧✐❝ ♠❡❝❤❛♥✐s♠s ❛♥❞✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s♠❛❧❧ r❡❧❛t✐✈❡ r♦t❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡
✢♦❛t✐♥❣ str✉❝t✉r❡ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡✱ ✐ts r❡❛❝t✐♦♥ ❝❛♥ ❜❡ ❛ss✉♠❡❞ ♣r♦♣♦rt✐♦♥❛❧ t♦
t❤❛t r♦t❛t✐♦♥✳ ❋✐❣✉r❡ ●✳✶✶ s❤♦✇s ❛♥ s❝❤❡♠❡ ♦❢ t❤❡ ♦✈❡r❛❧❧ str✉❝t✉r❡✳
❋✐❣✉r❡ ●✳✶✶✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥ ③♦♥❡s
❋✐❣✉r❡ ●✳✶✷✿ ❈r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡
❚❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡ ❝♦♥♥❡❝ts ❜♦t❤ tr❛♥s✐t✐♦♥ ③♦♥❡s ❛♥❞ ✐s ❝♦♠♣♦s❡❞ ❜② ✶✾ ♣♦♥t♦♦♥s
●✳✸ ❆♥❛❧②s✐s ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✸✸✾
✇✐t❤ ❛♣♣r♦①✐♠❛t❡❧② ✶✵✼ ♠❡t❡rs ♦❢ ❧❡♥❣t❤ ❡❛❝❤ ♦♥❡✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✢♦❛t✐♥❣ str✉❝t✉r❡
✐s ✷✵✷✵ ♠❡t❡rs✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♣♦♥t♦♦♥s ✐s ♠❛❞❡ ✉s✐♥❣ ❝❧❛♠♣
❜♦❧ts ❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡r❡ ✐s ♥♦ r❡❧❛t✐✈❡ ❞✐s♣❧❛❝❡♠❡♥ts ♥♦r r♦t❛t✐♦♥s ❜❡t✇❡❡♥
t❤❡♠ ✭s❡❡ ✜❣✉r❡ ●✳✶✷✮✳ ■t ✐s ❛❧s♦ ❛♥❝❤♦r❡❞ t♦ t❤❡ ❧❛❦❡✬s ❜❡❞ ❜② ♠❡❛♥s ♦❢ ✺✻ st❡❡❧ ❝❛❜❧❡s✳
❚❤❡ ❝❛❜❧❡s ❣♦ ❢r♦♠ ❝♦♥❝r❡t❡ ✇❡✐❣❤ts ✐♥ t❤❡ ❧❛❦❡✬s ❜❡❞ t♦ ❡❛❝❤ ♣♦♥t♦♦♥ t❤❛t ❝♦♠♣♦s❡ t❤❡
✢♦❛t✐♥❣ str✉❝t✉r❡ ✭✜❣✉r❡ ●✳✶✸✮✳
❋✐❣✉r❡ ●✳✶✸✿ ❚❤❡ ❝❛❜❧❡s ♣r♦✈✐❞❡ ❛♥ ❤♦r✐③♦♥t❛❧ st✐✛♥❡ss t♦ t❤❡ str✉❝t✉r❡ ❛tt❛❝❤✐♥❣ t❤❡
♣♦♥t♦♦♥s ✇✐t❤ t❤❡ ❧❛❦❡✬s ❜❡❞
❚❤❡ ❝♦♥❝r❡t❡ ❜❧♦❝❦s ❛r❡ ♣❛rt✐❛❧❧② ❜✉rr✐❡❞ ✉♥❞❡r ❣r♦✉♥❞ ✐♥ ❛ s♦❢t s❡❞✐♠❡♥ts ③♦♥❡ t♦
❡♥s✉r❡ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❛♥❝❤♦r❛❣❡✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s ✭t❛❜❧❡s ●✳✶✱ ●✳✷ ❛♥❞ ●✳✸✮ s❤♦✇ t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❝❛❜❧❡s t❤❛t ❛r❡ ❛♥❝❤♦r❡❞ t♦ t❤❡ ❧❛❦❡❜❡❞✳ ❚❤❡ ❝❛❜❧❡s ❛r❡ ♠❛❞❡ ✇✐t❤ st❡❡❧ ✇✐t❤ Es =
210 [MPa] ❛♥❞ t❤❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❜r✐❞❣❡ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ❝♦♥❝r❡t❡ ✇✐t❤ Ec =
30 [MPa]✳ ❚❤❡ s❡❝t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡s ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❝✐r❝✉❧❛r ✇✐t❤ ✐ts ❛r❡❛ ❡q✉❛❧ t♦
Ac = 0.0153 [m
2]✳
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♣♦♥t♦♦♥s ✭❢r♦♠ ❜♦t❤ ❝♦❛sts✮✱ ❛♥❝❤♦r❛❣❡ ♦❢ t❤❡ ❝❛❜❧❡s t♦ t❤❡ ❧❛❦❡✬s ❜❡❞ ❛♥❞ t❤❡ ♣♦♥t♦♦♥s
❛♥❞ t❤❡ ✜♥❛❧ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛rts ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✇✐t❤ t❤❡ ❧❛st ✢♦❛t✐♥❣
♣♦♥t♦♦♥✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✇✐❧❧ ❜❡ s✉❜❥❡❝t❡❞ t♦ s❡✈❡r❛❧ t②♣❡s ♦❢ ❧♦❛❞s ❢♦❧❧♦✇✐♥❣
t❤❡ ❆❆❙❍❚❖ ❝♦❞❡✳ ❋✐rst✱ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❜r✐❞❣❡ ❝♦♠♣❧❡t❡❧② ❜✉✐❧t ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞
✉♥❞❡r ✐ts s❡❧❢✲✇❡✐❣❤t ❛♥❞ t❤❡ s❡❧❢✲✇❡✐❣❤t ♦❢ t❤❡ ❝❛❜❧❡s✳ ❙❡❝♦♥❞✱ ❛ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ✐♥
t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❳✲❨ ❛❧♦♥❣ t❤❡ ❜r✐❞❣❡ ❛♥❞ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ✐ts ❛①✐s ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞
t♦ ♠♦❞❡❧ t❤❡ t❤r✉st ♦❢ t❤❡ ✇❛t❡r str❡❛♠ ✐♥ ❝r✐t✐❝❛❧ ❝♦♥❞✐t✐♦♥s ✭s✉❝❤ ❛s st♦r♠s✮✳ ❚❤✐r❞✱
❛ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ❛❧♦♥❣ ❛ ❝❡rt❛✐♥ ♣♦rt✐♦♥ ♦❢ t❤❡ ❛①✐s ♦❢ t❤❡ ❜r✐❞❣❡ t♦
s✐♠✉❧❛t❡ t❤❡ ♣❛ss ♦❢ ❛ s❡t ♦❢ tr✉❝❦s✳
●✳✸✳✸ ❆♥❛❧②s✐s ♦❢ t❤❡ str✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t
❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ str✉❝t✉r❡ ❝♦♠♣❧❡t❡❧② ❜✉✐❧t ✉♥❞❡r ✐ts ♦✇♥ s❡❧❢✲✇❡✐❣❤t ✇✐❧❧ ❜❡ s❤♦✇♥✳
❚❤❡ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ✉s❡❞ ❛r❡ r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ●✳✹✳
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ❋❊▼
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ❋❊▼
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ❙❛✐♥t ❱❡♥❛♥t
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✸
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✺✵✵
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❘❡st♦r✐♥❣
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✶✳✺
▼✐♥✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ Bm ✵✳✷✺
▼❛①✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ BM ✷✺✵
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✶
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✶✵✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺✵✵
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ●✳✹✿ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢✲✇❡✐❣❤t ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥
✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ❡✛♦rts ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s✳
✸✹✹ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
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✸✺✵ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
❚❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡s ❤❛s ❜❡❡♥ ❛♥❛❧②③❡❞ ✉♥❞❡r ✐ts ♦✇♥ s❡❧❢ ✇❡✐❣❤t ❛♥❞ s♦♠❡ ✐♥t❡r❡st✐♥❣
r❡s✉❧ts ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞✳ ◆♦✇✱ s♦♠❡ ❝♦♠♠❡♥ts ❛❜♦✉t t❤❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ♠❛❞❡✳
❆s t❤❡ r❡❛❞❡r ❝❛♥ s❡❡ ✐♥ ✜❣✉r❡ ●✳✶✹ t❤❡ ❛①✐❛❧ ❢♦r❝❡ ✐♥ t❤❡ ❝❛❜❧❡s ✐s ♥♦t ❝♦♥st❛♥t✳
❚❤✐s r❡s✉❧t ✐s ♦❜t❛✐♥❡❞ s✐♥❝❡ t❤❡ ❢♦r❝❡ ✐♥s✐❞❡ t❤❡ ❝❛❜❧❡ ❞❡♣❡♥❞s ✭✐♥ ♣❛rt✮ ♦♥ t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ❝❛❜❧❡ ❛♥❞ ❧♦♦❦✐♥❣ ❛t t❤❡ ✜❣✉r❡✱ t❤❡ ❝❛❜❧❡s ✇✐t❤ ❧❛r❣❡r ❧❡♥❣t❤ ✭❝❛❜❧❡s ❛♥❝❤♦r❡❞ t♦
t❤❡ ❜r✐❞❣❡ ❛t ① ❝♦♦r❞✐♥❛t❡ ❜❡t✇❡❡♥ ✹✺✵ t♦ ✶✵✵✵ ♠❡t❡rs✮ ❛r❡ s✉❜❥❡❝t❡❞ t♦ ❧❛r❣❡r ❛①✐❛❧ ❢♦r❝❡s✳
❋✐❣✉r❡ ●✳✶✺ s❤♦✇s ✉s t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❜r✐❞❣❡ ♦❢ t❤❡ ❛①✐❛❧ ❢♦r❝❡✳ ❚❤❡ ♠♦st ✐♠✲
♣♦rt❛♥t r❡s✉❧t ✐s t❤❡ s✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡ ♦❢ t❤❡ ❛①✐❛❧ ❢♦r❝❡ ♦❝❝✉rs ❛♣♣r♦①✐♠❛t❡❧② ❜❡t✇❡❡♥
✹✺✵ ❛♥❞ ✺✵✵ ♠❡t❡rs✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❝❛❜❧❡s✱ s✐♥❝❡ ♠♦st ♦❢ t❤❡♠ ❛r❡ ♥♦t
♣❡r❢❡❝t❧② ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❜r✐❞❣❡ ❛♥❞ t❤❡r❡❢♦r❡ ♣❛rt ♦❢ t❤❡✐r ❤♦r✐③♦♥t❛❧ r❡❛❝t✐♦♥ ❜❡❝♦♠❡s
❛♥ ❛①✐❛❧ ❢♦r❝❡ ✇✐t❤✐♥ t❤❡ ❜r✐❞❣❡✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❛①✐❛❧ ❢♦r❝❡
♦❢ t❤❡ ❜r✐❞❣❡ ♦❝❝♦✉rs ❡①❛❝t❧② ✇❤❡r❡ t❤❡s❡ ❝❛❜❧❡s ❛r❡ ❝♦♥♥❡❝t❡❞✳
❈♦♥s✐❞❡r✐♥❣ ♥♦✇ ✜❣✉r❡s ●✳✶✻ ❛♥❞ ●✳✶✾✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❢♦r❝❡ T ′y ❛♥❞ t❤❡ ❜❡♥❞✐♥❣
♠♦♠❡♥t M ′z ❛r❡ ❞❡♣✐❝t❡❞✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❡①♣❡❝t❡❞ s✐♥❝❡ ❡❛❝❤ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s❤❡❛r
❢♦r❝❡ ❛♣♣❡❛rs ❛t t❤❡ ❝♦♦r❞✐♥❛t❡ ✇❤❡r❡ ❛ ❝❛❜❧❡ ✐s ❛tt❛❝❤❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❢r♦♠
❡q✉✐❧✐❜r✐✉♠ ❝♦♥s✐❞❡r❛t✐♦♥s s✐♥❝❡ ♣❛rt ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ✐s ❛❜s♦r❜❡❞ ❜② t❤❡ ❝❛❜❧❡ ❝♦♥♥❡❝t❡❞
t♦ t❤❡ ❜r✐❞❣❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✈❛r✐❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝❛❜❧❡s ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✐s
❧✐♥❡❛r s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ❞✐str✐❜✉t❡❞ ❢♦r❝❡s ❛♣♣❧✐❡❞ ✐♥ t❤❡ y ❞✐r❡❝t✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❛❜❧❡s ✐s ❝♦♥st❛♥t✳
❆s ❛ ✜♥❛❧ r❡♠❛r❦ ❧♦♦❦✐♥❣ ❛t t❤❡s❡ r❡s✉❧ts✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ s❤❡❛r ❢♦r❝❡ ❛♥❞ ❜❡♥❞✲
✐♥❣ ♠♦♠❡♥t ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ✇❡r❡ ❛❧♠♦st ♥✉❧❧ ✐♥ t❤❡ s❡❧❢ ✇❡✐❣❤t ❝♦♥❞✐t✐♦♥✳ ❍♦✇❡✈❡r✱
t❤✐s ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧ ❞✉❡ t♦ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♣♦s✐t✐♦♥✱ ❧❡♥❣t❤ ❛♥❞ ♣r❡str❡ss✐♥❣
♦❢ t❤❡ ❝❛❜❧❡s t❤❛t ❛♥❝❤♦r❡ t❤❡ ❜r✐❞❣❡ ♦♥ t❤❡ ❧❛❦❡❜❡❞✳ ■♥❞❡❡❞✱ ❧♦♦❦✐♥❣ ❛t t❤❡ ✜❣✉r❡s t❤❡
❜r✐❞❣❡ ✐s ✉♥❞❡r ❜❡♥❞✐♥❣ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ s✐♥❝❡ t❤❡ ❝❛❜❧❡s ❛r❡ ♥♦t s②♠♠❡tr✐❝❛❧❧②
♣♦s✐t✐♦♥ ❛♥❞ t❤❡✐r ❧❡♥❣t❤s ❛r❡ ♥♦t ❡①❛❝t❧② t❤❡ s❛♠❡✳
▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ t♦ ✜❣✉r❡s ●✳✶✼ ❛♥❞ ●✳✶✽✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❢♦r❝❡ T ′z ❛♥❞
❜❡♥❞✐♥❣ ♠♦♠❡♥t M ′y ❛r❡ ❞❡♣✐❝t❡❞✳ ❚❤❡ r❡s✉❧ts ❛❧s♦ ♠❛t❝❤ ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥✳ ■♥❞❡❡❞✱
t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ✐s ❛❧s♦ ❧♦❝❛t❡❞ ❡①❛❝t❧② ❛t ❡❛❝❤ ♣♦✐♥t ✇❤❡r❡ ❛ ❝❛❜❧❡ ✐s
❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❜r✐❞❣❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t
❛r❡ ❛❧s♦ ❧♦❝❛t❡❞ ✐♥ t❤❡ s❛♠❡ ♣♦s✐t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❜❡t✇❡❡♥
t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❛❜❧❡ ✐s ❛❧♠♦st ❧✐♥❡❛r ❜✉t ♥♦t ✐♥ t❤❡ ③♦♥❡s ✇❤❡r❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ✢✉✐❞ ❛r❡
♠♦st ✐♠♣♦rt❛♥t ✭t❤❡ ❡♥❞s ♦❢ t❤❡ ❜r✐❞❣❡✮✳ ❚❤❡ s❛♠❡ ❤❛♣♣❡♥s ✇✐t❤ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t✳
❆ss✉♠✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ ❜❡❛♠ ♦♥ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ t♦ ❛♥❛❧②s❡ t❤❡ ✈❡rt✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡
❜r✐❞❣❡✱ t❤❡ ✈❛r✐❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❛❜❧❡s ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ❜❡❤❛✈❡s ❛s
❛ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ ❤②♣❡r❜♦❧✐❝ ❢✉♥❝t✐♦♥ ✭❤♦♠♦❣❡♥❡♦✉s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ♦♥ ❡❧❛st✐❝
❢♦✉♥❞❛t✐♦♥ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✮✳
●✳✸ ❆♥❛❧②s✐s ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✸✺✶
●✳✸✳✹ ❆♥❛❧②s✐s ♦❢ t❤❡ str✉❝t✉r❡ ✉♥❞❡r ♠♦✈✐♥❣ tr✉❝❦s
❍❡r❡ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ str✉❝t✉r❡ ❝♦♠♣❧❡t❡❧② ❜✉✐❧t ✉♥❞❡r ✐ts ♦✇♥ s❡❧❢✲✇❡✐❣❤t ❛♥❞ ❛ s❡t
♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞✳ ❋✐❣✉r❡ ●✳✷✵ s❤♦✇s t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ tr✉❝❦s ❛♥❞ t❤❡
❡q✉✐✈❛❧❡♥t ❞✐str✐❜✉t❡❞ ❧♦❛❞ ✉s❡❞ t♦ ♠♦❞❡❧ t❤❡✐r ❡✛❡❝ts✳
❋✐❣✉r❡ ●✳✷✵✿ ❚❤❡ ❜r✐❞❣❡ ✐s s✉❜♠✐tt❡❞ t♦ ❛ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ❡q✉❛❧ t♦ 30
kN
m
✇✐t❤ ❛♥
❡❝❝❡♥tr✐❝✐t② ♦❢ 6.75 m t♦ s✐♠✉❧❛t❡ ✺✺ tr✉❝❦s✱ ✇❤✐❝❤ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡♠ ✇❡✐❣❤ts ✸✵ t♦♥❡s✱
♣♦s✐t✐♦♥❡❞ ❛❧♦♥❣ 550 m
❚❤❡ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs ✉s❡❞ t♦ ❛♥❛❧②s✐s t❤✐s ❝❛s❡ ❛r❡ r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ●✳✹✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ t❤❡ r❡s✉❧ts ✐♥ t❡r♠s ♦❢ ❡✛♦rts ❛r❡ r❡♣♦rt❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❣✉r❡s✳
❈♦♥❝❡♣t ❙②♠❜♦❧ ❱❛❧✉❡
❙tr✉❝t✉r❛❧ ♠♦❞❡❧
▼♦❞❡❧ ❢♦r ❝❛❜❧❡ str✉❝t✉r❡ Mcs ❋❊▼
▼♦❞❡❧ ❢♦r ❜❡❛♠ str✉❝t✉r❡ Mbs ❋❊▼
▼♦❞❡❧ ❢♦r ✢❡①✉r❛❧ ❜❡❤❛✈✐♦✉r Mfb ❊✉❧❡r✲❇❡r♥♦✉❧❧✐
▼♦❞❡❧ ❢♦r t♦rs✐♦♥❛❧ ❜❡❤❛✈✐♦✉r Mtb ❙❛✐♥t ❱❡♥❛♥t
P❛r❛♠❡t❡rs ❢♦r t❤❡ ❛♥❛❧②s✐s
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ TolG ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts TolD ✶❡✲✸
❚♦❧❡r❛♥❝❡ ✐♥ t❤❡ ❡♥❡r❣② TolW ✶❡✲✸
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IM ✺✵✵
▼❡t❤♦❞ ✉s❡❞ ✐♥ t❤❡ ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ ✲ ❆r❝✲❧❡♥❣t❤✴❘❡st♦r✐♥❣
■♥✐t✐❛❧ ❆r❝✲❧❡♥❣t❤ ✈❛❧✉❡ ∆lI ✶✳✺
▼✐♥✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ Bm ✵✳✷✺
▼❛①✐♠✉♠ ❇❡r❣❛♥ ✈❛❧✉❡ ❢♦r t❤❡ s✇✐t❝❤✐♥❣ BM ✷✺✵
■♥✐t✐❛❧ ✐♥❝r❡♠❡♥t ♦❢ ❧♦❛❞ ∆λI ✵✳✵✺
❋✐♥❛❧ ❧♦❛❞ ♣❛r❛♠❡t❡r λF ✶
▼❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥❝r❡♠❡♥ts IncM ✶✵✵
❖♣t✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s ❝♦rr❡❝t✐♦♥ ♣❤❛s❡ IO ✺✵✵
❯♣❞❛t❡ ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❝❡❞✉r❡ ✲ ◆♦
❚❛❜❧❡ ●✳✺✿ ❙tr✉❝t✉r❡ ✉♥❞❡r s❡❧❢ ✇❡✐❣❤t ❛♥❞ ❛ s❡t ♦❢ ♠♦✈✐♥❣ tr✉❝❦s ✲ P❛r❛♠❡t❡rs ❢♦r t❤❡
♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✐♥ ❛♥ ✐♥❝r❡♠❡♥t❛❧ ✐t❡r❛t✐✈❡ s❝❤❡♠❡
✸✺✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛ ✢♦❛t✐♥❣ ❜♦①✲❣✐r❞❡r ❜r✐❞❣❡
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●✳✸ ❆♥❛❧②s✐s ♦❢ t❤❡ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ✸✺✾
❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ♥❡❡❞ s♦♠❡ ❝♦♠♠❡♥ts✳
❈♦♥s✐❞❡r✐♥❣ ✜❣✉r❡ ●✳✷✶✱ ✇❤❡r❡ t❤❡ ❛①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❝❛❜❧❡s ✐s ♣❧♦tt❡❞✱ ♦✐t ✐s
♣♦ss✐❜❧❡ t♦ s❡❡ t❤❛t t❤❡ ❝❛❜❧❡s ♣❧❛❝❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❛t x = 1100 m ❛r❡ s✉❜❥❡❝t❡❞ t♦ ❧❛r❣❡r
❛①✐❛❧ ❢♦r❝❡✳ ❖♥❡ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ❝♦♠❡s t❤❡ ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t♦rs✐♦♥❛❧ ❛♥❞ ❜❡♥❞✐♥❣
❜❡❤❛✈✐♦✉r✱ s✐♥❝❡ t❤❡ ❜r✐❞❣❡ ♠♦✈❡s ❧❛t❡r❛❧❧② ✐♥ t❤❡ ③♦♥❡ ✇❤❡r❡ t❤❡ tr✉❝❦s ✇❡r❡ ♣♦s✐t✐♦♥❡❞✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❝❛❜❧❡s ♣❧❛❝❡❞ ✐♥ t❤✐s ③♦♥❡ ✇✐❧❧ ❜❡ s✉❜❥❡❝t❡❞ t♦ ❛♥ ❡❧♦♥❣❛t✐♦♥ ✭❝❛❜❧❡s
❛t ♣♦s✐t✐✈❡ ② ❝♦♦r❞✐♥❛t❡s✮ ❛♥❞ t❤❡ ❝❛❜❧❡s ♦♥ t❤❡ ♦t❤❡r s✐❞❡ ✇✐❧❧ ❜❡ s✉❜❥❡❝t❡❞ t♦ ❛ s❤♦rt❡♥✐♥❣✳
■♥ ✜❣✉r❡ ●✳✷✷✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛①✐❛❧ ❢♦r❝❡ ❛❝t✐♥❣ ♦♥ t❤❡ ❜❡❛♠ str✉❝t✉r❡ ✐s ❞❡♣✐❝t❡❞✳
■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ ❛❧❧ t❤❡ ❜r✐❞❣❡ ✐s ❛❧♠♦st s✉❜❥❡❝t❡❞ t♦ ❛ ❝♦♥st❛♥t ❛①✐❛❧
❢♦r❝❡✳ ❯♥❧✐❦❡ ✜❣✉r❡ ●✳✶✺✱ ✇❤❡r❡ t❤❡ ❛①✐❛❧ ❢♦r❝❡ ✇❛s ❞❡♣✐❝t❡❞ ❝♦♥s✐❞❡r✐♥❣ ♦♥❧② t❤❡ s❡❧❢
✇❡✐❣❤t✱ ✜❣✉r❡ ●✳✷✷ s❤♦✇s ❛ ❝♦♥st❛♥t ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛①✐❛❧ ❢♦r❝❡✳ ❚❤✐s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❧❛st ❛♥❛❧②s✐s t❤❡
❜r✐❞❣❡ ❤❛s ♠♦✈❡❞ ❧❛t❡r❛❧❧② ♣r♦❞✉❝✐♥❣ ❛♥ ❡❧♦♥❣❛t✐♦♥ ❛❧♦♥❣ t❤❡ s♣❛♥ t❤❛t✱ ✐♥ t✉r♥✱ ♣r♦❞✉❝❡s
❛♥ ❛①✐❛❧ ❢♦r❝❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ✐♥ ✜❣✉r❡ ●✳✶✺ ✭3.5 · 104 kN ✐♥ ❝♦♥tr❛st
✇✐t❤ 6 · 102 kN✮✳
▲♦♦❦✐♥❣ ❛t ✜❣✉r❡s ●✳✷✹ ❛♥❞ ●✳✷✻✱ t❤❡ r❡s✉❧ts ❛r❡ ✈❡r② s✐♠✐❧❛r ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♦♥❡s
♦❜t❛✐♥❡❞ ✐♥ ✜❣✉r❡s ●✳✶✼ ❛♥❞ ●✳✶✽✳ ■♥❞❡❡❞✱ ❞✉❡ t♦ t❤❡ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥✱ t❤❡ ❤♦r✐③♦♥t❛❧
❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ❝❤❛♥❣❡ ❜❛s✐❝❛❧❧② ❛❧♦♥❣ t❤❡ ❜r✐❞❣❡✳ ❚❤❡ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡
✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡ r❡♠❛✐♥s ❛❧♠♦st ✉♥❝❤❛♥❣❡❞✳ ❚❤❡ ♦♥❧② r❡♠❛r❦❛❜❧❡ ❞✐✛❡r❡♥❝❡
♦❝❝✉rs ♥❡❛r t❤❡ ❝♦♦r❞✐♥❛t❡ x = 1000 m ✐♥ ✜❣✉r❡ ●✳✷✹✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❢♦r❝❡ ✐♥❝r❡❛s❡s ❞✉❡
t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ tr✉❝❦s✳
▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ ✜❣✉r❡ ●✳✷✺✱ ✇❤❡r❡ t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ✐s ❞❡♣✐❝t❡❞✳ ■t ❝❛♥ ❜❡
s❡❡♥ ❛ ❧✐♥❡❛r ✈❛r✐❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❜r✐❞❣❡✳ ❚❤❡ ③♦♥❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢
t❤❡ t✇✐st✐♥❣ ♠♦♠❡♥t ✭✼✸✵ ❛♥❞ ✶✷✽✵ ♠❡t❡rs ❛♣♣r♦①✐♠❛t❡❧②✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ tr✉❝❦s✳
❈♦♥s✐❞❡r✐♥❣ ♥♦✇ ✜❣✉r❡s ●✳✷✸ ❛♥❞ ●✳✷✼✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❢♦r❝❡ ❛♥❞ t❤❡ ❜❡♥❞✐♥❣ ♠♦✲
♠❡♥t ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❛r❡ ❞❡♣✐❝t❡❞ r❡s♣❡❝t✐✈❡❧②✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r❡✈✐♦✉s
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❚❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❛r❡ ❡①♣❡❝t❡❞✳ ■♥❞❡❡❞✱ t❤❡ ❧❛t❡r❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❜r✐❞❣❡ ✐♥ t❤❡
③♦♥❡ ✇❤❡r❡ t❤❡ ❧♦❛❞ ✐s ❛♣♣❧✐❡❞ ✐s ❞✐r❡❝t❧② ❝♦✉♥t❡r❛❝t ❜② t❤❡ r❡❛❝t✐♦♥s ♦❢ t❤❡ ❝❛❜❧❡s ✐♥ t❤❛t
③♦♥❡ ✭❛♣♣r♦①✐♠❛t❡❧② ①❂✺✵✵ ♠❡t❡rs✮✳
❈♦♥s✐❞❡r ♥♦✇ ✜❣✉r❡s ●✳✸✶ ❛♥❞ ●✳✸✺✱ ✇❤❡r❡ t❤❡ s❤❡❛r ❢♦r❝❡ ❛♥❞ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✐♥
t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❛r❡ ❞❡♣✐❝t❡❞✳ ❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ✐s ♣❧❛❝❡❞ ✐♥ t❤❡ ③♦♥❡
✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐str✐❜✉t❡❞ ❢♦r❝❡ ❛r❡ ❛♣♣❧✐❡❞ ❛♥❞ ♠❛✐♥t❛✐♥s t❤❡ ❧✐♥❡❛r ✈❛r✐❛t✐♦♥ ❜❡✲
t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❛♥❝❤♦r❡❞ ❝❛❜❧❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✐♥❝r❡❛s❡s ✐♥
t❤❡ ③♦♥❡ ✇❤❡r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐str✐❜✉t❡❞ ❧♦❛❞ ❛r❡ ❛♣♣❧✐❡❞ ❛♥❞ t❤❡ ✈❛r✐❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦
❝♦♥s❡❝✉t✐✈❡ ❝♦♥♥❡❝t❡❞ ❝❛❜❧❡s ✐s ♣❛r❛❜♦❧✐❝✳
❋✐♥❛❧❧②✱ ✜❣✉r❡s ●✳✸✷ ❛♥❞ ●✳✸✹ ♣r♦✈✐❞❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ s❤❡❛r ❢♦r❝❡ ❛♥❞ ❜❡♥❞✐♥❣
♠♦♠❡♥t ✐♥ t❤❡ ✈❡rt✐❝❛❧ ♣❧❛♥❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜rst ❝❛s❡
❝♦♥s✐❞❡r❡❞ ✐s ♥♦t r❡❧❡✈❛♥t s✐♥❝❡ ❛❧❧ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡✳
■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞s ❛❝t✐♥❣ ✐♥ t❤❡ ✈❡rt✐❝❛❧ ♣❧❛♥❡ r❡♠❛✐♥ t❤❡ s❛♠❡ ❛s t❤❡ ❝❛s❡
✇❤❡r❡ ♦♥❧② t❤❡ s❡❧❢ ✇❡✐❣❤t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
●✳✹ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s
■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❛ ❧❛♥❞♠❛r❦ ✢♦❛t✐♥❣ ❜r✐❞❣❡ ❧♦❝❛t❡❞ ✐♥ t❤❡
st❛t❡ ♦❢ ❲❛s❤✐♥❣t♦♥ ✉♥❞❡r s❡✈❡r❛❧ ❧♦❛❞s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✳ ❋✐rst✱ ❛♥ ❤✐st♦r✐❝❛❧ ✐♥tr♦✲
❞✉❝t✐♦♥ ❛❜♦✉t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❜r✐❞❣❡ ✇❛s ♠❛❞❡✳
❋✐♥❛❧❧②✱ t❤❡ ❜r✐❞❣❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❝♦♥s✐❞❡r✐♥❣ s❡✈❡r❛❧ t②♣❡s ♦❢ ❧♦❛❞s✳ ❚❤❡ r❡s✉❧ts
♦❜t❛✐♥❡❞ ❜② t❤❡ ♣r♦❣r❛♠ ❤❛✈❡ ♣r♦✈❡❞ t♦ ❝❛t❝❤ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ♣r♦✈✐❞❡❞
r❡❧✐❛❜❧❡ r❡s✉❧ts ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❜r✐❞❣❡✳
